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ABSTRACT. We prove a functional central limit theorem for Markov additive arrival processes
(MAAPs) where the modulating Markov process has the transition rate matrix scaled up by n®
(o > 0) and the mean and variance of the arrival process are scaled up by n. It is applied to an
infinite-server queue and a fork-join network with a non-exchangeable synchronization constraint,
where in both systems both the arrival and service processes are modulated by a Markov process.
We prove FCLTs for the queue length processes in these systems joint with the arrival and departure
processes, and characterize the transient and stationary distributions of the limit processes. We also
observe that the limit processes possess a stochastic decomposition property.

1. INTRODUCTION

Markov additive arrival processes (MAAP) have been used to model the arrival processes of many
stochastic systems, for example, telecommunication and service systems in random environments [2].
Its usefulness lies in capturing burstiness in the arrival processes, thus departing from the usual
renewal-type assumptions. MAAPs are described by a couple (A, X), where the process A is the
counting process of arrivals, and the process X is a modulating Markov process. A popular model
is the Markov-modulated Poisson process (MMPP), which has been widely used to model a variety
of relevant stochastic systems [2, 25]. For a broad range of queues with MMPP input analytical
results have been derived, often employing the matrix computational approach. The main objective
of this paper is to generate functional central limit theorems (FCLTs) for MAAPs, in particular,
the counting process A, and their applications in specific, practically relevant, queueing systems.

FCLTs for MMPPs have been studied in the literature under two types of scalings. In the
first scaling, time is scaled up by a parameter n while space is scaled down by /n, and thus the
transition times of the modulating Markov process are implicitly accelerated by a factor n. Under
this scaling, assuming that the modulating Markov process has a finite number of states and is
irreducible, an FCLT can be proven for the scaled arrival process, where the limit process is a
Brownian motion (reviewed in (2.1)-(2.5)). This has been applied to prove heavy-traffic limits for
single-server queueing (network) models; see, e.g., [25, Ch. 9]. Under this same scaling, Steichen
[23] considered an MAAP where the arrival process in each state can be non-Poisson, and proved
an FCLT with a Brownian motion limit. That result was also applied to study some single-server
queueing networks in [23].

In the second scaling, time is not scaled, but the arrival rates in each state are scaled up by n
and the space is scaled down by +/n, while at the same time the transition rates of the modulating
Markov process are scaled up by n® for some o > 0. Under this scaling, an FCLT has recently been
proved for the scaled arrival process in [1], where the limit process is a Brownian motion (reviewed
in (2.6)—(2.8)). This is then applied in [1] to prove an FCLT for the M /M /oo queue with MMPP
input. This scaling is useful in many-server systems, where the demand is relatively large but service
times do not scale as the demand gets larger, and the modulating Markov process may speed up or
slow down.
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FCLTs for MAAPs. MMPPs, in which the Poisson arrival rate jumps between several values,
significantly generalize the traditional Poisson setting. Nonetheless, in many applications the
assumption of the input being locally Poisson is not adequate. To remedy this we consider in this
paper a general class of MAAPs, where the arrival process in each state can be a general stationary
counting process, including renewal processes. We prove an FCLT for this class of MAAPs, in
Theorem 2.1, under the second type of scaling and under three regimes of « values, i.e., 0 < o < 1,
a =1 and a > 1. The limit process is also a Brownian motion, whose variance coefficient compactly
captures the variabilities in the interarrival times in each state as well as the variabilities in the
modulating Markov process. We apply this FCLT to two queueing systems: a general infinite-server
queue and a fork-join network with the non-exchangeable synchronization (NES) constraint.

General infinite-server queue. Several recent papers have studied infinite-server queues with MMPP
input. Exact analysis and related approximations have been derived for specific infinite-server
queues in random environments (Markov or semi-Markov modulated) in [3, 5, 9, 11, 12, 17, 19].
In [1], an M/M /oo queue with MMPP input is studied, leading to an FCLT for the queue length
process under the second type of scaling mentioned above. [4] studies an M/GI/oo queue with
MMPP input and general service times depending on the state of the modulating Markov process
upon arrival. The exact mean and variance formulas for the transient and stationary distributions
of the queue length process are provided, and the asymptotic results are also obtained in the regime
where the arrival rates are scaled up by n and the transition rates are scaled up by n'*¢ for some
€ > 0. Central limit theorems are proved for the M /M /oo queue with both the arrival and services
modulated by a finite-state Markov process in [6, 7], where the arrival rates are scaled up by n.

In Section 3, we establish an FCLT for the queue length process joint with the arrival and
departure processes in the G/G /oo queue where both the arrival process and the service time
distributions are modulated by a Markov process (applying Theorem 2.1), thus generalizing the
existing literature substantially. The limiting queue-length and departure processes are continuous
Gaussian processes, of which we characterize the transient and steady-state distributions. We also
derive a stochastic decomposition property: the variabilities of the arrival process and modulating
Markov process are captured in one limit component, while those of the service process are captured
in a second independent limit component.

Fork-join network with NES. In our second application, we consider a fork-join network with NES,
where both the arrival process and the joint service time distributions of the parallel tasks of each job
are modulated by a Markov process. In the network, each job is forked into a fixed number of parallel
tasks, each of which is processed in a multi-server service station, and after service completion,
each task will join a buffer associated with the service station, waiting for synchronization. The
NES constraint requires that synchronization occurs only when all the tasks of the same job are
completed. It is important to understand the joint dynamics of the service process as well as the
waiting buffers for synchronization.

Heavy-traffic limits are proved for a single-class multi-server fork-join network with NES, in the
underloaded quality-driven (QD) regime [14] and the critically loaded quality-and-efficiency driven
(QED) regime [16]. The setup considered is such that the arrival process is general (satisfying
an FCLT), whereas the service times of the parallel tasks form i.i.d. random vectors that can be
correlated. In addition, in [15], an infinite-server fork-join network with NES in a renewal alternating
environment (up-down cycles) is studied, where the service vectors of parallel tasks are correlated
and the service processes are interrupted during the down periods.

In this paper we study a multi-server fork-join network with NES in the QD regime, where both
the arrival and service processes are modulated by a Markov process. We apply our FCLT for
the MAAP to obtain a multi-dimensional Gaussian limit process for the processes representing
the number of tasks in service at each station and the numbers of tasks in the waiting buffer
for synchronization associated with each station, jointly with the arrival process and the process
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representing the number of synchronized jobs. We characterize the transient and steady-state joint
distributions of the limit queueing processes, as multivariate Gaussian distributions, and of the
synchronized process, as a Gaussian distribution. We also observe a similar stochastic decomposition
property as in the infinite-server queues above, where the two independent limit components capture
the variabilities of the arrival and modulating Markov processes, and of the service processes
separately.

