Optimal control of Markov-modulated
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ABSTRACT. We study multiclass many-server queues for which the arrival, service and abandonment
rates are all modulated by a common finite-state Markov process. We assume that the system
operates in the “averaged” Halfin—Whitt regime, which means that it is critically loaded in the
average sense, although not necessarily in each state of the Markov process. We show that under
any static priority policy, the Markov-modulated diffusion-scaled queueing process is exponentially
ergodic. This is accomplished by employing a solution to an associated Poisson equation in order
to construct a suitable Lyapunov function. We establish a functional central limit theorem for the
diffusion-scaled queueing process and show that the limiting process is a controlled diffusion with
piecewise linear drift and constant covariance matrix. We address the infinite-horizon discounted
and long-run average (ergodic) optimal control problems and establish asymptotic optimality.

1. INTRODUCTION

Queueing networks operating in a random environment have been studied extensively. A func-
tional central limit theorem (FCLT) for Markov-modulated infinite-server queues is established in
[1], which shows that the limit process is an Ornstein-Uhlenbeck diffusion; see also [2, 3] for more
recent work. Scheduling control problems for Markov-modulated multiclass single-server queueing
networks have been addressed in [4-6]. In [6], the authors show that a modified cu-policy is asymp-
totically optimal for the infinite horizon discounted problem. For a single-server queue with only
the arrival rates modulated, service rate control problems over a finite and infinite horizon have
been studied in [4,5]. For multiclass many-server queues without modulation, the infinite-horizon
discounted and ergodic control problems have been studied in [7] and [8], respectively.

In this paper we address the aforementioned control problems for Markov-modulated multiclass
many-server queues. We establish the weak convergence of the diffusion-scaled queueing processes,
study their stability properties, characterize the optimal solutions via the associated limiting dif-
fusion control problems, and then prove asymptotic optimality. Specifically, we assume that the
arrival, service and abandonment rates are all modulated by a finite-state Markov process, and
that given the state of this process, the arrivals are Poisson, and the service and patient times are
exponentially distributed. The system operates in the “averaged” Halfin-Whitt (H-W) regime,
namely, it is critically loaded in an average sense, but it may be underloaded or overloaded for
a given state of the environment. This situation is different from the standard H-W regime for
many-server queues, which requires that the system is critically loaded as the arrival rates and
number of servers get large; see, e.g., [3,7-9].
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We first establish a FCLT in Theorem 2.1 for the Markov-modulated diffusion-scaled queueing
processes under any admissible scheduling policy (only considering work-conserving and preemptive
policies). Proper scaling is needed in order to establish weak convergence of the queueing processes.
In particular, since the arrival processes are of order n, and the switching rates of the background
process are assumed to be of order n® for a > 0, the queueing processes are centered at the
‘averaged’ steady state, which is of order n, and are then scaled down by a factor of an n®, with
B = max{1/2,1 —o/2}, in the diffusion scale. Thus, when a > 1, we have the usual diffusion scaling
with 8 = 1/2, which is due to the fact that the very fast switching of the environment results in
an ‘averaging’ effect for the arrival, service and abandonment processes of the queueing dynamics.
The limit queueing process is a piecewise Ornstein—Uhlenbeck diffusion process with a drift and
covariance given by the corresponding ‘averaged’ quantities under the stationary distribution of
the background process. When a = 1, both the variabilities of the queueing and background
processes are captured in the covariance matrix, while when a > 1, only the variabilities of the
queueing process is captured. On the other hand, when a < 1, the proper diffusion scaling requires
B =1—«a/2, for which we obtain a similar piecewise Ornstein—Uhlenbeck diffusion process with the
covariance matrix capturing the variabilities of the background process only.

The ergodic properties of this class of piecewise linear diffusions (and Lévy-driven stochastic
differential equations) have been studied in [10,11], and these results can be applied directly to our
model. The study of the ergodic properties of the diffusion-scaled processes, however, is challeng-
ing. Ergodicity of switching Markov processes has been an active research subject. For switching
diffusions, stability has been studied in [12-14]. However, studies of ergodicity of switching Markov
processes are scarce. Recently in [15,16], some kind of hypoellipticity criterion with Hérmander-like
bracket conditions is provided to establish exponential convergence in the total variation distance.
As pointed out in [17], this condition cannot be easily verified, even for many classes of simple
Markov processes with random switching. Cloez and Hairer [17] provided a concrete criterion for
exponential ergodicity in situations which do not verify any hypoellipticity assumption (as well as
criterion for convergence in terms of Wasserstein distance). Their proof is based on a coupling
argument and a weak form of Harris’ theorem. It is worth noting that in these studies, the tran-
sition rates of the underlying Markov process are unscaled, and therefore, the Markov processes
under random switching do not exhibit an ‘averaging’ effect. Because of the ‘averaging’ effect in
our model, we are able to construct a suitable Lyapunov function to verify the standard Foster-
Lyapunov condition in order to prove the exponential ergodicity of the diffusion-scaled queueing
processes.

The technique we employ is much similar in spirit to the approach in [12] for studying p-stability
of the switching diffusion processes with rapid switching. For diffusions, Khasminskii [12] observes
that rapid switching results in some ‘averaging’ effect, and thus if the ‘averaged’ diffusion (mod-
ulated parameters are replaced by their averages under the invariant measure of the background
process) is stable, then a Lyapunov function can be constructed by using solutions to an associ-
ated Poisson equation to verify the Foster-Lyapunov stability condition for the original diffusion
process. To the best of our knowledge, this approach has not been used to study general fast
switching Markov processes. We employ this technique to the Markov-modulated diffusion-scaled
queueing process of the multiclass many-server model. Ergodicity properties for multiclass Mar-
kovian queues have been established in [18]; in particular, it is shown that the queueing process is
ergodic under any work-conserving scheduling policy. Following the approach in [8], we show that
under a static priority scheduling policy, the ‘averaged’ diffusion-scaled processes (with the arrival,
service and abandonment parameters being replaced by the averaged quantities) are exponentially
ergodic (Lemma 3.1). We then construct a Lyapunov function using a Poisson equation associated
with the difference of the Markov-modulated diffusion-scaled queueing process and the ‘averaged’
queueing process, and thus verify the Foster-Lyapunov stability criterion for exponential ergodicity
(Theorem 3.1).
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To study asymptotic optimality in Theorem 2.2 for the discounted problem , we first establish a
moment bound for the Markov-modulated diffusion-scaled queueing process, which is uniform un-
der all admissible policies, that is, work-conserving and non-preemptive polices. We then adopt the
approach in [7] and construct a sequence of polices which asymptotically converges to the optimal
value of the discounted problem for the limiting diffusion process. To prove asymptotic optimality
in Theorem 2.3 for the ergodic problem, it is critical to study the convergence of the mean empir-
ical measures associated with the Markov-modulated diffusion-scaled queueing processes. Unlike
the studies in [8, 19, 20], the Markov modulation makes this work much more challenging. For
both the lower and upper bounds, we construct an auxiliary (semimartingale) process associated
with a diffusion-scaled queueing process and the underlying Markov process. We then establish
the convergence of the mean empirical measure of the auxiliary process, and thus prove that of
the Markov-modulated diffusion-scaled queueing processes by establishing their asymptotic equiv-
alence. In establishing the upper bound, we adopt the technique developed in [8]. Using a spatial
truncation, we obtain nearly optimal controls for the ergodic problem of our controlled limiting
diffusion by fixing a stable Markov control (any constant control) outside a compact set. We then
map such concatenated controls for the limiting diffusion process to a family of scheduling polices
for the auxiliary processes as well as the diffusion-scaled queueing processes, which also preserve
the ergodic properties. With these concatenated policies, we are able to prove the upper bound for
the value functions.

1.1. Organization of the paper. In the next subsection, we summarize the notation used in this
paper. Section 2 contains a detailed description of the Markov-modulated multiclass many-server
queueing model. In Section 2.1, we introduce the scheduling policies considered in this paper.
In Section 2.2, we present the controlled limiting diffusions and weak convergence results. We
state the main results on asymptotic optimality for the discounted and ergodic problems in Sec-
tions 2.3 and 2.4, respectively. In Section 3, we summarize the ergodic properties of the controlled
limiting diffusions, and establish the exponential ergodicity of the diffusion-scaled processes. A
characterization of optimal controls for the controlled limiting diffusions, and the proofs of as-
ymptotic optimality are given in Section 4. Appendix A is devoted to the proofs of Theorem 2.1
and Lemma 3.1, while Appendix B contain the proofs of some technical results in Section 4.

1.2. Notation. We let IN denote the set of positive integers. For k € IN, R¥ (]Rﬁ) denotes the set
of k-dimensional real (nonnegative) vectors, and we write R (Ry) for k = 1. For k € N, Z* stands
for the set of d-dimensional nonnegative integer vectors. Fori =1,...,d, we let e; denote the vector
in R? with the i*" element equal to 1 and all other elements equal to 0, and define e = (1,...,1)T.
The complement of a set A C R is denoted by A°¢. The open ball in R? with center the origin and
radius R is denoted by Bg. For a,b € R, the minimum (maximum) of a and b is denoted by a A b
(a VD), and we let a™ := a V0. For a € R", |a]| denotes the largest integer not greater than a.
Given any vectors a,b € R?, let (a,b) denote the inner product.

