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Abstract. We consider a single-server queue where interarrival and service times depend linearly
and randomly on customer waiting times, and establish a sample-path moderate deviation principle
(MDP) for the waiting time process. The waiting times for the queue can be written as a modified
Lindley recursion with a random weight coefficient. Under a natural scaling of the random coef-
ficients, we analyze the fluid behavior of the workload process and derive the stable equilibrium
point, which can be zero or a positive value. The moderate-deviation-scaled process is centered
around the stable equilibrium point and then represented as a linear stochastic differential equation
driven by two random walks together with additional asymptotically negligible error terms and
possibly a reflection at zero. The rate functions of MDPs in the two scenarios can be characterized
explicitly, and they differ in that the case with zero centering term involves the linearly general-
ized Skorokhod reflection mapping while the case with positive centering term does not (similar
to the corresponding diffusion limits). Our analysis involves the MDP for the associated linearly
recursive Markov chains, invoking a perturbation of two independent random walks, and employing
martingale techniques to prove the asymptotically exponentially vanishing error terms.

1. Introduction

In real-life queueing systems, both arrival processes and service times often depend on sys-
tem congestion or delay. For example, empirical studies show that overcrowded emergency rooms
(ERs) lose a portion of patients due to balking (Green et al., 2006). Similarly, when intensive
care units (ICUs) are overloaded, physicians may accelerate patient throughput by transferring
less severe cases to transitional care units or general wards (Chan et al., 2014). Comparable
workload-dependent behaviors also arise in biology, manufacturing, inventory management, com-
puter networks, and insurance applications.

In this paper, we focus on one such type of workload-dependency structure introduced by Whitt
(1990), where the interarrival and service times depend linearly and randomly upon the customer
waiting times. In this case, the waiting time of customers can be expressed through the Lindley-type
stochastic recursion:

Wi+1 = (CiWi +Xi)
+, i ∈ N0, (1.1)

where we can interpret Xi as the nominal increment variable and Ci as the variable due to the linear
dependence mentioned above (see Section 2.1 for the precise definition). Our goal is to consider a
sequence of such queues (indexed by n) and establish a sample-path moderate deviation principle
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(MDP) under various parameter regimes. Although we are motivated by queueing applications,
the process defined through (1.1) can be regarded more generally as a reflected AR(1) process with
random coefficients. Thus, the results in this paper are widely applicable to many other areas of
engineering and statistics.

Most of the research on (1.1) so far has focused on analyzing its transient and steady-state
distributions using transform methods. Boxma and Vlasiou (2007) studied the case where Ci is a
Bernoulli-type random variable taking the values ±1. In this case, a large deviation result is also
proved in Vlasiou and Palmowski (2014) for the tail probabilities of the steady-state distribution.
Boxma et al. (2016) studied the reflected AR(1) process, which is the case when Ci is deterministic.
More recently, Boxma et al. (2021); Huang (2023); Dimitriou and Fiems (2024) studied various
cases in which Ci takes on more general or more sophisticated forms.

There are very limited results on approximations and limiting theorems for (1.1), at least at the
sample-path level. Whitt (1990) built on previous results of Vervaat (1979) and proved a functional
central limit theorem (FCLT). However, the limiting diffusion process has a rather complicated form
and was not given explicitly. Boxma et al. (2016) proved an FCLT result for the reflected AR(1)
process, in which the limiting diffusion there turned out to be a reflected Ornstein-Uhlenbeck(OU)
process. Recently, several sample-path large deviation principle (LDP) results have been established
for models related to (1.1). Bazhba et al. (2025) proved a sample-path LDP with sublinear rates
for the conventional Lindley recursion (corresponding to Ci = 1). Chen et al. (2024) proved a
sample-path LDP for the affine recursion Wi+1 = CiWi + Xi when the stationary distribution of
Wi has heavy tails. To our knowledge, our paper is the first to analyze a sample-path MDP for
stochastic models governed by (1.1).

To gain analytical tractability, we make several key modeling choices. To establish an MDP or
FCLT, the process needs to be centered around its functional law of large numbers (FLLN, or fluid)
limit W̄ . We show that the fluid limit takes on a complicated form of an exponentially decaying
(or growing) function. We shall restrict ourselves to the cases where the fluid limit is stable, and
prove the MDP results for the moderate-deviation-scaled (MD-scaled) workload processes of the
form

W̃n(t) =
1

bn
√
n
(Wn

⌊nt⌋ − nW̄ ∗), t ≥ 0, (1.2)

where bn is some scaling sequence satisfying the conditions in (2.7) and W̄ ∗ is the stable fixed
point of the fluid limit. In our analysis of the fluid limit’s behavior, W̄ ∗ could be either 0, or
a positive value. This leads to different rate functions for the MDP. When W̄ ∗ = 0, due to the
non-negativity of Wn, the rate function involves optimization over paths that are regulated by a
linearly generalized Skorokhod reflection mapping. However, for W̄ ∗ > 0, the limiting path for
(1.2) does not need to be regulated. This suggests that the behavior of (1.2) in the limit should be
unaffected if the positive part operator in (1.1) is removed.

This provides motivation to establish an MDP for a linearly recursive Markov chain V n that
satisfies the stochastic recursion

V n
i+1 = Cni V

n
i +Xn

i , i ∈ N0, (1.3)

with V n
0 being a random variable. Here, we make another key modeling assumption by letting

Cni = 1− 1

n
Θi, (1.4)

where {Θi}i∈N0 is a fixed sequence of i.i.d. random variables. This type of scaling was used in Boxma
et al. (2016) to establish an FCLT for the reflected AR(1) process, with Θi being deterministic.
Also, the model defined by (1.3) and (1.4) is a special case of that studied by Dupuis and Johnson
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(2015), whose model also allows for certain types of nonlinear recursions. They proved the MDP
following a weak convergence approach using variational formulas. However, their method cannot
be directly modified to prove the MDP for (1.2). We instead develop an alternative and more direct
approach by establishing the MDP for the finite-dimensional distributions (this step is implicit in
the MDP for random walks given in Theorem 2.4) and exponential tightness, together with an

application of the contraction principle. This involves representing the MD-scaled process Ṽ n

as a linear stochastic differential equation (SDE) driven by two independent random walks with
several asymptotically negligible error terms, see equation (4.4). The main technical difficulty is
showing that the error terms, including a random walk with random coefficients, are exponentially
equivalent to the zero process in space DT . To tackle this, we devise a sequence of arguments,
which proceed in the order of Lemmas 4.5, 4.6, Theorem 4.7, Corollary 4.8 and Lemma 4.9. The
proofs involve developing exponential bounds, showing exponential equivalence of various processes
and utilizing martingale techniques, while relying upon characterizations of exponential tightness
and exponential equivalence in DT given in Appendix C.3 and C.4. See for example the proof of
Lemma 4.6.