1.1. Organization of the paper. The rest of the paper is organized as follows. We finish this
section below with a summary of notations used in the paper. In Section 2, we present the general
MAAP, review the existing FCLTs for MAAPs, and state the new FCLT under the second type
of scaling. In Section 3, we apply the FCLT for the MAAP to a general infinite-server queueing
model with both arrival and service times modulated by a Markov process. In Section 4, we apply
the FCLT for the MAAP to a fork-join network with both arrival and service processes being
modulated by a Markov process. The proofs of these results are presented in Section 5. We make
some concluding remarks in Section 6.

1.2. Notations. The following notations will be used throughout the paper. R and R, (R? and R‘i,
respectively) denote sets of real and real non-negative numbers (d-dimensional vectors, respectively,
d > 2). For a,b € R, we denote a A b := min(a, b). For any x € Ry, |z| is used to denote the largest
integer no greater than x. We use bold letter to denote a vector, e.g., x := (z1,...,zy) € RN, 1(A)
is used to denote the indicator function of a set A. For two real-valued functions f and g, we write
f(z) = O(g()) if limsup,_, | f(2)/g(z)| < oo.

All random variables and processes are defined on a common probability space (2, F, P). For any
two complete separable metric spaces S1 and Sy, we denote S1 X Sy as their product space, endowed
with the maximum metric, i.e., the maximum of two metrics on S; and Sy. S¥ is used to represent
k-fold product space of any complete and separable metric space S with the maximum metric for
k € N. For a complete separable metric space S, D([0,00),S) denotes the space of all S-valued
cadlag functions on [0,00), and is endowed with the Skorohod J; topology (see, e.g., [8, 10, 25]).
Denote D = D([0, 00), R). The space D([0,00), D), denoted as Dp, is endowed with the Skorohod
J1 topology, that is, both inside and outside DD spaces are endowed with the Skorohod J; topology.
Let D(]0,00)*, R) = D}, denote the space of all “continuous from above with limits from below”
real-valued functions on [0, 00)* with the generalized Skorohod .J; topology [18, 24] for k > 2. Weak
convergence of probability measures p, to u will be denoted as p, = u.

2. AN FCLT rFOR MARKOV ADDITIVE ARRIVAL PROCESSES

Consider a Markov additive arrival process (A, X). The process X = {X(¢) : t > 0} is a
finite-state irreducible stationary Markov process with state space S = {1,...,I} and transition
rate matrix @ = (¢;j)ij=1,..7- The process A = {A(t) : t > 0} is a counting process modulated by
the Markov process X, defined as follows. Let m = (71,...,7) be the stationary distribution of the
Markov process X. We assume that the process starts in stationarity at time 0.

We introduce some auxiliary notations. Let II be a matrix with each row being the steady-state
vector 7, and P(t) = (P;;(t))i j=1,...1 be the transition matrix, that is, P;;(t) := P(X(t) = j]X(0) = i)
for each t > 0. Let Z = (Z;j;); j=1,...1 be the fundamental matrix, given by

Z'L’j = /OOO(PZ(t) — ﬂ'j)dt.

It holds that Z = (I — Q)~! — II.
When the process A is an MMPP, that is, arrivals follow a Poisson process with rate A; when
X =1i,1€ S, FCLTs are proved for the process A in two different scalings. In the first scaling that
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was introduced in Section 1, both time and space are scaled by n, and the diffusion-scaled process
A" = {A"(t) : t > 0} is defined by

I
AM(t) == n~1/? (A(nt) — met> . t>0. (2.1)
=1

By Theorem 2.3.4 in [26], one can show that

A"= A in D as n— oo, (2.2)
where A = {A(t) : t > 0} is a driftless Brownian motion with variance coefficient
o2 =\+p, (2.3)
with
I
A= "m, (2.4)
i=1
and

I I
i=1 j=1

See also the discussion in Example 9.6.2 in [25]. Note that under this scaling, the transition rates of
the modulating Markov process are scaled up by n.

In the second scaling introduced in Section 1, time is not scaled, but the arrival rates A are scaled
by n and transition rate matrices are scaled by n® for a > 0. Namely, we consider a sequence of the
processes (A", X™) indexed by n, and write the corresponding quantities by a superscript n. Assume
that \I'/n — A\; > 0 for i € S as n — oo and Q" = n®(Q) for some o > 0. Note that the stationary
distribution of X™ remains the same, 7. Define the diffusion-scaled process A™ = {A"(t) : t > 0} by

I
An(t) = % (A”(t) - met> , for §>0, t>0. (2.6)
=1

Then it is shown in [1] that
A"=A in D as n— oo, (2.7)

where the limit process A = {A(t) : t > 0} is a driftless Brownian motion with variance coefficient

B, a<l §d=1-a/2,
o*(a): = A+06, a=1, 6=1/2, (2.8)
A, a>1, 6=1/2,

with A and 3 being defined in (2.4) and (2.5), respectively.

Remark 2.1. When «a = 1, the limit processes under both scalings in fact coincide, as the arrival
process and the modulating Markov process are sped up at the same rate. When a > 1, the
modulating Markov process is sped up at a faster rate than the arrival process in each state, and
thus the variability in the limit comes only from the Poisson processes with the spatial scaling n~1/2.
When 0 < o < 1, the modulating Markov process is sped up at a slower rate than the arrival process
in each state, and thus the variability in the limit comes only from the modulating Markov process
with the spatial scaling n=(1=2/2),

In this paper, we consider the second type of scaling and prove an FCLT for the diffusion-scaled
processes A™ when the process A™ is general, including renewal process, in each state of X™.
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Let 7;' be the k™™ jump time of X™ for k =1,2,3,... and 75 = 0. For each ¢ € S, define

AT 4 5) = A™(T))
S

)\?:—E[

X"u)=1 for 7 <u<7+ 3] , (2.9)

and

v =F !

2

[ ) = A - O

. X"(u) =1 for 77 Sugrﬂ—i—s} . (2.10)
Assume that A" = (AT,...,A}) and v" = (v,...,v}) are positive vectors. Note that when the
process A" is Poisson in each state of X", we have that A} = v', ¢ =1,...,1. Note also that if the
arrival process is renewal in each state, the parameter v* = /\?(02,1)27 where ¢y ; is the coefficient of
variation (CV) of the interarrival times when the Markov process X" is in state 1.