The Euclidean norm in R* is denoted by |-|. For € RF, we let |jz| = Zle\am The
indicator function of a set A C R¥ is denoted by 1(A) or 14. We use the notations 9; = 8%1_ and

Opi = #{;j. For a domain D C R?, the space C¥(D) (C*(D)) denotes the class of functions

whose partial derivatives up to order k (of any order) exist and are continuous, and C¥(D) denotes
the space of functions in C*(D) with compact support. For D C RY, we let Cf(D) denote the
set of functions in Ck(D), whose partial derivatives up to order k are continuous and bounded.
For a nonnegative function f € C(R%), we use O(f) to denote the space of function g € C(R?)

such that sup,cpd 1'1(;6():!) < 00, and we use o(f) to denote the subspace of O(f) consisting of
functions g € C(R?) such that lim SUP|g|—s00 % = 0. The arrows — and = are used to denote

convergence of real numbers and convergence in distribution, respectively. For any path X(-),
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AX(t) is used to denote the jump at time ¢t. We use (-) to denote the predictable quadratic
variation of a square integrable martingale, and use [-] to denote the optional quadratic variation.
We define D := D(R4,R) as the real-valued function space of all cadldg functions on R4. We
endow the space D with the Skorohod J; topology and denote this topological space as (D, J).
For any complete and separable metric spaces S; and Sa, we use S1 X Sy to denote their product
space endowed with the maximum metric. For any complete and separable space S, and k € IN,
the k-fold product space with the maximum metric is denoted by S*. For k € N, (ID)k ,J) denotes
the k-fold product of (D, J) with the product topology. Given a Polish space E, P(E) denotes the
space of probability measures on F, endowed with the Prokhorov metric.

2. THE MODEL AND CONTROL PROBLEMS

We consider a sequence of d-class Markov-modulated M /M /n+ M queueing models indexed by
n. Define the space of customer classes by Z = {1,...,d}. Forn € IN, let J" = {J"(¢t): t > 0}
be a continuous-time Markov chain with finite state space K := {1,..., K}, with an irreducible
transition rate matrix n®@Q for some o > 0. Thus, J™ has a stationary distribution denoted by
m = (m, -+ ,7K), for each n € N. We assume that J" starts from this stationary distribution.

For each n and i € Z, let A" .= {Al'(t): t > 0} denote the arrival process of class-i customers
in the n'" system. Provided J" is in state k, the arrival rate of class-i customers is defined by
A'(k) € R4, and the service time and the patience time are exponentially distributed with rates
wi (k) and ~/'(k), respectively. Let A™ denote a Markov-modulated Poisson process, that is, for
t>0,eachn and i € Z,

arte) = az, ([ eerenas)

where {A};: n € IN,i € T} are unit-rate Poisson processes.

Let X™, Q™ and Z" denote the d-dimensional processes counting the number of customers of
each class in the n'" system, in queue and in service, respectively, and the following constraints are
satisfied: for t > 0 and ¢ € Z,

Xi'(t) = QF () + 2" (1),

2.1
Q) >0, Zt) >0 and (e, Z"(t)) < n. (2.1)

Then, we have the following dynamic equation: for ¢t > 0, n € IN and ¢ € Z,
Xi'(t) = XP(0) + Af'(t) = 57 (t) — R (1), (2.2)

where
t

s = st ([ ) Z0) as) . mo = (e as)

and {S},,R},: n € IN,i € I} are unit-rate Poisson processes. We assume that for each n € I,

*,0)
{X71(0), AL, SP Ry ;i € I} are mutually independent.

Assumption 2.1. Asn — oo, fori € Z and k € K,
nTINME) = Ni(k) >0, p(k) = pi(k) >0, (k) — v(k) >0,
w7 (O (k) = nXi(k)) — (k) and 0t (k) — piR)) = (k).
where

B = max{l/2,1 — a/2}.
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For i € 7 and n € IN, we define

M= S mik) i = S mk), oF = S (k).

kek kek kek
=D m A (R) AR =Y ml(R), AR =Y me(k),
kek kek kek

and
— 1 N/
pi = Nfur, pt=nTtY N
€L

Assumption 2.2. The system is critically loaded, that is, Y, 7 p; = 1.

Under Assumptions 2.1 and 2.2, we have

Bl — npF)p; — nPNF — nAT AT — AT
_ n” (i —nuf)pi —n”P (A — nAT) pifh
nl ﬂ(l_pn)zz i i jn i i — Z lzﬁ i
i€T Hi i€T Hi
with
N o= medi(k), a7 =Y mefu(k) .

kel ke
Assumptions 2.1 and 2.2 are in effect throughout the paper, without further mention. A model
satisfying these assumptions is said to be in the “averaged” H-W regime.
Let X™, Z™ Q", X™, Z™ and Q™ denote the d-dimensional processes satisfying

Xp - atXr, 2 -z, Q-
XP=n (X' —pim), ZP =0 P(Z!'—pm) and QF = nPQ}
for i € Z. Then, for t >0 and i € Z, X(t) can be written as
XP(t) = XP(0) + £7(8) + Li(8) + A7 () — S7(¢) — Ry (t)
- [z eas - [ o) ds,
where

2r(t) = S0 KR) = n (k) = nps (17 (k) — pus(h)) ) / 1(J"(s) = k) ds,

kek

Ly(t) = nlﬁ/o (Ai(J"(s)) —)\?)ds—nlﬁpi/o (ni(J"(s)) — pi7) ds,

apte) = o (4 - [ Nreas)

0
8(t) == n? (S?(t) - /0 W (T()) Z2(5) ds> ,
RIt) = (R?(t) - [ ds) |
Define the random processes Y = (Y{*,...,Y) and W" = (WJ,...,W?) by
V() = o) / §(T7(5)) 20(s) ds — / AP (I ($)) O (s) ds

fori€eZ and t > 0, and
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respectively. Then, (2.3) can be written as
X"(t) = X™(0) + Y™ () +Wn™(t), t>0.

Throughout the paper, we assume that {X"(0): n € IN} are deterministic and does not depend on
n.

2.1. Scheduling policies. Let 7"(t) == inf{r > t: J"(r) = 1} for t > 0. We define the following
filtrations: for t > 0,7 > 0,

Fit = o{Af(s), Si'(s), Ri'(s), Qf (5), Zi'(5), Xi'(s), J"(s): i € I,s <t} VN,
G = oAV (7" () + ) = AP (7" (1)), ST (7" (t) + 1) — 5i'(7"(1)),
R} (7"(t) + 1) = BRI (7" (), L (7" (1) +7) = LP(r" (1) : i € T}V,
where N is a collection of P-null sets.

Definition 2.1. We say a scheduling policy Z™ is admissible, if it satisfies following conditions.

(i) Preemptive: a server can stop serving a class of customer to serve some other class of
customers at any time, and resume the original service at a later time.
(ii) Work-conserving: for each t > 0, (e, Z"(t)) = (e, X" (t)) A n.
(iii) Non-anticipative: for ¢ > 0 and r > 0,
(a) Z™(t) is adapted to F}'.
(b) F{* and Gf, are independent.

We only consider admissible scheduling policies. Given an admissible scheduling policy Z”, the
process X™ in (2.2) is well defined, and we say that it is governed by the scheduling policy Z".
Abusing the terminology, we equivalently also say that X" is governed by the scheduling policy
Z™. We say that an admissible scheduling policy is stationary Markov if Z"(t) = 2"(X™) for some
A Z‘j_ —> Zi.

Define the set

d
= {ueR%: (e,u) =1},

It is often useful to re-parametrize and replace the scheduling policy Z™ with a new scheduling
policy U™ defined as follows. Given a process X" defined using (2.2) and an admissible scheduling
policy Z", for t > 0, define

77 (1) — X" (t n
g = [ R o (e XM (0) >,
€d for (e, X"(t)) <

The process ﬁ”(t) takes values in U and represents the proportion of class-i customers in the
queue. Any process U™ defined as above by using some admissible scheduling policy Z" is called
an admissible proportions- Scheduhng pohcy The set of all such admissible proportions- scheduhng
polices U™ is denoted by g, Then, given X" and any o Ll” the scaled processes Z" and Q”
are determined by

Z"=X"—Q", Q" = (e, XM)FU". (2.5)

By replacing (Z", Q”) with (X n U ™) in the equations, it is often easier to establish the limiting
controlled diffusion as we see in the next theorem. Also, the representation in (2.5) is useful in
the study of asymptotic optimality in Section 4. Abusing the terminology, we replace the term
admissible proportions-scheduling policy with admissible scheduling policy.
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2.2. The limiting controlled diffusion. By the equation (4) in [1] and Assumption 2.1, we have
"(t) — 0t as. as n— oo, (2.6)

where 0" == (y,...,0q)", 0= ({1, ...,44) and £; := N\F—p;iT. Let 7 be the stationary distribution of
J", that is, 7/Q = 0 and 7’e = 1. (Note that scaling Q does not change the stationary distribution.)
By Proposition 3.2 in [1], we obtain

" = a§W in (D4,7), as n— oo, (2.7)

where ﬁ" = (ﬁ’f, . I:”) Wis a zero drift standard d-dimensional Wiener process, and if o > 1,
then oL = 0, while 1f a < 1, then ok satisfies (o) ol = © = [¢;;], with

] = 2 Z Z pz,uz k)) ()‘](l) - pjﬂj(l))ﬂkrkl (28)

leK ke

for i,j € Z, and Ty = f0+°° (P (t) — mp) dt with Py(t) = [e9]s, that is, T = (II — Q)~! —II.
Here, II denotes the matrix whose rows are equal to the vector .
The proof of the following result is in Appendix A.