Next, we adapt the aforementioned approach to establish the MDP for W̃n defined in (1.2). The

process W̃n can also be represented as a linear SDE given by (5.1). However, compared to (4.4),

this representation includes an additional term L̃n arising from reflection at the origin. The first
step is to establish an exponential stochastic boundedness property for the fluid-scaled process W̄n,
stated in Lemma 5.2, which corresponds to Lemma 4.5 from the earlier analysis. This is achieved
by bounding W̄n using two linearly recursive Markov chains, defined in (1.3), under different initial
conditions. The previous arguments then apply directly to show that the error terms in (5.1)

are exponentially equivalent to the zero process. We next analyze the additional term L̃n, which
serves as the regulator process in the linearly generalized Skorokhod mapping when W̄ ∗ = 0, and
is exponentially equivalent to zero when W̄ ∗ ̸= 0. Finally, applying the contraction principle yields
the MDP, from which the rate functions can be derived explicitly.

We remark that a representation similar to (5.1) can be constructed for the diffusion-scaled
wait-time or workload processes (with the same centering term as the MDP), which enables us to
prove the FCLT results, with the diffusion limit being either an OU process in the case of a positive
centering term or a reflected OU process in the case of zero centering. We provide the proofs for
these results in Appendix B, which complement the studies in Whitt (1990); Boxma et al. (2016).

Our work contributes to the limited literature on moderate deviations in queueing theory. For
general overviews of MDPs for traffic processes and their connections to large deviations and central
limit theorems, see Wischik (2001); Ganesh et al. (2004); Shwartz and Weiss (1995). Sample-path
MDPs have been established in several settings: GI/GI/1 queues (Puhalskii, 1999), cumulative fluid
processes with many exponential on–off sources (Majewski, 2007), workload processes in stochastic
fluid queues with long-range dependent input (Chang et al., 1999), infinite-server queues with time-
varying service times modeled via shot-noise processes (Anugu and Pang, 2024a), GI/GI/N queues
in the near Halfin–Whitt regime (Puhalskii, 2025), and GI/GI/1+GI queues (Feng et al., 2025).

We also highlight several other closely related areas of the literature. One is the analysis of
workload-dependent queues; see, for example, Harris (1967); Callahan (1973); Brill (1988); Browne
and Sigman (1992); Bekker et al. (2004, 2011); Legros (2018). Another is the study of the unre-
flected stochastic recursion given by (1.3), commonly referred to in the literature as the “Vervaat
perpetuity”; relevant results can be found in Kesten (1973); Brandt (1986); Embrechts and Goldie
(1994); Glasserman and Yao (1995); Goldie and Maller (2001); Horst (2001); Chen et al. (2024).
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1.1. Organization of the paper. In the rest of this section, we introduce the relevant terminolo-
gies and notation used in the sequel. In Section 2, we formulate the queueing model and present
the main MDP results. Section 3 is devoted to the analysis of the workload process under fluid
scalings and identifying the stable fixed points of the limiting fluid equation. Section 4 contains a
moderate deviation analysis of a linearly recursive Markov system. Section 5 leverages the results
and methods in the previous section to show the main theorems presented in Section 2. Appendix
A contains proofs for the fluid approximation results in Section 3. The FCLT results mentioned
above are presented in Appendix B. Finally, Appendix C contains several useful facts that are used
throughout the paper.

1.2. Preliminaries and notations. Throughout the paper, all random elements are implicitly
defined on a probability space (Ω,F ,P). We also adopt the convention N0 ≡ N ∪ {0}.

Given a Polish space X with metric d(·, ·), let B(X ) denote the Borel σ-algebra. For a scaling
sequence {an}n∈N with an ↑ ∞, a family of X -valued random elements {xn}n∈N is said to satisfy a
large deviation principle (LDP) in X with rate an and rate function I : X → [0,∞] if

(i) I is lower-semicontinuous and has compact level sets {x ∈ X : I(x) ≤ a}, for all a ≥ 0.
(ii) For all A ∈ B(X ),

− inf
x∈A◦

I(x) ≤ lim inf
n→∞

1

an
logP(xn ∈ A) ≤ lim sup

n→∞

1

an
logP(xn ∈ A) ≤ − inf

x∈Ā
I(x).

We say that the family {xn}n∈N is exponentially tight in X with rate an if for all α ≥ 0, there
exists a compact set Kα ⊂ X such that

lim sup
n→∞

1

an
logP(xn /∈ Kα) < −α.

Two families of X -valued random elements {xn}n∈N and {yn}n∈N are said to be exponentially
equivalent with rate an if for every δ > 0,

lim
n→∞

1

an
logP (d(xn, yn) > δ) = −∞.

A special case is when we let yn = x0 ∈ X for all n ∈ N. Then we say that the {xn}n∈N converge

super-exponentially in probability to x0 with rate an and write xn
P 1/an

−→ x0.