Then, we can write, for each ¢ > 0,

t It
E[A™(t)|X"(s), 0<s<t]= / Aln(s)ds = Z/ AL(X™(s) = i)ds, (2.11)
and
t Tt
Var[A"(t)|X"(s), 0<s<t]= / Viin(s)ds = Z/ v L(X"(s) = 1i)ds. (2.12)
0 — Jo

We make the following assumption on the parameters.

Assumption 1. The parameters A" and v" satisfy
n n

v
——>)\€Ri, ——weRi as n — oo.
n n

The transition rate matric Q™ = n*Q for some a > 0.

We now state the main result of this section. Its proof, as well as the proofs of all results presented
in Sections 3 and 4, are provided in Section 5.

Theorem 2.1. Under Assumption 1, for the diffusion-scaled process A™ in (2.6), (2.7) holds where
the limit process A is a driftless Brownian motion with variance coefficient

B, 0<a<l, 6d=1-a/2

o¥(a):={v+pB, a=1 6=1/2 (2.13)
b, a>1,6=1/2

with 3 being defined in (2.5) and
I
vi=Y mu (2.14)
i=1

Remark 2.2. When the modulating Markov process X" is in state 4, if the process A" is renewal,
we obtain U = Zfil Wi)\icg’i,
in the limit and v; = )\iC?L,i'

where )\; is the arrival rate and c,; is the CV of the interarrival times
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3. APPLICATION TO INFINITE-SERVER QUEUES

In this section, we apply the FCLT of the MAAP process, Theorem 2.1, to G/GI /oo queues with
Markov modulated arrival and service processes. It is shown in [13] that an FCLT for the number of
customers/jobs in a G/GI /oo queue holds, provided that the arrival process satisfies an FCLT and
the service times are i.i.d. with a general distribution. Our FCLT below extends the existing results
in [1] and [4] by allowing more general arrival process, in that in each state of the underlying Markov
process, the arrival process can be a general stationary point process, including a renewal process. It
also proves the joint convergence of arrivals, queue length and departure processes (rather than just
queue length). The limiting queue-length process is a continuous Gaussian process, and possesses a
stochastic decomposition property. Our results also generalize [13] for G/G /oo queues in a Markov
random environment.

Consider a sequence of G/G /oo queues modulated by a Markov process X, behaving as described
in Section 2. The arrival process A" is an MAAP with 7/ denoting the arrival time of job k, k > 1.
The service times {7y ; : k > 1} are i.i.d. with a general distribution F; (independent of n) when the
underlying Markov process X™ is in state ¢ upon the customer’s arrival. Namely, we assume that the
service time distribution of a customer is determined at the epoch of the arrival time, according to
the state of the underlying Markov process X™. We also assume that conditional on the modulating
Markov process X", the arrival and service processes are independent, and that the system starts
empty. Let Ff :=1—F;, 1 =1,...,1. Let Q" = {Q"(t) : t > 0} be the queue length process
describing the evolution of the number of customers in the system. Let D™ = {D"(¢) : t > 0} be the
departure process counting the number of completed jobs. We have the following balance equation:

D"(t) = A"(t) —Q"(t), t>0. (3.1)
Define the diffusion-scaled processes Q" = {Q"(t) : t > 0} and D™ = {D"(t) : t > 0} by
Q™ (t) :== n7%(Q™(t) — ng(t)), D"(t):=n"°(D"(t) —nd(t)) = A"(t) — Q"(t), t>0, (3.2)
where

1 t 1 t
q(t) = Z /\im/o Ff(s)ds, and d(t):= Z)\Z-m/o Fi(s)ds, t>0.
i=1 =1

Theorem 3.1. For the sequence of G/GI/oo models with Markov modulated arrival and service
processes described above,

(A",Q",D") = (A,Q,D) in D* as n— oo,
where A is the arrival limit defined in Theorem 2.1, the process D = {]5(25) it > 0} is defined by
D(t) := A(t) — Q(t), t > 0, and

0 Q, 6=1-0a/2, 0<a<]l,
)01 +Qa 6=1/2, a>1.

The limit process Ql = {Ql(t) :t >0} is a continuous Gaussian process, defined by

t I
On(t) := a(a)/o (Zme(t— s))dW(s), t>0,
=1

where W is a standard Brownian motion and o2() is defined in (2.13). The limit process Qg =
{Q2(t) : t > 0} is a continuous Gaussian process defined by

N ! t oo .
Qg(t) = ;/{; /0 1(5 +x; > t)dKZ'(ﬂ'i)\iS,xi) (33)
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where the processes K; = {Kz(s,w) :s,2 >0}, i=1,...,1, are independent Kiefer processes with
mean 0 and covariance function

COU(Ki(S?x)vki(tv y)) = (3 N t)(FZ(x N y) - Fl<m)FZ(y)>v s, t,x,y > 0,

for eachi=1,...,1. The processes W and Ki, 1=1,...,1, are independent, and thus, so are the

~

processes Q1 and Qs.

Here the integrals in (3.3) are defined in the mean-square sense following [13]; see the precise
definition in (5.35)—(5.36).

Remark 3.1. We remark that there is a stochastic decomposition property in the limit process, as
shown in the independence of Ql and QQ. Note that in the corresponding prelimit processes are
evidently dependent because of the modulating Markov process. The limit process Ql captures
the variabilities resulting from the arrival process, as well as those resulting from the modulating
Markov process. The limit process Qz captures the variabilities from the service process, while,
perhaps surprisingly, it is not affected by the variabilities of the modulating Markov process other
than the steady-state distribution 7. This is also shown in the following characterization of the
limit processes.

Corollary 3.1. Under the assumptions of Theorem 3.1, the limit process Q is Gaussian, with mean
0 and covariance function

B[t ( L 1mFC( ))(ZlewiFic(s—i—u))ds, §=1-a/2, 0<a<l,
o*(a) fy (Ll miFe(s >)(zf 1m-Fc<s+u>)ds
+ZZ L TN fo( Fcu+s))ds, §=1/2, a >1,

for t,u > 0, where 3 and o?(a) are defined in (2.5) and (2.13), respectively. Its stationary
distribution has variance

Bl ( o1 T (s ))2d5 §=1-a/2, 0<a<l,
Var(Q(oo)) = Zi[ﬂ miXims,i + (@) [ ( i—1 il (s ))2d5 - Zfﬂ mii o (Ff(s))?ds,

Cov(Q(t), Q(t+u)) =

7

§=1/2, a>1,

with ms; being the mean service time associated with F;. In addition, the limit process D is Gaussian,
with mean 0 and covariance function

ﬂfo ( i lsz(s)> <Zf:1 i Fi(s —I—u))ds, d=1-a/2, 0<a<l,
Cov(D(t), D(t +u)) = fo ( 1 T Z(s))(Z:ZI 17riF-(s+u)>ds
+E 1 TN fo( FCu—I—s))ds, d=1/2, a >1,
for t,u >0, and limy_,oe t 1 Var(D(t)) = 02(a).

