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How does leaves/flowers form on a plant?

Mature
sunflower head Apical meristem(AM)
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Diagrams of phylla formation

Circular
View

Rectangular
View

Movement of
the Controlling|
parameter

=

A

THE UNIVERSITY
OF ARIZONA.

Alan C. Newell, Zhiying Sun, Patrick D. Shipman Phyllotaxis and patterns on plants



Diagrams of phylla formation

Circular
View

Rectangular
View

Movement of
the Controlling|
parameter

=

I

E.TFIJ]

Supercritical

Subcritical

Alan C. Newell, Zhiying Sun, Patrick D. Shipman Phyllotaxis and patterns on plants

A,

THE UNIVERSITY
OF ARIZONA.




Diagrams of phylla formation

Circular
View

Rectangular
View

Movement of
the Controlling|
parameter

=t .=.‘,}_;>f 1

I

2m R 1
Supercritical

Subcritical A

THE UNIVERSITY
OF ARIZONA..

Alan C. Newell, Zhiying Sun, Patrick D. Shipman Phyllotaxis and patterns on plants



Diagrams of phylla formation

Circular
View

Rectangular
View

Movement of
the Controlling
parameter

Ft] ._&-P}t]

|

2 T 2m Ry or Ry
Supercritical Super CP‘I'_II'C:ﬂE
Subcritical ’ .E?ubcririca i A

THE UNIVERSITY
OF ARIZONA..

Alan C. Newell, Zhiying Sun, Patrick D. Shipman Phyllotaxis and patterns on plants



Plant patterns

Challenges:

@ Why Fibonacci?

@ Connection between phyllotactic configurations and surface
deformations

@ Transitions
@ Universality, self similarity

@ Are plant patterns seen anywhere else in the physical world or
the laboratory?
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Mechanisms and models

Paradigms: Hofmeister (1868),
Snow and Snow(1950’s)
Douady and Couder (1990’s)

Mechanical stresses: Green, Steele, Dumais (1990’s)
Shipman and Newell (2005)

Biochemical agents: Reinhardt et al (2000)
Meyerowitz et al (2007)
Traas et al (2007)

Coupled model: Growth affects stress/strain
Stress promotes growth.

How do we connect paradigms and mechanisms? A
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Paradigms and Mechanisms: connections?

Paradigms are rules for the placement of the newest primordium
given the positions of all previous primordia.

cf. packing efficiency

Mechanisms involve instabilities of uniform states, the decomposition
of the phase space into active A and passive P(A) modes, the
coordinatization of A with (amplitude) order parameters, and order
parameter equations which may be gradient flows with a free energy.

cf. energy minimization

A

How to connect these ideas? T GRS

Alan C. Newell, Zhiying Sun, Patrick D. Shipman Phyllotaxis and patterns on plants



Biochemical factors

@ Reinhardt (2000) showed that hormone Auxin is instrumental in
growth and uneven distribution of Auxin is the reason for the
formation of phyllotaxis
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Biochemical factors

@ Reinhardt (2000) showed that hormone Auxin is instrumental in
growth and uneven distribution of Auxin is the reason for the
formation of phyllotaxis

@ Meyerowitz, Traas, Reinhardt et al (2006): Auxin efflux protein
PIN1 on the cell wall can redistribute themselves so as to pump
Auxin form low concentration to high concentration

dlzgi) Dzk (A(k) — A(i)) + Tzk (A(k)P(k, i) — A(i)P(i, k)) + c — dA(i)
Pl =Py = A

K+ 30 AK)

A(f): Auxin concentration in cell i
P(i, k): PINT concentration on cell wall (i,j) pointing to cell j
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Biochemical factors

@ Reinhardt (2000) showed that hormone Auxin i
growth and uneven distribution of Auxin is the n
formation of phyllotaxis

@ Meyerowitz, Traas, Reinhardt et al (2006): Auxin efflux protein
PIN1 on the cell wall can redistribute themselves so as to pump
Auxin form low concentration to high concentration

dA(i)
dt

DY (A(k) — A(D) + TS (Ak)P(k, i) — A()P(i, k) + ¢ — dA(i)
k k

Al)
K+ 30 AK)

P(i,j) = Pj

A(f): Auxin concentration in cell i
P(i, k): PINT concentration on cell wall (i,j) pointing to cell j

The continuum limit PDE:

gt =—-Lg-HV?9-*g-Rv(9V9)-F2v(Vgv?g)-d'g°
g(r, @): auxin fluctuation around stationary uniform concentra- A
tion ~ growth strain
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Mechanical Factors

Curved Shell (Tunica)

/ <2lgha
Generative region
/ g

‘ Elastic Foundation

| (Corpus)
FvKD Equation(Describing deformation of thin elastic shells):
(Wi + DA?w + NAw + 7-A, f [f,w] +kw +yw? =0
A — g-B,W+ §[w, W]
w(r a): out of surface deformatlon f(r,a): in-plane stress.

A,

THE UNIVERSITY
OF ARIZONA.

Alan C. Newell, Zhiying Sun, Patrick D. Shipman Phyllotaxis and patterns on plants



Mechanical Factors

Curved Shell (Tunica)

/ <2lgha
Generative region
/ g

‘ Elastic Foundation

| (Corpus)
FvKD Equation(Describing deformation of thin elastic shells):
(Wi + DA?w + NAw + 7-A, f [f,w] +kw +yw? =0
A — A, w4+ [w, w]
w(r a): out of surface deformatlon f(r,a): in-plane stress.