We shall fix T > 0 and work in the function space DT ≡ D([0, T ],R) of càdlàg processes endowed
with the J1 Skorokhod topology, which is a Polish space. The subspace CT ≡ C([0, T ],R) ⊂ DT

consists of processes with continuous paths. The subspace AC0 ⊂ CT consists of processes with
paths that are absolutely continuous and start from 0. For x ∈ DT , the uniform norm is denoted
∥x∥T := supt∈[0,T ] |x(t)| and the supremum map is denoted x↑(t) := supu∈[0,t] x(u). We use e to

denote the identity process, that is, e(t) = t for all t ≥ 0. When the context is clear, we use 0 to
denote the zero process. The notation (R,R′), (Rθ,R′

θ) and Mθ refers to certain continuous maps
on DT . For the precise definitions of these maps, see Appendix C.2.

For the family of processes {xn}n∈N with paths in DT , the sample-path LDP’s and sample-path
MDP’s are differentiated through the choice of the scaling sequence an and the scalings used to
define xn. For our MDP results, see Section 2.2 for the specific scaling sequence and processes under
consideration. We mention that, to highlight the scalings used, the convention in this paper is to
use x̄n for the FLLN-scaled/fluid-scaled processes and x̂n for the FCLT-scaled (diffusion-scaled)
process. The MD-scaled processes are denoted by x̃n.
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Lastly, we say that the family {xn}n∈N is C-exponentially tight with rate an if {xn}n∈N is
exponentially tight in DT with rate an and for any δ > 0,

lim sup
n→∞

1

an
logP

(
sup
t∈[0,T ]

|xn(t)− xn(t−)| > δ

)
= −∞.

See Appendix C.3 for characterizations of exponential tightness and some further discussions.

2. Model Formulation and Main Results

2.1. The model. Consider a sequence of single server queues under the FIFO service discipline
indexed by n ∈ N. For the n-th queue, let {(Ani ,Sn

i , A
n
i , B

n
i ), i ∈ N0} be an i.i.d. sequence of

random vectors, where for each i, we assume that Ani ,S
n
i , A

n
i , B

n
i are mutually independent for

simplicity. Let Wn
i denote the waiting time of i-th customer and define

A′,n
i = Ani +AniW

n
i ,

S′,n
i = Sn

i +Bn
i W

n
i .

We shall interpret A′,n
i as the interarrival time between customers i and i + 1, and S′,n

i as the
service time of customer i. By the definition, the interarrival and service times depend linearly
and randomly upon the waiting times. Similar to Whitt (1990), we shall call Ani as the nominal
interarrival time and Sn

i as the nominal service time. Note that if the state-dependent terms are
omitted, they would be the actual interarrival and service times, and we revert to the conventional
GI/GI/1 queue.

For single server queues, the waiting times of customers satisfy a recursion of Lindley type. For
our model, it is given by

Wn
i+1 = (Wn

i +S′,n
i − A′,n

i )+, i ∈ N0, (2.1)

with Wn
0 being a non-negative random variable. If we define

Xn
i = Sn

i − Ani ,

Cni = 1 +Bn
i −Ani ,

then we can further simplify (2.1) by writing

Wn
i+1 = (Cni W

n
i +Xn

i )
+. (2.2)

Since the system’s behavior under different load conditions is of interest, we shall define the nom-
inal traffic intensity as ρn = E[Sn

0 ]/E[An0 ]. The system is said to be overloaded when ρn > 1
(equivalently, EXn

0 > 0); it is underloaded when ρn < 1 (EXn
0 < 0) and critically-loaded when

ρn = 1 (EXn
0 = 0). The distribution of Cn0 captures the overall state-dependency of the system.

In the absence of nominal interarrival and service fluctuations (Xn
i = 0 for all i), the condition

E[Cn0 ] > 1 (equivalently, E[Bn
0 ] > E[An0 ]) implies that the waiting time grows multiplicatively on

average, while E[Cn0 ] < 1 (E[Bn
0 ] < E[An0 ]) implies multiplicative decay.

While keeping in mind the original definitions, it suffices to only work with (2.2) for the rest of
the paper. The first step is to construct sample paths for the waiting time process in space DT .
The positive-part operator in (2.2) can be written as:

Wn
i+1 = Cni W

n
i +Xn

i +Ψn
i ,

where Ψn
i = −min(Cni W

n
i +Xn

i , 0). Then we have

Wn
i+1 −Wn

i = (Cni − 1)Wn
i +Xn

i +Ψn
i .
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By telescoping the sum on the left and defining Lni =
∑i

j=0Ψ
n
j , we obtain the following represen-

tation for the waiting times:

Wn
i =Wn

0 +
i−1∑
j=0

Xn
j +

i−1∑
j=0

(Cnj − 1)Wn
j + Lni−1, i ∈ N0, (2.3)

with the convention that an empty sum is equal to 0 (when i = 0). To formulate limit theorems,
we re-index the discrete time process by ⌊nt⌋, t ∈ [0, T ] so that its sample paths lie in the space
DT . The waiting time process can then be written as

Wn
⌊nt⌋ =Wn

0 +

⌊nt⌋−1∑
i=0

Xn
i +

⌊nt⌋−1∑
i=0

(Cni − 1)Wn
i + Ln⌊nt⌋−1, t ∈ [0, T ]. (2.4)

Denote Wn(t) := Wn
⌊nt⌋ and Ln(t) := Ln⌊nt⌋−1. From the definitions, we have Ln(0) = 0 and

Ln(t) ≥ 0 for all t. Moreover, since 1{Ψn
i >0}1{Wn

i+1>0} = 0 for all i ∈ N0, it follows that∫ t

0
Wn(s)dLn(s) =

∫ t

0
Wn

⌊ns⌋dL
n
⌊ns⌋−1 =

⌊nt⌋−1∑
i=0

Wn
i+1Ψ

n
i = 0. (2.5)

Recall that the workload process Wn is nonnegative, therefore we may interpret Ln as a type of
regulator process enforcing reflections at zero.

In (2.4), the waiting time process is driven by two random walks, one of which is randomly
weighted by the customer waiting times. Note that the random walks are dependent, since the
random weights Wn

i depend on Cnk and Xn
k , for all 0 ≤ k < i. We shall make several modeling

assumptions regarding these random walks.