Theorem 2.1. Under Assumptions 2.1 and 2.2, and assuming that X"(O) 1s uniformly bounded,
the following results hold.
(i) Asn — oo,
(Z",Q") = (p,0) in (D%.J)%,
where p = (p1, ..., pd)-
(ii) Asn — oo,
Ww" = W in (D%J),

where W is a d-dimensional Brownian motion with a covariance coefficient matriz ol,oq

defined by
A?, a>1,
0l =< AN+0, a=1,
o, a<l1,

and A == diag(\/2AT], ..., \/2)]).
(i) (X™ W™ Y™) is tight in (Dd J)3.
(iv) Provided that U is tight, any limit X of X" isa unique strong solution of

dX(t) = b(X(t),U(t))dt +dW (1), (2.9)

where X(O) =z, x € RY, is a limit of X”(O), U is a limit of U™, and b: R% x U — R?
satisfies

b(z,u) = £ — M(x— (e,x)Tu) —T'{e,z)Tu,

with M = diag(uf, ..., ud) and I' = diag("T,...,7]). Furthermore, U is non-anticipative,
that is, for s <t, W(t) — W (s) is independent of

Fs = o(Ur),W(r):r<s) VN,

where N is the collection of P-null sets.
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2.3. The discounted cost problem. Let R: ]Ri — Ry take the form
R(z) = clz|™, (2.10)
for some ¢ > 0 and m > 1. Define the running cost function R: R x U+ R by
R(z,u) = R({e,z)tu).

Note that the running cost function is penalizing the size of the queues, and depends on the
scheduling policy.

Remark 2.1. In place of (2.10) one may merely stipulate that i(az) is a locally Holder continuous
function such that B B

alz|™ < R(z) < eo(1 4+ |z|™) (2.11)
for some constants 1 < m < m. See, e.g., Remark 3.1 in [20]. For the discounted problem, the
lower bound in (2.11) is not required.

For each n and ¥ > 0, given X "(0), the ¥-discounted problem can be written as
Vi (X"(0)) = inf J3(X7(0),0"),
Uneyr
and -
JHX™(0),U") = E [/ e_ﬂsiR(X"(s),U”(s)) ds} .
0

Let 4l denote the set of all admissible controls for the limiting diffusion in (2.9). The ¥-discounted
cost criterion for the limiting controlled diffusion is defined by

~ oo N N
DG 0) = BY | [T e (k6. 00) as]
0
for U € i, and the v¥-discounted problem is
Vo(x) == inf Jy(z,U).
Uesl

The main result concerning the discounted cost problem is stated in the next theorem, the proof
of which is given in Section 4.2.

Theorem 2.2. Grant Assumptions 2.1 and 2.2. If X™(0) — z € R as n — oo, then it holds that
lim VH(X™(0) = Vg(z)  VI9>0.
n—oo

2.4. The ergodic control problem. Given X "(0), define the ergodic cost associated with Xn
and U" by

. . 1 r .

J*(X™(0),U") == limsup — E / R(X™(s),U™(s)) ds| ,
T—o00 T 0
and the associated ergodic control problem by
V(X™(0)) = inf JU(X™0),0M).
Uneun

Analogously, we define the ergodic cost associated with the limiting controlled process X in (2.9)
by

3z, 0) = limsup = E UOTJQ(X(S),U(S)) ds] ,

T—oo

and the ergodic control problem by
« = inf J(z,U). 2.12
0+(z) [ljféud@c ) (2.12)
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The value p.(x) is independent of x. As we show in Theorem 4.2, the infimum is realized with a
stationary Markov control and g.(z) = os.
The asymptotic optimality of the value functions is stated below (proof in Section 4.3).

Theorem 2.3. Grant Assumptions 2.1 and 2.2. If X™(0) — z € R as n — oo, then it holds that

lim V*(X"(0)) = o.(x).

n—oo

3. ERGODIC PROPERTIES

We first review the ergodic properties of the limiting diffusion. Then, we establish some ergodic
results for the diffusion-scaled process. This second task forms the central part of this section, and
we explain why the results established here are needed for the study of ergodic control problems.
It is worth pointing out that equivalent results exist for non-modulated diffusion-scaled processes
(see [8]). However, the presence of modulation requires a fresh approach.

3.1. The limiting controlled diffusion. The limiting diffusion belongs to the class of piecewise
linear diffusions studied in [10]. Applying Theorem 3 in [10], we deduce that the limiting process X
with abandonment in (2.9) is exponentially ergodic (see, e.g., [21, Section 6], for definition) under
a constant control @ = eg = (0,...,0,1)’. By Theorem 3.5 in [11], the limiting process X in (2.9)
is exponentially ergodic under any constant control. We summarize the ergodic properties of the
limiting controlled process X in the following proposition.

Proposition 3.1. The controlled diffusion X in (2.9) is exponentially ergodic under any constant
control u € U.

Remark 3.1. As a consequence of the proposition, if ¢ is a stationary Markov control which is
constant on the complement of some compact set, then the controlled diffusion X in (2.9) is expo-
nentially ergodic under this control. For the diffusion-scaled process X" we first prove exponential
ergodicity under a static priority scheduling policy in Theorem 3.1. It then follows that any sta-
tionary Markov scheduling policy, which agrees with this static priority policy outside a compact
set, is exponentially ergodic. We remark here that exponential ergodicity of the diffusion-scaled
process under any stationary Markov scheduling policy is an open problem (compare with the study
of ergodicity for the standard ‘V’ network in [18]).

3.2. Diffusion-scaled processes. Theorem 2.1 asserts that the scaled process Xn converges in a
weak sense to the diffusion X, under suitable controls. This does not mean that the optimal ergodic
control problem for the limiting diffusion is a good approximation for the optimal ergodic control
problem for the diffusion-scaled processes in general. Loosely speaking, in order to establish this,
we need to show that under some “near optimal controls”, the ergodic occupation measures of the
diffusion-scaled processes converge to the corresponding measures of the limiting diffusion process.
We make this formal in Section 4. Crucially, to establish Theorem 2.3, we need to establish that
the diffusion-scaled process under the “near optimal controls” are “exponentially ergodic uniformly
in n”. We make this last notion precise through the following definitions.

Definition 3.1. For each n € IN, let 2" = z"(x), for x € Zi, denote the scheduling policy defined
by

i—1 +
ZH(x) = x; A (n—in/> for ieT.

/=1
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By using the balance equation z; = 7(z) + ¢*(z) and Definition 3.1, we obtain for z € Z% and
1 € L, that
47+

i1
gi'(z) = |x; — (n - Z :L‘y)
i'=1

Definition 3.2. For z € R¢, define
#'(x) = (z1—pin,...,xq— pan) , #"(x) = nPE" (),
mi={#"(z): x € Z1}, and X" = {i"(x): = € A"}, with
= {z e Ry o —pn| < con’}
for some positive constant cg.

Definition 3.3. We let [,Aﬁn denote the generator of the process (X ™. J"), governed by a stationary
Markov scheduling policy 2". We say that {(X n J”)}n e governed by a sequence of stationary
Markov policies {z"},en is uniformly exponentially ergodic of order m if for each n > Ny, where
Ny € IN is fixed, there exists a nonnegative function Y xn x K — R, which is continuous in its
first argument, and positive constants ¢, C; and C5, independent of n, such that

d
(k) 2 e fal™,
=1

and
L2V™(&,k) < Cp — CoV™(E, k), V(3 k) €eX" x K.

Since (X ™ J") is irreducible and aperiodic, it is well known that uniform exponential ergodicity of
order m implies that the transition probabilities of the process converge to the invariant distribution
with an exponential rate which is independent of n > Ny. It also implies that

T
sup limsupl E=" {/ ]X"(s)]mds] < 00.
n>Nog T—oo 1 0

We then say that the sequence of controls z" are stabilizing (of order m). We begin by showing
in Theorem 3.1 that “static” scheduling policies (Definition 3.1) are stabilizing. Then, roughly
speaking, we proceed to show in Lemma 3.3 that scheduling policies which agree with a static policy
outside a ball are also stabilizing. Finally in Section 4 we choose near optimal policies inside the
ball and static policy outside the ball, by Lemma 3.3 these are stabilizing, and hence the ergodic
occupation measures of the diffusion-scaled process are well approximated by the corresponding
ones of the limiting diffusion.

Definition 3.4. Let z" be a stationary Markov policy. We denote the infinitesimal generator of
the “average” process by

=Y N (flz +e) ) + Ytz (a) (f(z —e) - f(z))
i€l i€l
+ > Al (@, 2) (f(z —e) — f(x))

€L

for f € Cy(RY) and all z € Z4, where ¢\ (z, 2) = x; — 2P(z), i € T.
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Lemma 3.1. Let Z" be the scheduling policy in Definition 3.1. Then for any even integer m > 2,
there exist a positive vector &, positive constants Cy and Cs, and ng € IN, such that the functions
fn, n € IN, defined by

= Z&'m —pin|™, VzeZi, (3.1)
€T
satisfy -
ﬁi fn(x) < Clnmﬁ_Can(x); Vx € Zi, VnZno.