Combined Model _
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Equations for coupled model

w(r,a,t) Surface normal deformation

f(r,a, t) Airy Stress tensor
g(r,a,t) Growth/fluctuation auxin concentration

(Wi + DAPw + NA,w + g-A,f — [f,w] + sw + w3 = 0
Q% — gD w + F[w, w]+Ag =0

g =-Lg-Hv?g-v'g-R1v (Vg -Fv(VIVig) -
5% + pAf
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Patterns arising from the governing equations

Both mechanisms share the same structures in the equations.

W = (V2 + P2w+ew + N.L.

In 1-dimensional, The linear growth rate for e+t ig

o(k) = (—k®+ P)? +e.

In 2-dimensional, V2 = g—; + :—Zaa—;The linear growth rate for

glotimetatis o(1,m) = —(—R — 2 4+ P)2 4.

m/R \m/R \m/R
% [ i — e ~—
>k l +4,qz+.] —ﬁe

@ - [0 - 0 -
%}‘4 Ap TR P

Triad: K = (lm, M), km -+ Kn = Kmon = I+ b = lnen, M+ 0 = (M + n)
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Amplitude Equations 1. Representation

w(r,a,t) = ZArSn(ﬂ £)gis | mar—imo (4

where A (r, t)e’/ " is WKB approximation for Hankel functions
HS,(kr) in the r >> 1, m/r finite limit with /2, = k2 — m?/r?

g(r,a,t) =3 By(r, )l me 4 ()
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Amplitude Equations 1. Equations

Linear

Quadratic nonlinearity

eif lmdrfimaeif Indr—inae __ eif(lm+ln)dr7i(m+n)o¢

+7(m,n,m-+ n)A;Amin

Cubic Saturation (e.g. elastic foundation response)

“VAR(1Anl? + ) dmsl AslP)
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Energy Functional

E{Am, Ams, .. — > omAnAn
Z Tiog(A7 ApAq + (*))

1
+ VZ(§|Am‘4 + Z Sms| Aml?| As[?)

m#s

Adiabatic response
@ Solve stationary amplitude equations

Ai(Im, In, 1)

@ Choose I, I, to minimize E
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Theorem: The amplitude equations for ANY Fibonacci sequence are
invariant under R — R¢, ¢ = Y5+, the golden number;

A(R) — A5 (Re),  [(R) — —lw1(Re),  my — miq(~ mi¢)
1,2,3,5,8,13,...

Energy s R 18 Positions of Energy minima at different R values
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PDE Simulation

10 .0 1 02 U
_ ! 2 —_ 2 p= Y _ ~ /
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% dr’'
=0 =Vt =Vt ' =V(t+dt)

LA

THE UNIVERSITY
OF ARIZONA.

Alan C. Newell, Zhiying Sun, Patrick D. Shipman Phyllotaxis and patterns on plants



PDE Simulation

Front propagating outwards (radius increasing R € [2,7],
a € [0,27]))

" Fourier Space:
' (Frequency)
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PDE Simulation

Front propagating outwards (radius increasing R € [2,7],
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PDE Simulation

Front propagating outwards (radius increasing R € [2,7],
a € [0,27]))

" Fourier Space:

(Frequency)
10,
8 é ’
g 6]

I:

%
| &= 2000 |
1 2 3

Radial wavenumbers: L

2 - 0 1

A

THE UNIVERSITY
OF ARIZONA.

Alan C. Newell, Zhiying Sun, Patrick D. Shipman Phyllotaxis and patterns on plants



PDE Simulation

Front propagating outwards (radius increasing R € [2,7],
a € [0,27]))

" Fourier Space:
' (Frequency)
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PDE Simulation

Front propagating outwards (radius increasing R € [2,7],
a € [0,27]))

" Fourier Space:
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PDE Simulation

Front propagating outwards (radius increasing R € [2,7],
a € [0,27]))

" Fourier Space:
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PDE Simulation

Front propagating outwards (radius increasing R € [2,7],
a € [0,27]))

" Fourier Space:
' (Frequency)
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PDE Simulation

Front propagating outwards (radius increasing R € [2,7],
a € [0,27]))

" Fourier Space:
' (Frequency)
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PDE Simulation

Front propagating outwards (radius increasing R € [2,7],
a € [0,27])

" Fourier Space:
' (Frequency)
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PDE Simulation
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Theorem: Under R — Rémn, dmn = %Zﬁ = % ~¢—1/2,the
amplitude equations of two different Fibonacci sequences are
isomorphic and in particular,

E(1,2,3,5.8,..;R) = E(1,3,4,7,...1.17R)

1,3,4,7,...
Energy vs R
Energy vs R -3
3
-3.01 >‘3-02
o
.02 @ -3.04
c
-3.03 ]
5204 g -3.06
%—3.05 w 2.08
L3086
207 -3 B 8 10 12 14
-3.08 R
-3.09 E(1,2,3,5,8,..;R)
3 6 g 10 12 E(1,3,4,7,...;1.17R)

Ll ¢ -
THE UNIVERSITY
OF ARIZONA.

Alan C. Newell, Zhiying Sun, Patrick D. Shipman Phyllotaxis and patterns on plants



Transitions

How are transitions achieved between whorls and Fibonacci
sequences and between different Fibonacci sequences?
eg. 224 —235 alpha
eg.1,2,35,8—1,347,.

| 123 | 224 | 23,5

cf. Eckhaus, skew-varicose instabilities A
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