Remark 3.2. When F;, i = 1,...,I, are identical, our results establish an FCLT for G/GI /o
queues with an MAAP and i.i.d. service times. Moreover, when the arrival process is an MMPP
and the service times are exponential with rate p (independent of the modulating Markov process),
our results reduce to those in [1] for M /M /oo queues.

4. APPLICATION TO FORK-JOIN NETWORKS

In this section, we apply the FCLT for the MAAP to a many-server fork-join network with the
non-exchangeable synchronization (NES) constraint, where both the arrival process and the joint
service time distribution of the parallel tasks are modulated by a Markov process.
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Consider a sequence of many-server fork-join networks with NES indexed by n and let n — oc.
We assume that the systems are operating in the QD regime, which is asymptotically equivalent to
systems with infinite-server service stations. There is a single class of customers. Let the arrival
processes A" be an MAAP as described in Section 2. Let %% = (nf’l, ey nK) be the service times
that customer ¢ brings in for the K parallel tasks when the underlying Markov process X™ is in state
i at the epoch of arrival. Assume that the service times {9®’ : £ > 1} are i.i.d. with a continuous joint
distribution function F®) and marginals F,gz), k=1,...,Kandi=1,...,I. Let Fj(;z be the joint

distribution of the service times of parallel tasks j, k for ], k=1,...,Kandi=1,...,I. Let Fr(nz)
be the distribution of the maximum of the service times 771 b ,nK, i e., ja )( ) = P(n}’l <z, V)
for x > 0. Denote G](C) =1 —F,gl) fork=1,...,K, and Gsn) =1 —Frgf), 1=1,...,1.

Let Q" = (QF,...,Q%) be the numbers of tasks in service at service stations k = 1,..., K.
Let Y™ = (Y",...,Y}2) be the numbers of tasks that have completed service but are waiting for
service at the waiting buffers for synchronization corresponding to the service stations k =1, ..., K.
Let S™ = {S™(t) : t > 0} be the process counting the number of synchronized jobs. Define the
diffusion-scaled processes Qn = ( A?, ce Q?{), Yy = (YI”, e Y[(‘) and S™ by

R . 1
Qr(t) = (Qk() ng(t)), Yi'(t) = (V') —nyw(t), k=1,....K, t=0,
and
S(t) = 5 (57(t) = ms(?)), ¢ 20,
where
I
Soam [ 6 @as, uit) Zm/t@@(s) G()ds, k=1, K, t>0,
=1 0
and
1 t
s(t) =Y _Nim; | F{(s)ds, t>0
=1 0

Theorem 4.1. For the fork-join networks with NES and Markov modulated arrival and service
processes described above, (A”,Qn,Yn,S") (A Q Y S) in D2K+2 as n — oo, where A is the
arrival limit defined in Theorem 2.1, Q = (Ql, ce QK) (Yl, ..., Yg) and S are defined as

follows:

,—/ﬁ\r—"«r—/H

Qr1, 6=1-a/2, 0<a<l,
Qk 1+Qk2, §=1/2, a>1,
6—1—04/2, 0<a<l,
1+m% §=1/2, a>1,

Sy, d=1—-a/2, 0<a<l,
Si+8, 6=1/2, a>1.

The limit processes Qg1 = {Qra(t) 1 t >0}, i1 = {Yi1(t) : t > 0} and Sy = {S1(t) : t > 0} are
continuous Gaussian processes deﬁned by

t I )
Qk,l(t) = O‘(Oé)/o <Z WiG](;) (t — 5)) dW(S), t >0,

i=1
1

Yia(t) = o(a) / (Zm FO(t —s) - F$><t—s>>> AW (s), >0,

=1
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(1) = / (Z iF, ) AW (s), 130,

where W is a standard Brownian motion with variance coefficient o2() as defined in Theorem 2.1.
The limit processes Qp2 = {Qr2(t) : t > 0}, Yo = {Yi2(t) : t > 0} and S = {Sa2(t) : t > 0} are
continuous Gaussian processes defined by

I
) :Z/ / 1(s +xp > t)dK;(miNis, x), t >0,
— Jo Jrr

t
Yio(t) = Z/ /]RK (L(s+xp <t) —L(s+x; < t, V)))dK;(mNis, x), ¢>0,

I e
= Z/ / (1(s +xj <t, Vj))dK;(mXis,x), t>0,
i=1 /0 JRE

where Ki(s, X) are independent multipammeter Kiefer processes (Gaussian random field) with mean
0 and covariance Cov(K;(s,x), Ki(t,y)) = (s A\t)(FO(x Ay) — FOx)FO(y)) for s,t >0 and
x,y € RE. The integrals in Qro(t), Yia(t) and Sy(t) are defined in the mean squared sense. The

Brownian motion W is independent from Ki, 1=1,...,1, and thus, Qk,l and QLQ are independent,
and so are Y1 and Yo for each k,j =1,..., K. S1 and Sz are also independent.

Remark 4.1. We remark that there is also a stochastic decomposition property (as the one we
have seen for the infinite-server queueing model) The variabilities in the arrival process and the
Markov process are captured in Qk 1 Yk 1 and S; for each k, while the variabilities in the service
process are captured in Qk’g, Yk72 and Sg.

Corollary 4.1. Under the assumptions of Theorem 4.1, the limit process (Q, Y) s a multidimen-

sional Gaussian process with mean zero and covariance functions: for j,k=1,...,K, t,t' >0,
@0 = | o h=12, a5
040 = (G ot oy, $=1, a5
SRS ot s o A T

where
A . tAY
Cov(Qj,1(t), Qra1(t')) = 02(a)/
0
t
/

Cov(V;a(t), Vi (1)) = 0*(@)
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tAY . .
OOU(Qj’Q( Qk 2(2 Z TN / lez t—s, t— s) — Fj(l) (t— S)F]gl) (t/ _ S)) ds,

tAY . . .
Cou(Yia(t), Yia(t) = Y mii / (F;g (t—s,t' —s5) = F(t— s)F)(t — s)
i=1 0
@ D)y _ Dy @ s
Fin(t—st'—s)+ F7(t —s)F (' —s) — Fp [ (U —s,t— )

tAL . . .
Cov(Qj2(t), Vea(t) = Y mis / (F;ﬁl(t — st —s)~ F\(t - s)FO(t' — s)
, 0

—Fit—s.t =)+ POt = ) FO (W — ) d,

)

with o*(a) being defined in (2.13), and for j =1,...,K and z,y > 0, Fjm(x,y) :== F(z) forz € Rf
satisfying zj = x Ny and zj =y for j' # j.