Assumption 2.1 (Model Assumptions).
(i) Let {Θi, i ∈ N0} be an i.i.d. sequence of random variables with finite mean θ and variance

σ2Θ.
(ii) For each n ∈ N, the family of random variables {Cni , i ∈ N0} has the form

Cni = 1− 1

n
Θi, ∀i ∈ N0.

(iii) For each n ∈ N, the family of variables {Xn
i , i ∈ N0} is an i.i.d. sequence that is independent

of the sequence {Θi, i ∈ N0}. Further, we assume Xn
0 has finite mean µn and variance σ2X,n

such that µn → µ and σ2X,n → σ2X as n→ ∞ for some µ ∈ R and σX > 0.

Remark 2.2. In Assumption 2.1, we assumed a very specific form of scalings for the random
variables Cni . This can be viewed as an extension of the scalings used in Boxma et al. (2016),
which established the FCLT results for Cni = 1− α

n , where α is a constant. In other literature, for

example Vervaat (1979) and Whitt (1990), the FCLT results were established for Cni = (Ci)
1/n,

where {Ci, i ∈ N0} is some i.i.d. sequence. The techniques used were to analyze the random walk
n−1

∑
i logCi. These two types of scalings can be seen as close approximations to each other.

Specifically, if we let −Θi = logCi, then when n is large,

(Ci)
1/n = e

1
n
logCi = e−

1
n
Θi ≈ e

log
(
1−Θi

n

)
= 1− 1

n
Θi.

Further, using our FCLT results in Appendix B, we recover the same approximation for the sta-
tionary distribution given in Whitt (1990); see Remark B.4. This justifies our choice of scalings for
Cni .
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Lastly, for each n ∈ N, we also define a filtration {Fn
i , i ∈ N0} where

Fn
i = σ(Wn

0 , (Θ0, X
n
0 ), (Θ1, X

n
1 ) . . . , (Θi, X

n
i )). (2.6)

In particular, by this definition, the waiting time Wn
i is Fn

i−1-measurable.

2.2. Moderate Deviation Results. We first introduce the scaling sequence {bn, n ∈ N} that
satisfies

bn → ∞ and
bn√
n
→ 0, as n→ ∞. (2.7)

We study moderate deviations of the centered and rescaled process of the form

W̃n(t) =

√
n

bn

(
W̄n(t)− W̄ ∗) . (2.8)

In (2.8), W̄n is the fluid-scaled process defined by

W̄n(t) =
1

n
Wn

⌊nt⌋, t ∈ [0, T ]. (2.9)

We show in Section 3 that W̄n converges to a fluid limit W̄ . Restricting attention to cases where
W̄ is stable, we take the constant W̄ ∗ in (2.8) to be the stable fixed point of the fluid limit. Now,

denoting W̄n
0 := n−1Wn

0 and W̃n
0 := b−1

n

√
n(W̄n

0 − W̄ ∗), we impose the following conditions for the
MDP results.

Assumption 2.3 (MDP Assumptions).

(i) For all n ∈ N, let the random variable Wn
0 ≥ 0 a.s. and let W̃n

0
P 1/b2n−→ w0 for some w0 ≥ 0.

(ii) For some a > 0,

E
[
eaΘ0

]
<∞, and sup

n∈N
E
[
eaX

n
0
]
<∞.

(iii) The sequence
√
n
bn

(µn − µ) → r ∈ R as n→ ∞.

We will see in Section 5 that, similar to (2.4), the MD-scaled process W̃n is related to the
following two random walks:

R̃nX(t) ≡
1

bn
√
n

⌊nt⌋−1∑
i=0

(Xn
i − µn), R̃nΘ(t) ≡

1

bn
√
n

⌊nt⌋−1∑
i=0

(Θi − θ), t ∈ [0, T ]. (2.10)

The sample-path MDP for random walks has been proven under more general conditions than
Assumption 2.3 (ii). For examples, see Anugu and Pang (2024b) and Theorem 6.1 in Puhalskii and
Whitt (1997). Here, we simply state the result.

Theorem 2.4 (MDP for Random Walks). Under Assumptions 2.1 (i), (iii) and 2.3 (ii), the DT -

valued families of processes {R̃nX , n ∈ N} and {R̃nΘ, n ∈ N} respectively satisfies an MDP in DT

with rate b2n and rate function IX and IΘ where

IX(ϕ) =

{
1

2σ2
X

∫ T
0 |ϕ̇(t)|2dt, ϕ ∈ AC0,

∞, otherwise.

IΘ(ϕ) =

{
1

2σ2
Θ

∫ T
0 |ϕ̇(t)|2dt, ϕ ∈ AC0,

∞, otherwise.

Now, we state the main results of this paper. Below, the terms Mθ and Rθ refer to certain
continuous mappings on DT . Their precise definitions are given in Appendix C.2.
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Theorem 2.5. Under Assumptions 2.1 and 2.3, the family {W̃n, n ∈ N} satisfies an MDP in DT

with rate b2n and rate function I, where

(i) if µ > 0, θ > 0 and W̄ ∗ = µ/θ, then

I(ϕ) = inf
ψ1,ψ2∈DT ,

ϕ=Mθ(w0+ψ1−µ
θ
ψ2+re).

IX(ψ1) + IΘ(ψ2);

(ii) if µ = 0, θ ≥ 0 and W̄ ∗ = 0, then

I(ϕ) = inf
ψ1∈DT ,

ϕ=Rθ(w0+ψ1+re).

IX(ψ1);

Furthermore, for µ < 0, we have

W̃n P 1/b2n−→ 0.

The rate functions in Theorem 2.5 are given as optimization problems. Due to the simple
structures of the rate functions in Theorem 2.4, our next result shows that these optimization
problems can be explicitly solved.