For a proof of Lemma 3.1, see Appendix A. This lemma shows that, under the static priority
policy z", the “average” process is exponentially ergodic.

Definition 3.5. Under a stationary Markov policy 2z = z"(z), the infinitesimal generator of
(X™(t), J™(t)) is defined by

L2 f(x,k) = L2 f (k) + Y nq (f(x, k) — (2, k)),
ke
for f € Cy(R? x K), where

L2 f, k) =D AP k) (fla+ e k) — f(z, k) + Y pp (k)2 () (f (2 — e, k) — f(x, k)

1€T 1€l
+ Z’an(k)q;l(fca z) (f(x — €, k) - f(.%', k)) .
1€T
Let A)\"(kz) = AP — \(k) for i € T and k € K, and define Ap? and Ay?, analogously. Let
AL S : Cp(RE x IC) — Cp(R? x K) be the operator defined by

AL f(a k) =) AN R) (f(2 + ei, k) — fla, k) + ) Apd (k)27 () (f (@ — ei k) — f(x,k))

i€l €L

+ 3 AP (R) G (@, 2) (f(x — ei k) — f(x, k).

1€

Define the embedding M: Cy(RY) — Cy(R% x K) by M(f) = f, where f(-, k) = f(-) for all k € K.
It is easy to see, by Definitions 3.4 and 3.5, that for all f € Cy(R%), f = M(f), and k € K, we have

L f(x) = Lo f(a k) + ALY f (@, k). (32)
Abusing the notation, we can identify f = 9(f) with f, and thus (3.2) can be written as
Ly f(x) = Loy f (@) + ALY f(2).
Lemma 3.2. Let f,(x) be the function defined in (3.1), and 2" be any stationary Markov policy.
There exists a function g,[f,] € C(R? x K), satisfying
1 n
gnlfo) (. k) = — > e ALY falx), V( k) eRIxK (3.3)
k'ek
with some constants cg independent of n, and
Z n qrrr (gn[fn](xa k,) - gn[fn](xa k)) = A‘CZ kfn( ) ) V(IL‘,/@) € R x K.
kel
As a consequence, we have, for fivred a > 0 and each n € N,
|gnlful(z, k)| < C3(1+n™07Y) + ey folz), V(z,k) e R x K, (3.4)

where C3 is some positive constant, and €, > 0 can be chosen arbitrarily small for large enough n.
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Proof. The existence of g,[fn](z, k) directly follows from the Fredholm alternative. The version
applicable here may be found in [12].
For k € KC, we observe that

| ALY fo(z

ni — Z &l AN (k) — Api (k)2 — Ay (k)gl | |m(z])™ 1 4+ O(|&} ™ 2)]
i€
< ST E(IAN ]+ 1A R + A7 (R ) ()™ 4+ O ((772)|
€L

< 04(1 + nm(lfa)) + ann(x) )

where Cjy is some positive constant, and the last inequality follows by using x; = Z}' +np;, Assump-
tion 2.1, and following inequalities with sufficiently small € > 0:

AN (Rl
ntmE Tt < e e, (3.5)

O(nl—a)o(|jmm—2) < 61—m/2nm(1foz)/2 ( (|xn|m 2))m/m 2_

IN

61—mnm(1—o¢) + djmm

Note that when a > 1, n™(1=®) < 1. Thus, by the expression of g,[f,] in (3.3), we obtain (3.4).
This completes the proof. ]

For each n, define the function f,, € C(R% x K) by

Falz,k) = ful@) + galful (@, k).

The norm-like function V,, ¢ is defined by Vi e(z) = 3,7 &l2|™ for z € RY, with m > 0 and
a positive vector ¢ defined in (3.1). Recall from Definition 3.3 that EZ denote thes generator of

(X " J") governed by a stationary Markov policy z". Using Z" in Deﬁmtlon 3.2, we can write Efln
as

Z 6] @@ k) = (220, (@ k)
for f € C(R? x K). We also define the operator AEAf:k Cy(R? x ) — Cp(R? x K) satisfying
(AZELI )] @ @), k) = [ALEFGE"(), )] (k)

for f € Cy(R? x K). Let 9,”75 be the function defined by
n 1 ~n
Vine(@,k) = Vig(@) + —2 > eaw AL Vi (@)
k'ex
for x € R? with the constants cgz defined in (3.3).

Theorem 3.1. Let Z:Zn denote the generator of the (X'", J™) under the scheduling policy defined
in Definition 3.1. For any even integer m > 2, there exists no € IN such that

L3V e(@k) < C1 = CoVp o(#.k), V(@.k) € X" x K, V>, (36)

for some positive constants C~'1, Cy and ng > ng depending on & and m. As a consequence, (X”, Jm)
under the scheduling policy Z" is exponentially ergodic, and for any m > 0,

sup hmsup Ez {/ | X" (s mds] < 00. (3.7)

n>ng T—o0
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Proof. Since operators defined in Definitions 3.4 and 3.5 are linear, we have
Vine (@ (2), k) = 0" fu (o, k)
for x € Zi and k € K. Thus, it suffices to show that
L2 fo(m, k) < Cin™ — Cofn(x, k), Y(x,k) € Zi xK, Vn>ny. (3.8)
Let & be the vector in (3.1). It is easy to see that

L fula k) = Zf:kfn< )+ L2 gnl ful (2, k)

(3.9)
Cln - C2fn( ) ‘Cznkgn[fn] (.%', k) ) Vn > no ,

A

where the inequality follows from Lemma 3.1. Applying Lemma 3.2, we see that there exist positive
constants Cg, C7, and n1, such that

Cn™ — Cg fu(, k) > Cin™ = Cafu(x), Yn>in, Y(z,k)€R!xK. (3.10)
Thus, to prove (3.8), by using (3.9) and (3.10), it suffices to show that, for large enough n,
Lol fal(@, k) < Con™ + eful@), (3.11)

where Cy is some positive constant, and € > 0 can be chosen arbitrarily small for large enough n.
Recall the definition of g,[f,] in (3.3), and observe that

BLAIE) 58 (53300 - A (0) — Ao 9 @) ()™ + (1)

€L
Let
1 - _
= > & (@)
€L
Note that in order to prove (3.11), by using (3.5) and the balance equation z'(z) = ' (z) — ¢ (x) +
np;, we only need to show that

Lonhn(x) < Con™ + efy(x), (3.12)

where (9 is some positive constant, and € > 0 can be chosen arbitrarily small for all large enough
n; the other terms in £7" g,,[fn] can be treated similarly. We obtain

Einkhn(w) = Z(Filz) (z) + Fr(z2z)(x>> ;
€L
where
FO(@) = n &N (k) (@ (2 + ) (@ + 1)1 = @ () (@)™ )
+ G (k) E () + A2 (k)3 (@) (@ (@ — e) (@ — D)™ = @) (@)™
and
F2(@) = 07 Y [N k)& (@@ + e) — @ (@) (@)™
J#i
+ (P (R)E (@) + ARG ())& (7 (= — e5) — (@) (@)™
Note that for i/ € Z,
(@ + &) — qh()] < 1,
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and ¢}j(x) is the unscaled queueing process. We first consider Féli) (). We have

STER@) <0 S e (@ + e (@ + 1 = @yt + farm)

i€ i€
+& (M?(k)(fc? +np; — q;'(x)) + fyf(k)@'?(a:)) ((j?(g; —e) (@ — 1)m-1 — (i,?)m—l) n |j?|m,1)} '

Note that
+

i—1 +
- (n - Zn,@) =0.
j=1

By using the fact that a™ — bt = n(a — b), for a,b € R and 7 € [0, 1], we have
i1 +1° i1 +1*
Gg'(x) = — |np; — (n — anz) + |z — (n — sz,>
j=1 i'=1
i—1

= —ni(x)(np; — x;) + Ni(x) (zj —npj) (3.13)
=1

1
= ni(z)7; +mi(x) Y ¥} Vo€ R,
j=1

)

for the mappings 7;,7;: R? +— [0, 1]¢. By using (3.13) and Young’s inequality, we have

G (z e (@ £ )™ = @)™ < o(lzpm ) +ZO jZ5™)

G (@) (@ — ) (@7 — )™ = @)™t < o(lapm) + Z o(lzp|m
/=1
Therefore, applying inequalities in (3.5), we obtain
STEN (@) < Clon™Y 1 efu(a). (3.14)

€T
where C7g is some positive constant, and € can be chosen arbitrarily small for large enough n. On
the other hand, since 2Jj(x) < zy, and ¢} (x) < xy for i’ € Z, applying Young’s inequality, we obtain

(2) - -
F&(@) < n7 3 &N + (2 (R)] + 7 () )(EF + npy)) 25!
jF#i (315)
< Cun™7Y 4 efy (),
where C; is some positive constant, and e can be chosen arbitrarily small for large enough n,

and the second inequality follows from (3.5). By Lemma 3.2, there exists ny > 0 such that for all
z € X" ke and n > ni, we have

Vr (@ k) > %Vm7§(.i‘) +o(1). (3.16)

We choose ny € IN satisfying no > max{ng, n1,n1}. Thus, since 1 —a < 3, by (3.14) and (3.15) we
have shown (3.12). As a result, we have proved (3.8), which implies (3.6).
Let E*» = E. By Ito’s formula, we obtain