In addition, the limit process S is a continuous Gaussian process with mean zero and covariance
functions: for t,t' >0,

Cov(8(8), S(¢)) = {Cov(Sl(t),gl(t’)), S=1-a/2, 0<a<l,

Cov(S1(t), S1(t) + Cov(Sa(t), Sa(t')), 6=1/2, a>1,
where
. . tnt [ L
Cov(S1(t),S1(t) = 02(04)/ <Z mEO(t —s) ) (Z mF )ds
0 i=1
Cov(S(t) Zm i /t/\t (Flg)((t — A —s)) = FO@t—s)FO (¢ — 3)) ds,

with o%(a) being defined in (2.13), and limy_o t "' Var(S(t)) = 02(a).

5. PROOFS

5.1. Proof of Theorem 2.1. In this section, we prove Theorem 2.1. First of all, we write the
process A" as

i) = A+ A3, >0, (5.1)
where
)\nn(s)ds> , (5.2)
and
Apey =~ < / N ds — Zmnt> (5.3)
n
i=1

We now focus on proving the convergence of A’f. Without loss of generality, we pick state 1 as
the reference state. Let TgL be the first time that X" (¢) reaches state 1 from the initial state, and
T be the (k + 1)™ jump time of X"(¢) reaching state 1 (i.e., the k' excursion time). Define a
counting process associated with the sequence {T}' : k = 1,2,...}:

N™"(t) :=max{k: T} <t, k=0,1,2,...}, t>0, and 7y :=0.
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Then we can decompose the process A} into three processes:

Ay = AP, () + A7o(t) + ALs(1), £ 0, (5.4)
where -
~ AT
&u>=5QMuAmw—A A%wwﬁ, (5.5)
. 1 O e
n(r) = L mam—wwwn—/ N (s ) (5.6)
n k=1 Tl?—l

t

A7 5(t) = i(; (A”(t) = A" (Tonry) — /

T,

()
We will prove the convergence of the three processes A7, A}, and Af 3 in the following lemmas.

Before proving the convergence of the three processes A’il, A?Q and 121?73, we present some
properties on the processes N and the sequence {T}' : £ =0,1,2,...}. Let

T =Ty - T

for k = 1,2,.... Then {’f’,? : k =1,2,...} forms an i.i.d. sequence of random variables. Let

A" = E[Tf] It is evident that 4™ < co and there exists v > 0 such that 4™ = n™%y, since X™ has
transition rate matrix Q" = n®@Q. Thus, it follows from the FLLN for delayed renewal processes

that

1
—aN”:y_le in D as n— oo, (5.8)
n

where e(t) =t for t > 0.
Lemma 5.1. For any € > 0 and fixed T > 0,

lim P | sup |A7,(t)]>¢€|=0. (5.9)
n—=00 te[0,7) '
Proof. 1t suffices to show that
lim E | sup |A7,(t)|| =0. (5.10)
n—oo lego,]

By (5.5), we obtain the following upper bound:

E

A
|
&=

1
—F

An 1 i n Fn
sup }Am(tﬂ] > sup A"(t AT
t€[0,7T] | t€[0,T]

AT
sup / )\}n(s)ds
1Jo

te[0,T
TATY
Nn (s
/0 X"(s)

IN
S|

:E [A”(T/\T(?) | X" (s): s < T” + %E

o [ ;TnTy
= 7E A )\Xﬂ(s)ds

2 ~
< = n n. .
< né(lgggx/\l)E[To] (5.11)

By Assumption 1, we have that %maxieg A — max;es A; < 00 as n — oo. Since Q" = n*Q, it is
evident that E[T}] = O(1/n®) (see, e.g., [21, pp. 256-257]). Thus it follows that

2 -
E(I?ggx)\?)E[Tal] —0 as n — oo,
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and we have proved (5.10). O
Lemma 5.2. For any € > 0 and fixed T > 0,
lim P sup [A75(t)]>e] =0. (5.12)
n—00 te[0,7) '
Proof. For each k =1,2,3,..., define
v 1 T+t
Ap = sup — |A"(TpL +1t) — A™(T ) — / A (s)d5]| - (5.13)
o<t<Tn A
To prove (5.12), it suffices to prove that
Jim E[AR 7 4] = 0. (5.14)
By (5.13) and conditioning, we obtain that
An 1 n/mn n/mn 1 TJT\Lm(T)"Ll n
E[A{nryn] < —E HA (Thn(ry41) — A (TN"(T))H + 5B / Axn (s)ds
N™Y(T)
< 2p /TMT>+1 Nenyds| < = (max A7) BITT] = 0 -
< B | L, Meods| < o (mg BT 0 as no o

where the convergence follows from Assumption 1 and E[T{L] = n~%y. Thus, the lemma is proved. [

Lemma 5.3.

A (5.15)

“n 0, 6=1-a/2, 0<a<l,
12 =
Ay, (5:1/2, a>1,

m D as n — oo, where the limit process Ay isa driftless Brownian motion with variance coefficient
v defined in (2.14).

To prove this lemma, we need the following lemma, whose proof follows from a direct generalization
of Theorem 2.7 in [22].
Lemma 5.4. Let {&,; :i > 1} be an i.i.d. sequence for each n and Uy(t) := Z}Zj“ &n,i for each
t>0and any o > 0. Then Uy, = U in D as n — oo where U is a stochastic process with stationary
independent increments if and only if Up(t) = U(t) in R for each t as n — oo.

Proof of Lemma 5.3. Define a process ;1?2 = {A?Q(t) :t >0} by

) et/ oy
Aty(t) =) <AZ - n(;/ A}n(s)ds> , >0, (5.16)
k=1 Ty

where ;12 is defined in (5.13). We first show that, for each ¢ > 0,

. 0, 6=1-0a/2, 0<a<l,
?,2(t):>{

; 5.17
At), §=1/2, a>1, (5.17)

in R as n — oo, where A(t) has a normal distribution with mean 0 and variance ¢, with 7 defined in
(2.14). This follows from applying CLT for doubly indexed sequences by noting that the summation
terms in (5.16) are i.i.d. for each given n. It suffices to show that, as n — oo,

y 1 [ =1-a/2 1
nOVar A?—/ Ngds | = 4 0 /2 0<a<l, (5.18)
nd Jin s vy, 6=1/2, a>1.
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By conditioning, we obtain