Theorem 2.6. Under Assumptions 2.1 and 2.3, the rate functions in Theorem 2.5 take the fol-
lowing form:

(i) suppose µ > 0, θ > 0 and W̄ ∗ = µ/θ, then

I(ϕ) =
θ2

2(θ2σ2X + µ2σ2Θ)

∫ T

0
(ϕ̇(t)− r + θϕ(t))2dt;

(ii) suppose µ = 0, θ ≥ 0 and W̄ ∗ = 0, then

I(ϕ) =

∫ T

0
1{ϕ(t)>0}

1

2σ2X
(ϕ̇(t)− r + θϕ(t))2dt+

1

2σ2X
r2
∫ T

0
1{ϕ(t)=0}1{r>0}dt;

for ϕ ∈ AC with ϕ non-negative and ϕ(0) = w0. Otherwise, the rate functions I(ϕ) = ∞.

3. Fluid Analysis

3.1. Fluid Limit. Consider the fluid-scaled process W̄n given by (2.9). With a slight abuse of
notation, we shall also write W̄n

i = n−1Wn
i . Starting with (2.4), we can approximate the sum

involving W̄n
i by an integral:

W̄n(t) = W̄n
0 +

1

n

⌊nt⌋−1∑
i=0

Xn
i −

∫ t

0
θW̄n(s)ds+ ϵ̄1,n(t) + ϵ̄2,n(t) +

1

n
Ln⌊nt⌋−1, (3.1)

while introducing two error terms given by

ϵ̄1,n(t) = θ

∫ t

0
W̄n(s)ds− 1

n

⌊nt⌋−1∑
i=0

W̄n
i

 ,

ϵ̄2,n(t) =
1

n

⌊nt⌋−1∑
i=0

(θ −Θi)W̄
n
i .
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We can simplify (3.1) using the mapping Rθ introduced earlier. The properties of Rθ are reviewed
in Appendix C.2. Let L̄n(t) := n−1Ln⌊nt⌋−1. Then (2.5) implies that L̄n(0) = 0, L̄n(t) ≥ 0 and∫ t
0 W̄

n(s)dL̄n(s) = 0, for all t ∈ [0, T ]. Since W̄n ≥ 0, it follows that

(W̄n, L̄n) = (Rθ,R′
θ)

(
W̄n

0 +
1

n

⌊n·⌋−1∑
i=0

Xn
i + ϵ̄1,n + ϵ̄2,n

)
. (3.2)

The next lemma shows that the error terms are asymptotically negligible. For the proof, see
Appendix A.1.

Lemma 3.1. Let Assumption 2.1 hold and W̄n
0 → w0 in L2 as n→ ∞, then the processes ϵ̄1,n and

ϵ̄2,n converge to 0 u.o.c. in probability.

Now we are ready for the fluid limit result.

Theorem 3.2. Let Assumption 2.1 hold and W̄n
0 → w0 in L2 as n→ ∞, then

W̄n → W̄ u.o.c. in probability,

where
W̄ = Rθ (w0 + µe) . (3.3)

Proof. Denote R̄nX(t) := n−1
∑⌊nt⌋−1

i=0 Xn
i , t ∈ [0, T ]. By Lemma C.2, R̄nX → µe u.o.c. in probability.

Then by (3.2), Lemma 3.1 and an application of the continuous mapping theorem, we obtain the
desired fluid limit. This concludes the proof. □

3.2. Stability of the fluid limit equation. To determine the centering term W̄ ∗ that appears
in (2.8), we examine the stability of fixed points in the fluid limit. It is useful to write (3.3) in
differential form:

dW̄ (t) = µ− θW̄ (t) + dL̄(t) . (3.4)

We begin by providing some intuition for the constants µ and θ. As we have discussed in Section
2.1, the system is overloaded when µ > 0, critically loaded when µ = 0, and underloaded when
µ < 0. For the constant θ, observe that θ > 0 implies ECn < 1, meaning that the waiting time
decreases multiplicatively on average. Conversely, θ < 0 corresponds to an average multiplicative
increase in the waiting time. With these interpretations established, we now turn to the analysis
of fluid equations under different regimes.

Overloaded system (µ > 0).

(a) Consider when θ > 0. In this case, the regulator L̄ for the Skorokhod mapping is never
activated. To see why, observe that whenever 0 ≤ W̄ (t) < µ/θ, we have µ − θW̄ (t) > 0,
which implies that dW̄ (t) > 0. This positive drift drives the process upward, preventing
it from hitting zero. We can therefore determine the fluid limit by solving the unreflected
differential equation {

d
dtW̄ (t) = µ− θW̄ (t),

W̄ (0) = w0.
(3.5)

The solution is given by

W̄ (t) =
µ

θ
+
(
w0 −

µ

θ

)
e−θt, t ≥ 0. (3.6)
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Taking the limit as t → ∞, we find that the fluid-scaled waiting time has a stable fixed
point at µ/θ > 0.

(b) Consider when θ ≤ 0. Relation (3.4) implies that dW̄ (t) > 0. Also since w0 ≥ 0, the
regulator L̄ ≡ 0, and we can obtain the fluid equation by solving (3.5). When θ < 0, the
solution is given by (3.6). When θ = 0, the fluid equation is W̄ (t) = w0+µt. By examining
the solutions, we see that there are no stable fixed points.

w0 = µ/θ

w0

w0

0

θ > 0

0

w0

θ = 0

0

w0

θ < 0

Figure 1. Fluid limits for overloaded systems (µ > 0).

Critically loaded system (µ = 0).

By similar arguments to the overloaded cases, the regulator L̄ is also never activated. Then the
fluid limit is again obtained by solving (3.5) and has the form

W̄ (t) = e−θtw0, t ≥ 0. (3.7)

There are two cases that could arise:

(a) When θ ≥ 0, the fixed point 0 is stable.
(b) When θ < 0, The fluid limit W̄ goes to infinity asymptotically unless we start at 0. So

there are no stable fixed points.

w0

0

θ > 0

w0 = 0

w0

θ = 0

0

w0

θ < 0

Figure 2. Fluid limits for critically loaded systems (µ = 0).

Underloaded system (µ < 0).