E Vi e(X"(T), J"(T)] ~ E [V 1(X"(0), [/ LV (X7 (5), J"(s)) ds



Optimal control of Markov-modulated multiclass many-server queues 15
Then, using (3.6), we have, for ¥n > ng,
~ o~ T A~ A~
—E [ k(X (0), J”(O))} < T —-CE [/ (X (s), J"(s))ds| . (3.17)
0
Applying (3.16) and (3.17), we obtain that, for some positive constant Cys, and for all n > na,
T A
| Sz as
0 ez
This proves (3.7). O

1
=K < (Cya.
T < Cr2

Definition 3.6. Let w: Ri > Zi be a measurable map defined by

d
w(x) = <LCE1J7 ooy [@a—1], [Tal + Z(%’ - L%J)) :
=1

Definition 3.7. Let v": R? — U be any sequence of functions satisfying v"(2"(x)) = eq, for all
x ¢ A", and such that x — v"(2"(x)) is continuous. Define

e n w(((e,x> — n)“‘v”(i“”(x))) for sup;er |zi —npi| < kn,
¢"v"](x) =4,
q"(x) for sup;cz |z —npi| > kn,
where ¢"(x) is as in Definition 3.1, and k < inf;c7{p;}. Define the admissible scheduling policy
Z"(x) =2 — g "|(x).
We have the following lemma on stabilization of the diffusion-scaled queueing processes.

Lemma 3.3. The process (X”, J™) governed by the scheduling policy z™ in Definition 3.7 is uni-
formly exponentially ergodic (of any order m).
Proof. Observe that for all n € IN, we have

(i) For ¢ € Z, there exists a constant C' such that |¢"[v"](z £ ;) — ¢"[v"](x)| < C;
(ii) For i € Z, there exists functions €7, &: R? + [0, 1] such that

i—1
g (@) = e (@) (i —npi) + & (@) Y (2 —nps) + O(n”) .
i'=1
Hence the same proof as that of Theorem 3.1 may be employed to obtain the result. g

Remark 3.2. Lemma 3.3 shows that any sequence of scheduling policies which satisfies (i) and (ii)
in the proof of Lemma 3.3 is “stabilizing”.

4. AsYyMPTOTIC OPTIMALITY

4.1. Optimal solutions to the limiting diffusion control problems. The characterization of
optimal control for the limiting diffusion follow from the known results: the discounted problem in
[22, Section 3.5.2] and the ergodic problem in [8, Sections 3 and 4]. We summarize these for our
model.
We first introduce some notation for the limiting diffusion. For u € U, let £,: C3(RY)
C%(R? x U) be the controlled generator of X in (2.9), defined by
Lof(z) = Zbi(x,u)aif(x) + Z aij0;; f(x) , (4.1)
i€ ijeT
where a;; == 1(a > 1)AT + 11(a < 1)0;;, and a;; == 31(a < 1)6;; for i # j. Recall that a control is

Markov if U(t) = v(t, X (t)) for a Borel map v on R x R?, and we say that it is stationary Markov
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if v: R? + U. The set of stationary Markov controls is denoted by gy, We extend the definition
of b and R by using the relaxed control framework (see, for example, Section 2.3 in [22]). Without
changing the notation, for v € Ugyg, we replace b; by

bi(z,v(z)) = /Ub,;(:v,u)v(du\x), forieT,

where v(du |z) denotes a Borel measurable kernel on U given z, and replace R analogously. A
control which is a measurable map from R¢ to U is called a precise control. We say that a control
v € Ugn is stable if the controlled diffusion is positive recurrent, and the set of such controls is
denoted by $ssni. Let v, € P(RY) denote the unique invariant probability measure of (2.9) under
the control v € gy, Here, P(Rd) denotes the space of Borel probability measures on R¢ under the
Prokhorov topology. We define the corresponding ergodic occupation measure 7, € P(R? x U) by
My (dz, du) = v, (dx)v(du| ). The set of ergodic occupation measures corresponding to all controls
in Uggy is denoted by G, and satisfies

§ = {neP(Rde): /
RxU
This characterization of ergodic occupation measures follows by [22, Lemma 3.2.2].

Lo f(x) n(dx,du), Vf € ch(le)} .

Theorem 4.1. Vy is the minimal nonnegative solution in C?(R%) of
min [EUV§(x) + R(z, u)} = IVy(x).
Moreover, v € gy s optimal for the ¥-discounted problem if and only if
(b(z,v(z)), VVy(2)) + R(z,v(z)) = H(z, VVy(2)),
where

H(z,p) = min (4, u), ) + R(z,u)]

Proof. The result follows directly from Theorem 3.5.6 and Remark 3.5.8 in [22, Section 3.5.2]. [
Theorem 4.2. There exists V € C2(R?) satisfying
min | £,V (z) + R(z,u)| = ox.
uelU
Also, v € Ugm is optimal for the ergodic control problem associate with R if and only if it satisfies
(b(z,v(2)), VV (2)) + R(z,v(x)) = H(z,VV(z)).
Moreover, for an optimal v € Uswn, it holds that
: 1 v T % % d
TlgT;OfIEm [/0 R(X(s),v(X(s)))} = 0., VreR".
Proof. This follows directly from Theorem 3.4 in [8]. O

If we restrict the ergodic control problem in (2.12) to stable stationary Markov controls, then
the problem is equivalent to

mEeY
(see, for example, [22, Section 3.2 and 3.4]). The next theorem shows the existence of an e-optimal
control, for any € > 0. This is proved via the spatial truncation technique.

min / R(z,u) m(dz, du)
R4xU

Theorem 4.3. For any € > 0, there exists a ball Bp with R = R(e) > 0, a continuous precise
control ve € Ussm which agrees with eq on B%, and an associated invariant measure v, satisfying

/ R(z,ve(x)) ve(dz) < ox + €.
R4
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Proof. This result follows from the proof of claim (5.14) in [8]. O

4.2. Asymptotic optimality of the discounted cost problem. In this subsection, we first
establish an estimate for X" by using an auxiliary process. Then, following a similar approach as
in [7], we prove asymptotic optimality for the discounted problem.

Given the admissible scheduling policy U " let X" be a d-dimensional process defined by

A A t v v A
Xn(t) = XP(0) + 00 (8) + W (t) - /0 (X2 (s) — (e, X7 (s)) T UP(s)) ds
, (4.2)
- /0 30 (e, X7 (5)) U (s) ds

for ¢ € Z, where Wi" is defined in (2.4). Recall the representations in (2.5). X"isa simpler process
(compare with X” in (2.3)). Here we replace the state-dependent rates in the last two terms of
(2.3) by their averaged version. It is also worth noting that X" can be viewed as a continuous
integral mapping with inputs X "(0), o, W™ and U™ (see, for example, [23, Lemma 5.2]), while Xn
may not have this representation. This auxiliary process X" is useful in showing Theorem 2.1, the
proof of which is given in Appendix A, and relies on the following two lemmas.

Lemma 4.1. Asn — oo, X" and X™ are asymptotically equivalent, that is, Xn_ xn converges
to the zero process uniformly on compact sets in probability.

The proof of Lemma 4.1 is given in Appendix B.
Lemma 4.2. We have
E (|2 0I"] < Cu(1+em)(1+ [lz]™) (4.3)
for some positive constants C1 and mq, with m defined in (2.10).

Proof. Recall X™ defined in (4.2). For t > 0, X™(t)— (e, X"(t))TU™(t) satisfies the work-conserving
condition. Thus, following the same method in [7, Lemma 3], we have

E[IX"(0)I™] < Ca1+ 7)1+ |z ™)
for some positive constants Co and mg. As a consequence, (4.3) holds by Lemma 4.1. O
Proof of Theorem 2.2. (Sketch) We first show that
lim inf V(X™(0)) > V(). (4.4)

Lemma 4.2 corresponds to [7, Lemma 3|, and Theorem 2.1 corresponds [7, Lemma 4]. By using
Theorem 4.1, we can get the same result as in [7, Proposition 5]. Thus, we can prove (4.4) by
following the proof of [7, Theorem 4 (i)].

Next, we show that there exists a sequence of admissible scheduling polices U™ which attains
optimality (asymptotically). Observe from [7] that the partial derivatives of Vy in Theorem 4.1
up to order two are locally Holder continuous (see also [22, Lemma 3.5.4]), and the optimal value
Vi has polynomial growth. By [7, Theorem 1], there exists an optimal control vj, € gy for the
discounted problem. Recall w defined in Definition 3.6. Let

no={reRY: (e,x) <y, Vi€T}, and Xp = {i"(x):x € AT}.
Given X™, we construct a sequence of scheduling policies as follows:
0" (t) = {w((e,X"(t)) —n)to(X"(t))  for X"(t) € X},
ZM(X"(1)) otherwise,
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where Z" is the static priority policy defined in Definition 3.1. Here the value of the scheduling
policy outside X} is irrelevant for our purpose. For n € IN, let (X}Z’, 2y, U,';L) be a sequence of
queueing systems constructed by using (4.5), and K™ be the process defined by

E™(t) = (o(X} (1), U (2), VVa(X] (1) + R(XR (1), U3 (1) — H(X] (), VVa(X}(1))) -

It is easy to see that, for any y € R?, |w(y) — y| < 2d. Then, using Theorem 2.1 and Lemma 4.2,
and following the same proof as in [7, Theorem 2 (i)], we have

/ | e K" (s)ds = 0. (4.6)
0

Note that (4.6) corresponds to the claim (49) in [7]. Then, we follow the method in [7, Theorem 4
(ii)] and obtain that

lim 35(X7(0),0F) < Vola).

n—oo

This completes the proof. ]

4.3. Proof of Theorem 2.3. In this section, we prove the asymptotic optimality for the ergodic
control problem by establishing the lower and upper bounds in Theorems 4.4 and 4.5, respectively.
The techniques used in the proofs differ from previous works. In the proofs of lower and upper
bounds for the diffusion-scaled process X" in (2.3), it is essential to analyze the term L™, which
in the presence of modulation is not a martingale. Thus, the approach in [8] may not be applied
directly, since the proofs there rely on the martingale property. So we construct a martingale by
adding a process to I:”, and we establish results for this auxiliary process. Then, we show the same
results hold for X" by asymptotic equivalence. On the other hand, in the proof of convergence of
mean empirical measures (these are formally defined later), we need to consider the convergence of
scaled Markov-modulated rates, while non-modulated systems do not have this issue.