An 1 T1" n
Var <A1 — n&/ﬁ? )\Xn(s)ds>
An 1 2 n An 1 s n
= Var(A}) + Var <n5 /1? )\Xn(s)ds> - 2001)( 1’n5/~6l )\Xn(s)ds>

= E[Var(A}X"(s): Tg < s < T7)] + Var(E[A7|X"(s) : Ty < s < T7])

1 g 1 y ™
+WVCLT / )\}n(s)ds —2 E A?/ )\}n(s)ds

n
0

~ E[AYE

I
/ )\SL(TL (S) dS
o

1 "o 2 mo 2 T
= WE /Tn VX"(s)dS +ﬁVar /~n )\Xn(s)ds — WV@T /n )\X"(s)d‘g
0 0
1 w . . ‘
= —%E - Vin(s)d n26 j{:Z/ E 1(X"(s) = i)ds| . (5.19)
0
Under the assumption of the underlying Markov process X", we obtain that for each i =1,...,1
and ¢t > 0,

t
/ 1(X"(s) =1i)ds = mt as n — oo. (5.20)
0

Since E[TT"] = n~%y, we obtain that as n — oo,

no- 262V”E / X" (s) = z‘)ds] —>{O’ 0=1-0a/2, 0<a<l, (5.21)

vy, 0=1/2, a>1.
Thus, we have proved (5.17). By Lemma 5.4, we obtain that

(5.22)

0, d=1-a/2, 0<a<l,
12:>
A, §=1/2, a>1,

in D as n — oo. Now by (5.8), Theorem 11.4.5 of [25] and the continuous mapping theorem, we can
conclude the convergence in (5.15). O

Completing the Proof of Theorem 2.1. Recall the representation of the process A" in (5.1)-(5.3)
and (5.4)—(5.7). By Lemmas 5.1 and 5.2, we obtain that A11 = 0 and A173 = 0 as n — oo,
respectively. By Lemma 5.3, we obtain that (i) AiQ = Ay in D as n — oo, when § = 1/2 and

a > 1, where A; is a driftless Brownian motion with variance parameter 7, and (ii) A?Q =0inD
asn — 00, when 6 =1 — /2 and 0 < a < 1.
By Proposition 3.2 in [1], we obtain that

Ay, 6=1-0a/2, 0<a<]l,
Ay = S Ay, 6=1/2, a=1, (5.23)
0, 0=1/2, a>1,

in D as n — oo, where the limit process Ay = {Ay(t) : t > 0} is a Brownian motion with mean 0
and variance coefficient 8. Here, the Brownian motion A; is independent of A,. Thus the proof is
complete. O
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5.2. Proofs for applications to infinite-server queues.

Proof of Theorem 3.1. We first note that the process Q" can be written as
A" (t)

I
QM (t) = S U s > OUX () = i)
k=1 i=1

S

t oo 1 A™(s)
= // Z (542 > t)1(X" Bd | > Ui <wi) |, t=0. (5.24)
i=1 k=1

From this, we obtain the following representation for the diffusion-scaled process Q": Q"(t) =
Q1 (t) + Q5 (t) for t > 0, where

on(t) / Fiou o) (t — 5)dA™(s / ZFf(t—s)l(X"(s):i)dfl"(s), (5.25)
=1

and
1 A™(s)
QQ _n1/2 62/ / 5+xl>t) (Xn( =1 n ; UszfUz Fl(xz))
(5.26)
We next prove the convergences of Q} and Q5.
To prove the convergence of Q7', we show that
lim P ( sup |QT(t) — Q1(t)| > e> =0. (5.27)
n—oo 0<t<T

Note that

P( DT(t) — Qi (1) >e>
0<t<T
< (021% / ZF (t —s)L(X"(s) = i)d(A"(s) — A(s))| > e)

+P (()zltlgT /0 ; Ff(t — S)(l(X"(s) =1)— ﬂ'i)dA(S) > e) , (5.28)

where A is the limit process of the arrivals A™ as given in Theorem 2.1. The convergence to
zero of the first term on the right-hand side of (5.28) follows from the convergence of A = A
in Theorem 2.1. To prove the convergence of the second term in (5.28), we first observe that the
process Qy = {Qf5(t) : ¢ > 0} defined by

/ZFCt—s X"(s) =14) — m)dA(s), t>0,

is a Markov process. It is easy to check that the generators of the processes Q?z converge to zero.
Thus, by [10, Ch. IV, Thm. 2.5, we obtain the convergence of the second term in (5.28). To show
the joint convergence

~

(A", Q") = (A, Q1) in D? as n— oo, (5.29)



AN FCLT FOR MARKOV ADDITIVE ARRIVAL PROCESSES AND ITS APPLICATIONS 15

by endowing the product space with the maximum metric, we see that the convergence of An by
assumption and Q7 in (5.27), as well as the continuity of their limits A and @, imply that (5.29)
holds.
Next we will show the convergence of QQ Define the sequential empirical processes IA(l” =
{K*(t,x) :t,z >0} by
[nt)

S 1
Ki(t,z) == NG : 1(1(771@1‘ <z) - Fi(z)), tx>0,
for each i =1,...,I. By [13, Lemma 3.1] and the independence of K", i =1,...,1, we know
K'=K; in Dp as n— oo, (5.30)

where Ki, it =1,...,1, are independent Kiefer processes defined in Theorem 3.1. We let A} =
{A%(t) : t > 0} be the process counting the number of arrivals whose service type is 1, i.e.,

A7(t) == max {j 207 L(X™(g) = 1) < t} t >0, (5.31)
where ko := 0 and 73! := 0, for i = 1,...,I. Define the fluid-scaled processes A? := n"1A? for
each ¢ = 1,..., 1. Thus, Theorem 2.1 directly implies the functional weak law of large numbers
(FWLLNSs) for A7, i.e.,

(A7, ... A?) = (m e, ...,mihre) in DI as n— oo (5.32)

We can rewrite (5.26) as
Q5 () = ]ﬂ6§:Qm t>0, (5.33)
where the processes ng = {Q" (t) : t > 0} are defined by

Q3.1 / / (5 + 21 < AR (AM(s), 1), ¢ 0. (5.34)

Tightness of the processes {Q% :n > 1} in D follows directly from the tightness of the corresponding

processes for the G/GI /oo queues in [13], for i = 1,..., I. Thus, we obtain the processes {Q% : n > 1}
are tight.