(a) Suppose θ < 0. In this case, µ/θ and 0 are the two fixed points and their stability depends
on the initial condition W̄0.
(i) If 0 ≤ w0 < µ/θ, then by (3.4) we have dW̄ (0) = µ− θw0 < 0. Since the regulator L̄ is

not activated until W̄ hits 0, the fluid limit again evolves according to (3.6). By direct
computation, we see that the fluid limit hits zero at time

t0 = −1

θ

[
ln
(µ
θ

)
− ln

(µ
θ
− w0

)]
. (3.8)
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When the process hits 0, the compensator L̄ activates with dL̄(t) = −µ, resulting in a
stable fixed point of 0. Together, the trajectory of the fluid limit is given by

W̄ (t) =

{
µ
θ +

(
w0 − µ

θ

)
e−θt, 0 ≤ t ≤ t0,

0, t > t0.
(3.9)

(ii) If w0 > µ/θ, by (3.4), we have dW̄ (0) = µ − θw0 > 0. The system evolves according
to (3.6) and there are no fixed points.

(iii) If w0 = µ/θ > 0, then dL̄(0) = 0. From (3.4) we have dW̄ (0) = 0, and hence
W̄ (t) = µ/θ for all t ≥ 0. But based on our analysis earlier, the fixed point µ/θ is not
stable.

(b) Suppose θ ≥ 0. Again by (3.4), we have dW̄ (t) < 0 for all t ≥ 0. Similar to the underloaded
system under case (a)(i), the activation of the Skorokhod regulator L̄ leads to a stable fixed
point at 0.
(i) When θ > 0, the system evolves according to the solution given by (3.9).
(ii) When θ = 0, the trajectory is given by

W̄ (t) =

{
w0 + µt, 0 ≤ t ≤ −w0/µ,

0, t ≥ −w0/µ.
(3.10)

µ/θ

w0

0

θ > 0

w0

0

θ = 0

w0 = µ/θ

w0

0

w0

θ < 0

Figure 3. Fluid limits for underloaded systems (µ < 0).

For ease of reference, we summarize the above discussions on the stable fixed points in Table 1.

µ > 0 µ = 0 µ < 0
θ > 0 µ/θ 0 0
θ = 0 unstable 0 0
θ < 0 unstable unstable 0

Table 1. Stable fixed points of the fluid limit W̄ under various parameter regimes.

4. Sample-path MDP for a Linearly Recursive Markov System

In this section, we shall establish a sample-path MDP for the recursive system

V n
i+1 = Cni V

n
i +Xn

i , i ∈ N0, (4.1)

with V n
0 being a random variable. Under Assumption 2.1, this is a special case of the recursive

Markov systems studied by Dupuis and Johnson (2015), also see Chapter 5 in Budhiraja and
Dupuis (2019). They derived an MDP in the space CT following a weak convergence approach via a
variational formula. Here, due to the simplicity of the linear structure in the recursion, we directly
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work in space DT and derive the result using an alternative approach, as discussed in Section 1.
The reason we study (4.1) under a different method of proof is that the techniques used in this
section will turn out to be useful for studying the MD-scaled workload process in Section 5.

4.1. Fluid analysis. Similar to (2.4), we first re-index i by ⌊nt⌋, t ∈ [0, T ] and analyze the fluid
limit of the process

V̄ n(t) =
1

n
V n
⌊nt⌋, t ∈ [0, T ].

Theorem 4.1. Let Assumption 2.1 hold and V̄ n
0 → v0 in L2 for some v0 ∈ R as n→ ∞, then

V̄ n → V̄ u.o.c. in probability,

where

V̄ (t) =
µ

θ
+
(
v0 −

µ

θ

)
e−θt, t ∈ [0, T ]. (4.2)

Proof. Similar to (3.1), we can write

V̄ n(t) = V̄ n
0 +

1

n

⌊nt⌋−1∑
i=0

Xn
i −

∫ t

0
θV̄ n(s)ds+ ϵ̄1,nV (t) + ϵ̄2,nV (t),

where

ϵ̄1,nV (t) = θ

∫ t

0
V̄ n(s)ds− 1

n

⌊nt⌋−1∑
i=0

V̄ n
i

 ,

ϵ̄2,nV (t) =
1

n

⌊nt⌋−1∑
i=0

(θ −Θi)V̄
n
i .

By the same arguments used to show Lemma 3.1, we can show the processes ϵ̄1,nV and ϵ̄2,nV converge
to 0 u.o.c. in probability in DT . Then we apply the continuous mapping theorem, as in the proof of
Theorem 3.2, to obtain that the fluid limit V̄ = Mθ(v0 + µe). By writing this in differential form,
the explicit formula in (4.2) is derived by solving the differential equation{

dV̄ (t) = µ− θV̄ (t),

V̄ (0) = v0.

This concludes the proof. □

Similar to Section 3.2, we need to analyze the stability of fixed points in the fluid equation 4.2.
It is simpler here, as we do not have the reflection term that appeared in (3.4). Therefore, we
simply summarize the results in Table 2.

µ > 0 µ = 0 µ < 0
θ > 0 µ/θ 0 µ/θ
θ = 0 unstable 0 unstable
θ < 0 unstable unstable unstable

Table 2. Stable fixed points of the fluid limit V̄ under various parameter regimes.
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4.2. MDP results. Now, we are ready to study sample-path moderate deviations for this model.
Let the scaling sequence {bn, n ∈ N} be defined by (2.7). We also restrict ourselves to the cases
where the fluid limit is stable and study moderate deviations for processes of the form

Ṽ n(t) =

√
n

bn

(
V̄ n(t)− V̄ ∗) , t ∈ [0, T ], (4.3)

where V̄ ∗ are the stable fixed points identified in Table 2. First, we need an assumption similar to
Assumption 2.3 (i). However, we do not require non-negativity of V n

0 .

Assumption 4.2. Let the random variables Ṽ n
0

P 1/b2n−→ v0 for some v0 ∈ R.

Here is the main MDP result. Recall that IX and IΘ are the rate functions in Theorem 2.4.