4.3.1. Proof of the lower bound for the ergodic problem. We have the following theorem concerning
the lower bound.

Theorem 4.4 (lower bound). It holds that
liminf V*(X"(0)) > o.(z).

n—o0

We first assert that X™ is a semi-martingale. The proof of the following lemma is given in
Appendix B.

Lemma 4.3. Under any admissible policy Z", X" isa semi-martingale with respect to the filtration
F" = {F': t > 0}, where F}" is defined in Section 2.1.

Definition 4.1. Define the family of operators A%: C2(R? x U) — C?(R% x U x K) by

" () = Z(by(x,u, k)0if (z) + %c?(x,u, k)aiif(a;)),

i€
where the functions b7, 07" : R? x U x K — R are defined by
b (,u, k) = 68 — i (k) (2 — (e, ) Tug) — 27 (k) e, ) Ty,
with
G = PN (k) = nhik)) = npi (uf (k) = pi(R))]

and

i —28,n A (K 2(k) (@i — (e, @) ") + (k) (e, 2) T
0; (mvuvk) = nl Qﬂui (k)pi+ ngg) +M ( )( < > nﬁ) i ( )< >

for ¢ € 7 and k € K, respectively.
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Let G™ denote the k-dimensional process
Gp(t) = 1(J"(t)=k)—-1(J"(0)=k), t=>0,
and B"™ denote the d-dimensional processes defined by
BI () = 050 57 (k) — pupna(h)) [(G*O)T], . 20, (4.7)
ke

fori € Z, k € K, where o := (1 — ) — §. Then we have the following result, which shows that

all the long-run average absolute moments of the diffusion-scaled process are finite. The proof is
given in Appendix B.
Lemma 4.4. Under any sequence of admissible scheduling polices {U” n € N} such that
sup,, J"(X™(0),U"™) < oo, we have
L on [ [T 5
suplimsuprEU {/ | X" (s)|™ ds} < o0 (4.8)
0

n  T—oo

for m defined in (2.10).

Definition 4.2. Define the mean empirical measure (% € P(R? x U) associated with X" and U™
by

1 T 5 A
A B) = L] [ 1w (76,06 0
0
for any Borel sets A € R¢ and B c U.

Note that the sequence {(}1} is tight by Lemma 4.4. The next lemma shows that the sequence
{¢}}} converges, along some subsequence, to an ergodic occupation measure associated with the
limiting diffusion process under some stationary stable Markov control.

Lemma 4.5. Suppose under some sequence of admissible scheduling polices {[7” n € N}, (4.8)
holds. Then 7t is in G, where T € P(R? x U) is any limit point of (% as (n,T) — cc.

Proof. We construct a related stochastic process X™ to prove this lemma. Let X" be the d-
dimensional process defined by

X" := X"+ B", (4.9)
where B" is defined in (4.7). Applying Lemma 3.1 in [1] and Lemma 4.3, X" is also a semi-
martingale. We first consider the case with o < 1. Usiqg the Kunita—Watanabe formula for
semi-martingales (see, e.g., [24], Theorem I1.33) with E = EY" | we obtain

E[f(X™(T)) - f(X"(0))]

T
1 n n rn n
-z /0 gcﬂkfx $),07(s))1(J (s):k)ds]
(4.10)
+%IE / O; f(X™(s))dLr(s) | + ;,E / 0, f(X™(s)) dB!'(s)
zeI LicZ
iRy / O (X (s)) d [BY, BY](s) +1E[2Df(f(” s)]
T L T ’
HGI ] s<T
for any f € C°(R%), where
DF(X",s) = Af(X"(s)) = > 0if(X"(s—)AX](s) — 5 Z O f(X"(s—))AX(s) AXE(s)

i€l 1,0/ €T
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for s > 0. Using [1, Lemma 3.1], B/"(s) + L?(s) is a martingale, and hence the sum of the second
and third terms of (4.10) is equal to zero. By equation (8) in [1] and the same calculation as in
equation (10) of [1], the fourth term on the r.h.s. of (4.10) can be written as

*E Z/O D (Nilk) = pipna(k)) (M (K) = piprar (K')) Yo O f (X (5))L(J"(s) = k) ds

1,3 €T keK k'eK
Note that for any f € C*(R%),

timsup [/ PN, T (L) = ) = )]

(n,T)—00 L'
= (12%%50;1@ [/OT n=2f(X"(s),U™(s))d </0 n?(L(J"(u) = k) — ) du)] =0

by the boundedness of f, [1, Proposition 3.2] and [3, Theorem 5.2]. Thus, we can replace 1(J"(s) =
k) by m for all k € K in (4.10), when we let (n,T) — oo
We next prove that the last term on the r.h.s. of (4.10) vanishes as (n,T") — oo. Let

Iflles = sup (If@)|+ Y |0 f @]+ Y 0t (@)]) -
z€R i,j€T i,5,k€T

Since the jump size of X™ is of order n=%21t% or n=? then by Taylor’s formula, we have

' 2ol lles o

DX, 8)| < T > AXT()AX(s)| (4.11)
ii'€T

for some positive constant ¢y independent of n. By equation (2) in [1], and the independence of

Poisson processes, we obtain

L[S Y |axreaxie]

s<T i €T

= E[ Z Z Cr; <Qkk’ "(s) =k)+ qiL(J"(s) = k’)) (4.12)

0 kek k#k! k'ek

MJ™(s)) 2™ (s T(J™(s))Q%(s
Py (M) | T | R )

i€l
where {¢: k € K} are determined by the constants in (4.7). Using (4.8), the r.h.s. of (4.12) is
uniformly bounded over n € IN and 7' > 0. Therefore, by (4.7) and (4.11), the last term on the
r.h.s. of (4.10) converges to 0 as (n,T) — co.
As in Definition 4.2, let CT € P(R® x U) denote the mean empirical measure associated with X"
and U"7 that is,

CR(A x B) = ;E[/OTM@( "(s), 07 (s >)d5]

for any Borel sets A ¢ R? and B C U. Then, by (4.10) and the above analysis, for f € C°(R%),
we have

lim sup / <Z AR flz,w)me + L < 1) > 0 0s f(:c)) Ci(dz,du) = 0, (4.13)
(n,T)—o0 JRIXU \pcic =
where {0;;: 4,i" € T} is defined in (2.8). Note that for each i € Z, the sums »_, - b7 (z, u, k)7,

and >, 07 (x,u, k), converge uniformly over compact sets in R? x U, to b; (see (2.9)) and
21(a > 1) AT, respectively.



Optimal control of Markov-modulated multiclass many-server queues 21

On the other hand, by the definition of B", we have that
sup ‘X”(t) - X”(t)’ < n*C (4.14)
t

for some positive constant Cy. By (4.8) and (4.14), we deduce that {553} is tight. Let (n;, ;) be
any sequence such that QN“% converges to 7, as (ng, T}) — co. Hence, for any f € C°(RY), we have

/ Lof(z)n(de xdu) =0 fora<1,
R4xU

with £, defined in (4.1). Using (4.14), we deduce that ¢% and (% have same limit points. Therefore,
as (n,T) — oo, any limit point 7t of (. satisfies

/ Cof(@)m(ds x du) =0 fora <1.
RIxU

When a > 1, the proof is the same as above. This completes the proof. ]

Proof of Theorem 4.4. Without loss of generality, suppose V(X" (0)) for some increasing se-
quence {n;} C IN converges to a finite value, as | — oo, and U™ € U™. By the definitions of

V”, and the mean empirical measure ¢} in Definition 4.2, there exists a sequence of {1;} C Ry
with T} — oo, such that
1

Vr(X™(0)) 4 72 /R ) Uﬂz(x,u) ¢ (da, du) .

By Lemma 4.4 and Lemma 4.5, {C%’ : 1 € N} is tight and any limit point of C%l is in §G. Thus
lim V™ (X™(0)) > / R(z,u) me(dz,du) > o .
RexU

l—o0 -

This completes the proof. ]

4.3.2. Proof of the upper bound for the ergodic problem. We have the following theorem concerning
the upper bound.

Theorem 4.5 (upper bound). It holds that
limsup V*(X™(0)) < o.(z).

n—o0

The following lemma is used in the proof of the upper bound. The lemma shows that under
a scheduling policy constructed from the e-optimal control given in Theorem 4.3, any limit of
the mean empirical measures of the diffusion-scaled queueing processes is the ergodic occupation
measure of the limiting diffusion under that control.