We now focus on proving the joint convergence of finite-dimensional distributions of Q’f and Q’g
We only need to show the case § = 1/2, since otherwise the limit Qg vanishes. Define the process

Q2. = {Qa:(t) : t > 0} by

t 00
_ / / 1(s + 25 < £)dK (mhis, 1), (5.35)
0o Jo
fort > 0and i =1,...,1. The integral Q2,i in (5.35) is understood as a mean-square integral.
Specifically, we define
Qo.4(t) 1= 1imy 0eQaii(t), >0, (5.36)

where l.i.m. represents mean-square limit, that is,
. A A 2
lim B [(Q2.(t) = Qa,0(1)°] =0,
l—0o0

and
!

Qaia(t) / / 10(s, 2) R (mides, 2) = S Age (midis 1, 0); (miist £ — s1)),

Jj=1
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with 1;4(-,-) defined by

l
1.(s,2) :=1(s = 0)1(z < 1) +Zl si_1 <s<s; )l(xgt—sé),
7j=1

with the points 0 = s} < s} < --- < sl =t being chosen so that max;<;<; \sé - 3§_1| — 0 as | — oo,
and for a1 < a9, by <bsandi=1,...,1,

A ((a1,01); (ag,b2)) = Ki(az, by) — Ki(ar,ba) — Ki(az, b1) + Ki(a,by). (5.37)
We define additional processes QSH {Q2 ()t >0} and ngl = {lel(t) :t >0} by

l
Qo) / /imﬂ$dK”W1 i) = ) A ((A"(551), 0); (A" (s5). £ = s5)),

]=1

QZH / / 1;4(s, ) dK (miN\iS, x;) ZAK?((WZ-)WS;_I,O); (WiAisé,t — sé-)),

where A, is defined similar to Az in (5.37) with K; replaced by K.
By the weak convergence of Kf to K; in Dp as n — oo, we easily obtain that, fort=1,...,1,

o fdd. A
QZzl —— 241 as mn — oQ,

.d.d. . . . . . . “
where f—) stands for the convergence in finite-dimensional distributions. By noting that Q7 ,,
i=1,...,I, and A™ are independent from each other, together with (5.29), we have

(An’Q?’Qg,l,l""7Qg7l,l) (A Ql’Q21l"“7Q27Ll) as n — oQ.

In order to establish the joint convergence of A, Q? and Qg‘ﬂ- in finite-dimensional distributions,
i1=1,...,1,1ie.,

(A", Q1. Q% 1, ..., Q%) “== (A, Q1,Q2,1,...,Q21) as n — oo, (5.38)
it is sufficient to show the following: for any 7" > 0 and ¢ > 0,

Jdd.

f.d.d.

lim P( sup \QQZI( t) — Q5. (1) > E) =0, i=1,...,1, (5.39)
n—oo 0<t<T 7
and, for ¢t > 0 and € > 0,
lim lim P (1Q5,(0) = Q5 > ) =0, i=1,....L. (5.40)

We can easily obtain (5.39) from (5.30) and (5.32), as well as the continuity of K;, i = 1,...,1.
Following the proof of [13, Lemma 5.3], we immediately see that (5.40) also holds. Therefore, we
have shown (5.38).

By the continuous mapping theorem, together with (5.33) and 6 = 1/2, we further have

(A", Q1. Q%) “== (4,Q1,Q2) as n — cc.

Since {Q? :n > 1} and {Qg :n > 1} are tight as previously shown, we have established the weak
convergence of Q" joint with A" when § = 1/2 and « > 1. Furthermore, by noting (3.1) and (3.2),
as well as the continuous mapping theorem, we obtain the weak convergence of (fl”, Q”, D") jointly.
The case when 6 =1 — /2 and 0 < @ < 1 can be obtained analogously by noting that the limit QS
vanishes as n — oco. Therefore, the proof of Theorem 3.1 is complete. O

f.d.d.
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Proof of Corollary 3.1. The covariance functions of Q can be obtained similarly to [13, Lemma 5.1]

in combination with It6 isometry as well as the fact that the Kiefer processes K;, with i =1,...,1,
and the arrival limit A are independent of each other. The covariance functions of D can also be
derived similarly. We omit the details here for brevity. O

5.3. Proofs for applications to fork-join networks.

Proof Sketch of Theorem 4.1. We first note that the processes @7, Y, and S can be represented as

A™(@t) T
Qrt) =" 1(m + " > HUX" (7)) =)
=1 1=1
I t . An(S) B .
:Z/ / 1(s +af > )1(X"(s) = i)d 1" <x) |,
=170 JRE =1
An(t) I . '
V) =Y A+t <) =1 gt <t V) L(X () = i)
/=1 =1
I t ' ' A" (s) ' 4
=3[ [ e <0164 a <t v =ia | 3 1wt <x) )
i—1 /0 JRE =1
An(t) T '
SM) =Y N 1+t <t V)X () = i)
=1 i1=1
I t A A" (s) ‘ ‘
=3 [ [ A<t vinee =i | Y 10 < %)
i—1 70 JRE -1

Then we can obtain the representations for the diffusion-scaled processes A’,}:, Yk” and S™ as follows:
I t )
Qi =Y [ 6= 9103 (s) = ad(s)
=1
I t . ~ .
+n1/2—52/ / 1(s + 2} > t)dK, (AP (s),x"), (5.41)
i=1 /0 /RY
A~ I t : . A~
IHOEDY / (R (¢ = 5) = F{D (1 = ))1(X"(s) = i)dA"™(s)
i=170
I t . . A .
a2 [ Aok <0 -1} <6 KT A X), (.42
i=1 0 Rf
I t ‘
gty =3 / FO(t — $)1(X™(s) = §)dA™(s)
i=1"0

I t ] N .
+n1/2—52/ /K1(8+x; <t, Vj)dK; (A7 (s),x"), (5.43)
=1 0 R+
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where the processes A, i = 1,...,I, are defined in (5.31), and the multiparameter sequential
empirical processes K; = {Kr(t,x):t>0,x € RKY} are defined by

. [t

1 . )
K, (t,x):= 7 Y (1w <x)-F9(x)), t>0, xeRf.
/=1

The weak convergence of the first terms in (5.41)—(5.43) follows analogously from the proof for
(5.25) in Theorem 3.1. Note from [14, Thm. 3.1] and the independence of K?, i=1,...,1, that

K, = K, in D([0,00),Dg) as n— oo, (5.44)

where K i, 1 =1,...,1, are independent generalized Kiefer processes with covariance functions in
Theorem 4.1. With similar argument to the proof in Theorem 3.1 and [14, Section 6.2], we can also
show the weak convergence of the second terms in (5.41)—(5.43), as well as the joint convergence of
(121, Q.Y,S ). The details are omitted for brevity. O

Proof of Corollary 4.1. The covariance functions of Q;(t) and Yj(t'), and S(t) and S(t') are anal-
ogous to [14, Theorem 3.4] for j,k = 1,...,K, and ¢,t’ > 0, together with the fact that the
generalized Kiefer processes K;’s are independent, i = 1,..., . We omit the details for brevity. [

6. CONCLUDING REMARKS

We have studied a large class of MAAPs that can capture more burstiness and variabilities
than MMPPs. Under mild conditions on the parameters, we have established an FCLT for the
MAAPs. The FCLT is applied to non-Markovian infinite-server systems and fork-join networks with
NES. It can be also similarly applied to obtain two-parameter heavy-traffic limits for infinite-server
systems as in [20]. The FCLT can be potentially applied to study large-scale service systems in
Markov random environments, for example, queueing networks in which all stations are modulated
by the same Markov process. The results can be also used to study resource allocation and system
design problems for such queueing and network models. It may be also interesting to study the
(sample-path) large deviation problems for queueing systems with MAAPs.