Theorem 4.3. Under Assumptions 2.1, 2.3 (ii), (iii) and 4.2, the family {Ṽ n, n ∈ N} satisfies
an MDP with rate b2n and rate function I, where

(i) if θ > 0, µ ̸= 0 and V̄ ∗ = µ/θ, then

I(ϕ) = inf
ψ1,ψ2∈DT ,

ϕ=Mθ(v0+ψ1−µ
θ
ψ2+re).

IX(ψ1) + IΘ(ψ2);

(ii) if µ = 0, θ ≥ 0 and V̄ ∗ = 0, then

I(ϕ) = inf
ψ1∈DT ,

ϕ=Mθ(v0+ψ1+re).

IX(ψ1).

Due to the simplicity of IX and IΘ, we can explicitly solve the optimization problems for the
rate functions in Theorem 4.3.

Theorem 4.4. Under Assumptions 2.1, 2.3 (ii), (iii) and 4.2, the rate functions in Theorem 4.3
take the form:

(i) suppose θ > 0, µ ̸= 0 and V̄ ∗ = µ/θ, then

I(ϕ) =
θ2

2(θ2σ2X + µ2σ2Θ)

∫ T

0
(ϕ̇(t)− r + θϕ(t))2dt,

(ii) suppose µ = 0, θ ≥ 0 and V̄ ∗ = 0, then

I(ϕ) =
1

2σ2X

∫ T

0
(ϕ̇(t)− r + θϕ(t))2dt,

for ϕ ∈ AC with ϕ(0) = v0. Otherwise, the rate functions I(ϕ) = ∞.

4.3. Exponential Tightness. In this section, we prove Theorem 4.7. With some algebra, we can
write (4.3) as

Ṽ n(t) = Ṽ n(0) + R̃nX(t)− V̄ ∗R̃nΘ(t)−
∫ t

0
θṼ n(s)ds

√
n

bn
(µn − µ)t+

√
n

bn

(
µ− θV̄ ∗) t+ ϵ̃1,nV (t) + ϵ̃2,nV (t) + ϵ̃3,nV (t),
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where R̃nX and R̃nΘ are the random walks defined in (2.10) and the error terms are given by

ϵ̃1,nV (t) = θ

∫ t

0
Ṽ n(s)ds− 1

n

⌊nt⌋−1∑
i=0

Ṽ n
i

 ,

ϵ̃2,nV (t) =
1

bn
√
n

⌊nt⌋−1∑
i=0

(θ −Θn
i )
(
V̄ n
i − V̄ ∗) ,

ϵ̃3,nV (t) =
⌊nt⌋ − nt

bn
√
n

(
µn − θV̄ ∗) .

Then it suffices to show exponential tightness for each of the terms in (4.4). The terms that require

substantial analysis are ϵ̃1,nV and ϵ̃2,nV . To do so, we shall need the following lemma.

Lemma 4.5. Under Assumptions 2.1, 2.3 (ii), (iii) and 4.2, we have

lim
K→∞

lim sup
n→∞

1

b2n
logP

(
∥V̄ n∥T > K

)
= −∞. (4.4)

Proof. By expanding the recursion, we obtain

V̄ n
i = X̄n

i−1 + Cni−1X̄
n
i−2 + · · ·+ Cni−1 · · ·Cn1 X̄n

0 + Cni−1 · · ·Cn1Cn0 V̄ n
0 .

Since log(1 + x) ≤ x, we have the following bound:

Cni = 1− 1

n
Θi ≤ 1 +

1

n
|Θi| = elog(1+

1
n
|Θi|) ≤ e

1
n
|Θi|.

Further using the fact that exp
(
1
n |Θi|

)
≥ 1 a.s., we apply the above bounds to V̄ n

⌊nt⌋ and get

|V̄ n
⌊nt⌋| ≤ exp

 1

n

⌊nt⌋−1∑
i=0

|Θi|

 |V̄ n
0 |+ exp

 1

n

⌊nt⌋−1∑
i=0

|Θi|


 1

n

⌊nt⌋−1∑
i=0

|Xn
i |

 , (4.5)

Denote θ′ := E|Θ0| and µ′n := E|Xn
0 |. Under Assumption 2.3 (ii), the families of random walks

1

bn
√
n

⌊nt⌋−1∑
i=0

(
|Θi| − θ′nt

)
and

1

bn
√
n

⌊nt⌋−1∑
i=0

(
|Xn

i | − µ′nnt
)

obey an MDP in DT with rate b2n. Then by Lemma 4.2 (b) in Puhalskii and Whitt (1997), we have

1

n

⌊n·⌋−1∑
i=0

|Θi| − θ′e
p1/b

2
n

−→ 0 and
1

n

⌊n·⌋−1∑
i=0

|Xn
i | − µ′ne

p1/b
2
n

−→ 0.

By applying the contraction principle, the right hand side in (4.5) is exponentially equivalent to
the deterministic process

eθ
′t|V̄ ∗|+ eθ

′tµ′nt, t ∈ [0, T ].

Further, (µ′n)
2 ≤ E[(Xn)

2] = σ2X,n + µ2n implies that µ′n is a bounded sequence, and hence (4.4)
holds. □

Lemma 4.6. Under Assumptions 2.1, 2.3 (ii), (iii) and 4.2, the family of processes {ϵ̃2,nV , n ∈ N}
is exponentially tight in DT with rate b2n.
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Proof. We shall check the two conditions given by Theorem C.7. First we check that for each
t ∈ [0, T ], the family of variables {ϵ̃2,nV (t)}n∈N is exponentially tight with rate b2n. Let t ∈ [0, T ] and
α > 0. This requires us to find some constant K ′

α such that

lim sup
n→∞

1

b2n
logP

(
|ϵ̃2,nV (t)| > K ′

α

)
< −α. (4.6)

By Lemma 4.5 and Theorem C.6, there exists Kα > 0 such that

lim sup
n→∞

1

b2n
logP

(
∥V̄ n − V̄ ∗∥T > Kα

)
< −α. (4.7)

Define the event

Γn = {∥V̄ n − V̄ ∗∥T ≤ Kα}. (4.8)

Then using Remark C.3, we can bound the left hand side in (4.6) in the following way:

lim sup
n→∞

1

b2n
logP

(
|ϵ̃2,nV (t)| > K ′

α

)
≤ lim sup

n→∞

1

b2n
logP

(
{ϵ̃2,nV (t) > K ′

α} ∩ Γn
)

∨ lim sup
n→∞

1

b2n
logP

(
{−ϵ̃2,nV (t) > K ′

α} ∩ Γn
)
∨ lim sup

n→∞

1

b2n
logP

(
∥V̄ n − V̄ ∗∥T > Kα

)
.