Lemma 4.6. For any fized € > 0, let {¢": n € IN} be a sequence of maps such that
g;'vl(2) = {

with §* defined in Definition 3.1,  in Definition 3.7, and v = v, in Theorem 4.3. For & € RY, let
2 [v)(2) = nP2 4+ np — §"[v)(2), and

M ) ~N A
u"o)(#) = {<€@”[v](:ﬁ)> if (e, q"[v](2)) >0,

w((e,n’2)To(@))  for super|di] < mn'"F,
q*(nP3 + np) for  sup;er |2i| > wnl=P.

ed otherwise.

Let g:% be the mean empirical measure defined by

~ n T N ~
Gax ) = 18| [ Lon (X000 1) as
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for Borel sets A C IRdAand B C U, where X™ is the queueing process under the admissible scheduling
policy Z™(t) = 2" [v](X™(t)). Letm, € P(RIxU) be the ergodic occupation measure of the controlled
diffusion in (2.9) under the control v. Then (} has a unique limit point m, as (n,T) — oco.

Proof. Applying Lemma 3.3, we obtain that CA% is tight. Recall the definition of X™ in (4.9). Define
the mean empirical measure

T
Cu%(A X B) = %E [/@ 1A><3(X”(8)>U”[’U](X”(S))) ds

for Borel sets A C R% and B C U. For any f € C°(RY x U), we have

;E[/OTf(X”(s)ju"[vKX”(s))) ds] = /RdXUf( w) &P (dz, du) .

By (4.14), it is easy to see 553 is also tight, and 653 and 553 have same limits as (n,7") — co. Thus,
to prove the lemma, it suffices to show that ¢}t has the unique limit point 7, as (n,T") — oo.
Note that

sup |u"[v](2) —v(z)] - 0 asn— o0 (4.15)
£eR4ND

for any compact set D C R%. Let m"™ be any limit point of 5:’} as T' — oo. We have

T—o0

T ~
7' (dz,du) = v"(dx) Gynpy)@)(u), where v"(A4) = lim lIE [/0 ]lA(X”(s))ds]

for A ¢ RY. By Lemma 4.5, " exists for all n and {v": n € JN} is tight. We choose an increasing
sequence n € IN such that ™ — v in P(Rd). For each n, let A™ be the operator defined by

kek ii'€T
Recall £, defined in (4.1) for v € Ugp. Therefore, we have
jL"fdu”—/ Lofdv = / (]l”f—ﬁvf)dyn—l—/ Lof (" —dv). (4.16)
R4 R4 R4 R

By (4.15) and the convergence of A" in (4.13), we have A"f — L,f uniformly as n — oo; thus
the first term on the r.h.s. of (4.16) converges to 0. By the convergence of ", the second term of
(4.16) also converges to 0. Applying Lemma 4.5, it holds that, for any f € C2°(R¢ x U),

/]l”fdz/”—>0 as n— oo.
R4

Therefore,

Lofdv =0, VfeCPRIxU),
Rd

which implies that v is the invariant measure of X defined in (2.9) under the control v. By (4.15),
we obtain dyn(y)(.)(u) — d,y(.)(u) in the topology of Markov controls. Define the ergodic occupation

measure 7, € P(R? x U) by m,(dz, du) == v(dz)6y(g)(u). Then, for g € C®(RY x U), we have

/}Rdxmg(ac, w) (nv(dac, du) — " (dz, du))‘

/U (/IRd g(z,u)(v(dz) — V"(dx))> Sunfo) () (1)

/U (/Rd gl “)”(d”““)) (Sun (o)) () = Bu(ay ()

<

(4.17)

+
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By the convergence of ", the first term of (4.17) converges to 0 as n — 0o. Since v has a continuous
density, then applying [22, Lemma 2.4.1], we deduce that the second term of (4.17) converges to 0
as n — oo. Thus, ™ — 7, in P(R? x U). This completes the proof. O

Proof of Theorem 4.5. Let m = 2m with m defined in (2.10). Let Z™ be a scheduling policy such
that Z™(t) = 2"[ve](X"(t)) with v, (together with a positive constant R(e)) defined in Theorem 4.3
and 2" defined in Lemma 4.6. Note that

/ R, ) 7o (d, du) < 0 + e,
RIxU

where 7t,, € P(R? x U) is the ergodic occupation measure defined by 7, (dz, du) = v, (d)dy, (2) (w)-
Let 2" (z) = 2"[v (2" (2)) for x € Z4, and ¢y = R(e) in Definition 3.2. Then, by Lemma 3.3, there
exits ng € IN such that

L Vne(@, k) < CL— CoVie(@, k) Y(2,k) € X" x K, VYn>ng, (4.18)

for some positive constants C; and Cy. Using (4.18), we can select a sequence of {7T},: n € IN} such
that T,, — oo as n — oo, and

sup sup / ﬁfn’g(iﬁ,k’) (dz, du) < oo
n>ho T>Tp JRIXU

It follows that 53(3: — 2"ve](x)) is uniformly integrable. Moreover, by Lemma 4.6, gt% converges in
distribution to 7, . This completes the proof. ]

APPENDIX A. PROOFS OF THEOREM 2.1 AND LEMMA 3.1

Proof of Theorem 2.1. To prove (i), we fix § = 1/2, and first show that X" is stochastically bounded
(see Definition 5.4 in [25]). Recall the definition of X™ in (2.3). By (2.6) and (2.7), {{?+L?: n € N}
is stochastically bounded in (D, ). The predictable quadratic variation processes of gf and R?
are defined by

t t
(Si(t) = /0 i (J"(s))Z{(s)ds, (RY)(t) = /0 Vi (J"(5))Q7 (s) ds,
respectively. By (2.2), we have the crude inequality
0 < X"t) < XM0)+n tAN1),

and thus, by (2.1), the analogous inequalities hold for Z" and Q?. Thus, applying Lemma 5.8 in
[25] together with (2.7), we deduce that {(S?, R?): n € N} is stochastically bounded in (I, )2,
and thus {WZ” n € IN} is stochastically bounded. For each u € U, the map

z = cr(z— (e, z) u) + cale,z) T u

has the Lipschitz property, where ¢; and ¢y are some positive constants. Then, by Assumption 2.1,
we obtain

X"l < HX"(O)HHW”G)!HC/O (1 +11X"(s)]]) ds

for ¢t > 0 and some constant C. Therefore, applying Gronwall’s inequality, and using the assumption
on X™(0) and Lemma 5.3 in [25], it follows that {X™: n € IN} is stochastically bounded in (D4, 7).
Then, applying the functional weak law of large numbers (Lemma 5.9 in [25]), we have

D G

Z_=X"—-p=0 in (DLT) as n— oo,

vn
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for t > 0. This implies X" = p in (D%, J) as n — oo. By (2.1) and Assumption 2.2, we have
(e,Q") = ({e,X™) —1)T = 0in (D,J) as n — oco. Since Q" > 0, it follows that Q™ = 0 and
Z"™ = p, both in (D4, J) as n — oo.

We next prove (ii). For i € Z and ¢t > 0, fl? can be written as

Ar(t) = n? (A:;i (nz MO i = n ds> 0 2 agn < p) ds> .
kek 0

kck 0

By [3, Theorem 5.1] and Assumption 2.1, we have

A?(k) . n u.c.p. T

S S [ 1(J(s) =k)ds = ATe(), as n— oo,
ke b0

for i € Z, =5 denotes uniform convergence on compact sets in probability, and e(t) = t for all

t > 0. Thus, by the FCLT of Poisson martingales and a random change of time (see, for example,
[26, Page 151]), we have

A" = 1(a > 1)\//;

where WWj is a d-dimensional standard Brownian motion. Similarly, applying Theorem 2.1 (i),
[3, Theorem 5.1] and Assumption 2.1,

S k) [ 2N = Ryds = 3w [ (26 = p)n () = By ds

kek kek

Wi in (D4 J) as n— oo,

—i—Zul / (J™(s) =k)ds —=B% ATe(:), as n — oo,

kel
and
Z% /Q” J'(s) =k)ds =25 0, as n— oo,
kel
for i € Z and t > 0. Thus, we obtain

57 = (e > 1)A

V2

with a d-dimensional standard Brownian motion W5, and

R*" = 0 in (DLJ) as n— 0.

Wy in (D4 J) as n— oo,

Since the Poisson processes are independent and the random time changes converge to deterministic
functions, the joint weak convergence of (L", A" S", R™) holds. Note that W, W, and Wy are
independent, and thus

W' =W in (DYJ) as n—oco.
This completes the proof of (ii).

It is easy to see that 7, u?(k) and ~?(k) are uniformly bounded in 4, k and n. The rest of the
proof of (iii) is same as [7 Lemma 4(iii)].