Acknowledgments. Hongyuan Lu and Guodong Pang acknowledge the support from the
NSF grant CMMI-1538149. Michel Mandjes acknowledges the support from Gravitation project
NETWORKS, grant number 024.002.003, funded by the Netherlands Organization for Scientific
Research (NWO).

REFERENCES

[1] D. Anderson, J. Blom, M. Mandjes, H. Thorsdottir, and K. de Turck. (2016) A functional central limit theorem
for a Markov-modulated infinite-server queue. Methodology and Computing in Applied Probability. Vol. 18, No. 1,
153-168.

[2] S. Asmussen. (2003) Applied Probability and Queues. 2nd edition. Springer, Berlin.

[3] M. Baykal-Gursoy and W. Xiao. (2004) Stochastic decomposition in M/M /oo queues with Markov modulated
service rates. Queueing Systems. Vol. 48, No.1, 75-88.

[4] J. Blom, O. Kella, M. Mandjes, and H. Thorsdottir. (2014) Markov-modulated infinite-server queues with general
service times. Queueing Systems. Vol. 76, No. 4, 403-424.

[5] J. Blom, M. Mandjes, and H. Thorsdottir. (2013) Time-scaling limits for Markov-modulated infinite-server queues.
Stochastic Models. Vol. 29, No.1, 112-127.

[6] J. Blom, K. de Turck, and M. Mandjes. (2015) Analysis of Markov-modulated infinite-server queues in the
central-limit regime. Probability in the Engineering and Informational Sciences. Vol. 29, No. 3, 433-459.

[7] J. Blom, K. de Turck, and M. Mandjes. (2016) Functional central limit theorems for Markov-modulated infinite-
server systems. Mathematical Methods of Operations Research. Vol. 83, No. 3, 351-372.

[8] P. Billingsley. (2009) Convergence of Probability Measures. Wiley, New York.

[9] B. D’Auria. (2007) Stochastic decomposition of the M /G /oo queue in a random environment. Operations Research
Letters. Vol. 35, No. 6, 805-812.



AN FCLT FOR MARKOV ADDITIVE ARRIVAL PROCESSES AND ITS APPLICATIONS 19

[10] S. N. Ethier and T. G. Kurtz. (2009) Markov Processes: Characterization and Convergence. Wiley, New York.

[11] G. Falin. (2008) The M /M /oo queue in a random environment. Queueing Systems. Vol. 58, 65-76.

[12] J. Keilson and L. Servi. (1993) The matrix M /M /oo system: retrial models and Markov modulated sources.
Advances in Applied Probability. Vol. 25, 453—-471.

[13] E. V. Krichagina and A. A. Puhalskii. (1997) A heavy-traffic analysis of a closed queueing system with a GI/co
service center. Queueing Systems. Vol. 25, No. 1-4, 235-280.

[14] H. Lu and G. Pang. (2015a) Gaussian Limits for a fork-join network with non-exchangeable synchronization in
heavy traffic. Mathematics of Operations Research. Vol. 41, No. 2, 560-595.

[15] H. Lu and G. Pang. (2015b) Heavy-traffic Limits for an infinite-server fork-join network with dependent and
disruptive services. Submitted.

[16] H. Lu and G. Pang. (2015c¢) Heavy-traffic Limits for a fork-join network in the Halfin-Whitt regime. Submitted.

[17] A. Nazarov and G. Baymeeva. (2014) The M/G/oo queue in a random environment. A. Dudlin et al. (Eds.):
ITMM 2014, CCIS 487, 312-324.

[18] G. Neuhaus. (1971) On weak convergence of stochastic processes with multidimensional time parameter. Annals
of Mathematical Statistics. Vol. 42, No. 4, 1285-1295.

[19] C. O’Cinneide and P. Purdue. (1986) The M /M /oo queue in a random environment. Journal of Applied Probability.
Vol. 23, No. 1, 175-184.

[20] G. Pang and W. Whitt. (2010) Two-parameter heavy-traffic limits for infinite-server queues. Queueing Systems.
Vol. 65, No. 4, 325-364

[21] S. M. Ross. (1996) Stochastic Processes. 2nd ed. John Wiley & Sons, Inc.

[22] A. V. Skorohod. (1957) Limit theorems for stochastic processes with independent increments. Theory Probab.
Appl. 2, 138-171.

[23] J. L. Steichen. (2001) A functional central limit theorem for Markov additive processes with an application to the
closed Lu-Kumar network. Stochastic Models. 17(4), 459-489.

[24] M. L. Straf. (1972) Weak convergence of stochastic processes with several parameters. Proceedings of the Sixth
Berkeley Symposium on Mathematical Statistics and Probability, Vol. 2, 187-221.

[25] W. Whitt. (2002) Stochastic-Process Limits. An Introduction to Stochastic-Process Limits and Their Applications
to Queues. Springer, Berlin.

[26] W. Whitt. (2002) Stochastic-Process Limits. An Introduction to Stochastic-Process Limits and Their Applications
to Queues. Online Supplement.

THE HAROLD AND INGE MARCUS DEPARTMENT OF INDUSTRIAL AND MANUFACTURING ENGINEERING, COLLEGE
OF ENGINEERING, PENNSYLVANIA STATE UNIVERSITY, UNIVERSITY PARK, PA 16802
E-mail address: hz1142@psu.edu, gup3@psu.edu

KORTEWEG-DE VRIES INSTITUTE (KDVI) FOR MATHEMATICS, UNIVERSITY OF AMSTERDAM, SCIENCE PARK 904,
1098 XH AMSTERDAM, THE NETHERLANDS.

CWI, SciENCE Park 123, P. O. Box 94079, 1090 GB AMSTERDAM, THE NETHERLANDS.
FE-mail address: m.r.h.mandjes@uva.nl