Finally, we prove (iv). Note that U may not have a limit in the space D?. So to establish the
weak limit, we need to assume U™ is tight in D?. By the representation of X" in (4.2) together
with Theorem 2.1 (ii) , and the continuity of the integral representation (see [25, Theorem 4.1]
for one-dimension and [3, Lemma 4.1] in the multi-dimensional case), any limit of X™ is a unique
strong solution of (2.9). Applying Lemma 4.1, we deduce that the limit X of X" is also a strong
solution of (2.9).
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Recall that 7"(t) is defined in Definition 2.1. For r» > 0, we observe that
WP (t+ 1) = W) = WH(r"(8) +r) = WP (" (1))
+ WP+ r) = W™ (8) ) + WP () = W (" (1)) -

It is easy to see that as n — oo, 7"(t) = t. By the random change of time lemma in [26, Page 151],
we have

Wit +7) = WP (t) + 1) + WP(t) - WP (r"(t)) = 0 in R,
and thus R R R X
W™ (t) +r) = Wi(r"(t) = Wi(t+7r)—W;i(t) in R.
Thus, by Definition 2.1, and following the proof of Lemma 6 in [7], we deduce that U" is non-
anticipative. O
Proof of Lemma 3.1. Note that
(a£1)™ —a™ = +ma™ '+ 0™ %), acR.
Recall the definition of " in Definition 3.2. We obtain
i fale) = 30 &(N (mar|ar 2 + oz "))
1€T
R (—mEE 4 01 Y) + AR (—mar | + 0(F ™))
Let
FO@) = 36 (X + ez + arar)o(an?),
i€l
and
FP(z Z&( PE - ql)mwnlw 2.
i€l
It is easy to see that i
L fulw) = BN (2) + FP (x) .
From Definition 3.1 and Assumption 2.1, we have

FO(@) < 3 &(Ar + it + 7w, ) 0|7 ")

i€l

= Y& (A @R+ nps) + AR + ) )OI ) (A1)
€L

< Y- (omo(ar2) +o(zm ™) .
i€l

Next, we consider F}(f) (x). By using the balance equation 2] = ' — ¢' + pi'n, we obtain
Z&( EPEL + A — g pin — (V' — )G )miv"\w 2.
1€T

By Assumption 2.1, we have B
Xt — i pin = O(n®) (A.2)
Let ¢ = sup, x |7 (k) — pj'(k)|, and ¢z be some positive constant such that
inf k), (k) > ¢ 0.
el o AR (R} = & >

We choose
m

& =1, and §Z—d—m

i/IIllIl & fori> 2,
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where €; := £L . Then, by using (3.13) and (A.2), we obtain

8¢2

EP(x) <) [=m&((1 = m(@)if +mi(x)y) |z "

1€L
i—1

+&(0m?) - (7 — i) Y & Jmap | 7] (A3)
7=1

< S g0 @ - 2,

, 4
i€

where the proof for the second inequality of (A.3) is same as the proof for the claim (5.12) in [8].
Using Young’s inequality and since § > 1/2, we have

~n|m-— nim—2y\"/m- m mf
Om)O(F"%) < (O™ )" + 7 (0(n) A
omho(lz ™) < e(o(ar™ )" + &m0 m?))"
for any € > 0. Therefore, by (A.1), (A.3), and (A.4), we have
LZ fo(x) < O™ — Cofy(x), Ve eZl.
This completes the proof. ]
APPENDIX B. PROOFS OF LEMMA 4.1, LEMMA 4.3, AND LEMMA 4.4
Proof of Lemma 4.1. For i € Z and t > 0, we have
t t
X0 = X000) = = [ (@) = )X s+ [ () - £0) ds
t
+ /0 (1 (J"()) = A7 =i (J"(s)) + 71" ) (e, X" () T UL (s) ds (B.1)

— (' = %”)/O (e, X"() " = (e, X™()) ") Uf'(s) ds .

For any a,b € R, at —b" = n(a—b) with € [0,1]. Then, the last term of (B.1) can be written as

t

/0(<6,X"(8)>+—<67X”(8)>+) Up(s)ds = /0 (X" (s), X" (s)){e, X" (s) — X"(5)) U} (s) ds

where 7(x,y): (z,y) € R? — [0,1]. Note that UP(t) € [0,1] for all i € Z and ¢ > 0. By the
continuous integral mapping ([23, Lemma 5.2]), if the first and third terms of (B.1) converge to
the zero process uniformly on compact sets in probability, then X" — X™ must converge to the zero
process uniformly on compact sets in probability. The first term of (B.1) can be written as

S
- [z a(ar a0 =8 - m) du).
kek 0
Note that 1 — 8 — a = min{0, (1 — «)/2}. Applying Theorem 2.1 (i), we have n~*2X" converges
to the zero process uniformly on compact sets in probability. Similarly, since U(s) is bounded, by
Theorem 2.1 (i), we obtain that n="2(e, X"(s))T)U?(s) converges to the zero process uniformly

on compact sets in probability. Then, the asymptotic equivalence of X" and X" follows as in the
proof in [3, Lemma 4.4]. O
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Proof of Lemma 4.3. For n € N and i € Z, define the processes Mg = {Mg (t):t > 0} and
My, = {Mg,(t): t > 0} by
Mg, (t) = S¢;(t) —t, and Mp = R},(t)—t,

respectively. It is obvious that Mg and My are square integrable martingales with respect to the
filtration generated by the processes Si!; and R ;. Define the d-dimensional processes 11 and Ty
by

t

qalt) = [ )2 s, amd ) = [ AR as

respectively. It is easy to see that {t};: i € Z,j € {1,2}} have continuous nondecreasing nonnega-
tive sample paths. For x| € ]Ri and x9 € ]Ri, we obtain

(T7(t) < a1, 715(t) < 22) € H" (21, 32)
where
H"(x1,22) = {57 (s1,4), Rj'(s2.4), X{'(0): 1 € Z,81 < 1,52 < x2}
vV o{Al(s),J"(s),Z"(s): s >0,i € I} VN.
This implies that (t7(t), T5(t)) is H"-stopping time, where H" := {H" (21, 72): 1 € R%, 20 € R4 }.
Since X'(t) < X[*(0) + A’ (t) for i € Z, we observe that
E [11,()] < max{ui(k)}(X](0) + E[A} (1) + n) < oo,

E [S2(71i(0)] < max{pi (k) H(X]'(0) + B[4} (1)] 4 n) < oo

Similarly, we have that E[ty,(¢)] and E[R] (74 ,(t))] are finite. Thus, applying Lemma 3.2 in [25]
and Theorem 8.7 on page 87 of [27], and using the decomposition in (2.3) and Lemma 3.1 in [3],
we conclude that X" is a semi-martingale with respect to the filtration F” := {F: t > 0}, where

Ft = o{S™(s), R'(s), X(0): i € T, s <t} V o{AM(s), J"(s), Z(s): i € T, s > 0} VI,

and NV is a collection of P-null sets. Since the processes A™(t), J"(t) and Z"(t) are adapted to J7',
we can replace F™ by the smaller filtration F™. This completes the proof. ]

Proof of Lemma 4.4. Define the function g € C*(R?) by g(z) = > ;o7 gi(z;) with g; € C*(R)
defined by g;(x) = |z|™ for [x| > 1 and i € Z. Recall A} defined in Definition 4.1. Applying the

Kunita- Watanabe formula to X" with E = EU" and the fact f)? + B}' is a martingale, we have

E[¢(X"(1))] = E[g +ZEV AP g(X7(s), 07(s ))H(J”(s):k)ds}

t (B.2)

+E Z/awg(f( (s))d[BF, BX(s)| +E
0

i€l

IRTEER]

s<t

for t > 0, where Dg(X™, s) is defined analogously to (4.10). By Assumption 2.1 and Young’s
inequality, we have

b kgl () < (L4 ((eaa))™) = el
n " 26 +\m C m
. / < ==
o7 u, k)gl (2) < (1 (e ) ™) + lal™
and thus, for all k € K, we obtain
7
A glayu) < 260 (1+ ((e,2) ™) — Leglal™, (B.3)

8
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where ¢; and ¢ are some positive constants independent of n. Following the same analysis for the
fourth term on the r.h.s. of (4.10), and using Young’s inequality, we have

B\ S [ dwa(X ) alBn B
ii'eT (B.4)

t— Yo m C2 1 m
<B| [a(+ (e X6 0m) + 2R s

Since the jump size is of order n=# or n~%2t% e can find a positive constant ¢ such that

sup g ()] < es(1+ || 7?)

z;—z)|<1
1

for each z; € R. Then, applying the Taylor remainder theorem, we obtain

- - - 1 -
Agi(X]'(s)) — gi(XP(s)AX](s) < = sup g/ (2)|(AX](5))?,
o}~ X (s-)|<1

for each i € Z. Following a similar analysis as in (4.12), and using Young’s inequality, we obtain

E

ZDgi(X'", s)] < E

s<t

>es(1+ IX?(s—)I’”‘2)(AXF(s))2]

s<t

(B.5)
t _
< E[/ (54 + & ((e, X"(s))1)™ + %Q\X”(s)\m> ds]
0
for some positive constants ¢4 and ¢s. Thus, by (B.2)—(B.5), we obtain

E [/Otpzn(sﬂm ds} < e E[g(X™(0))] + et + e B [/Ot(<e, Xn(s))*)™ ds] (B.6)

for some positive constants ¢;, i € {6,7,8}. Using (4.14), we see that (B.6) also holds if we replace
X" with X™. Therefore, under any sequence satisfying sup,, 3" (X"(0), U) < oo, we have established
(4.8). This completes the proof. O
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