Due to (4.7), it suffices to find some K ′
α such that

lim sup
n→∞

1

b2n
logP

(
{ϵ̃2,nV (t) > K ′

α} ∩ Γn
)
< −α. (4.9)

A similar statement for the term involving −ϵ̃2,nV can be shown exactly in the same way. Let
Γni = {|V̄ n

i − V̄ ∗| ≤ Kα}. We define a {Fn
k }-martingale:

Znk =
k∑
i=0

(θ −Θi)(V̄
n
i − V̄ ∗)1Γn

i
, k ∈ N0. (4.10)

An application of the Markov’s inequality yields that

1

b2n
logP

(
{ϵ̃2,nV (t) > K ′

α} ∩ Γn
)
=

1

b2n
logP

({
1

bn
√
n
Zn⌊nt⌋−1 > K ′

α

}
∩ Γn

)
≤ 1

b2n
logP

(
1

bn
√
n
Zn⌊nt⌋−1 > K ′

α

)
≤ −K ′

α +
1

b2n
logE

[
exp

{
bn√
n
Zn⌊nt⌋−1

}]
. (4.11)

Next, we make the observation that for each n large enough,

ζnk = exp

{
bn√
n
Znk − b2n

n
K2
ασ

2
Θk

}
, k ∈ N0,

is an {Fn
k }-supermartingale. To see this, simply observe that for n sufficiently large, we have

logE
[
exp

{
bn√
n
(θ −Θi)(V̄

n
i − V̄ ∗)1Γn

i

} ∣∣∣Fn
i−1

]
=

1

2

b2n
n
(V̄ n
i − V̄ ∗)21Γn

i
E(θ −Θi)

2 +O
(

b3n
n
√
n
(V̄ n
i − V̄ ∗)31Γn

i
E(θ −Θi)

3

)
≤ 1

2

b2n
n
K2
ασ

2
Θ +O

(
b3n
n
√
n
K3
αE|θ −Θi|3

)
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≤ b2n
n
K2
ασ

2
Θ. (4.12)

In the first equality above, because of Assumption 2.3 (ii) and the fact that bnn
−1/2 → 0 as n→ ∞,

we can perform a series expansion for the cumulant moment generating function. The last equality
comes from taking n large enough such that

O
(

b3n
n
√
n
K3
αE|θ −Θi|3

)
= O

(
b3n
n
√
n
K2
ασ

2
Θ

)
≤ 1

2

b2n
n
K2
ασ

2
Θ.

Therefore (4.11) and the fact that ζnk is a {Fn
k }-supermartingale give

lim sup
n→∞

1

b2n
logP

(
{ϵ̃2,nV (t) > K ′

α} ∩ Γn
)
≤ −K ′

α +K2
ασ

2
Θt .

Lastly, we simply choose K ′
α ≥ α+K2

ασ
2
Θt to obtain (4.9). This concludes our proof of (4.6).

We next check the second condition in Theorem C.7. We will show that for any ϵ > 0,

lim
δ→0

lim sup
n→∞

sup
t∈[0,T ]

1

an
logP

(
sup
s∈[0,δ]

|ϵ̃2,nV (t+ s)− ϵ̃2,nV (t)| > ϵ

)
= −∞.

Similar to (4.9), let α > 0, and Γn be as defined in (4.8). Then it suffices to show

lim
δ→0

lim sup
n→∞

sup
t∈[0,T ]

1

b2n
logP

({
sup
s∈[0,δ]

ϵ̃2,nV (t+ s)− ϵ̃2,nV (t) > ϵ

}
∩ Γn

)
= −∞. (4.13)

Again, let Γni = {|V̄ n
i − V̄ ∗| ≤ Kα}, and recall the {Fn

k }k∈N0-martingale {Znk , k ∈ N0} defined in
(4.10). The key observation is that for any t ∈ [0, T ] and n, the process {Zn⌊nt⌋+k − Zn⌊nt⌋, k ∈ N0}
is a {Fn

⌊nt⌋+k}k∈N0-martingale.

Let ρ > 0 and n sufficiently large. We have

1

b2n
logP

({
sup
s∈[0,δ]

ϵ̃2,nV (t+ s)− ϵ̃2,nV (t) > ϵ

}
∩ Γn

)

≤ 1

b2n
logP

(
max

0≤k≤⌊n(t+δ)⌋−⌊nt⌋−1
Zn⌊nt⌋+k − Zn⌊nt⌋ > ϵ

)
=

1

b2n
logP

(
max

0≤k≤⌊n(t+δ)⌋−⌊nt⌋−1
exp

{
b2nρ

(
Zn⌊nt⌋+k − Zn⌊nt⌋

)}
> eb

2
nρϵ

)
≤ − ρϵ+

1

b2n
logE

[
exp

{
b2nρ

(
Zn⌊n(t+δ)⌋−1 − Zn⌊nt⌋

)}]
≤ − ρϵ+K2

αρ
2σ2Θδ.

In the relations above, the second inequality is obtained by Doob’s submartingale inequality. The
last inequality uses the following supermartingale:

exp

{
b2nρ

(
Zn⌊nt⌋+k − Zn⌊nt⌋

)
− b2n
n
ρ2K2

ασ
2
Θk

}
, k ∈ N0,

and the fact that its expectation is less than or equal to one. Finally, taking the limit gives

lim
δ→0

lim sup
n→∞

sup
t∈[0,T ]

1

b2n
logP

({
sup
s∈[0,δ]

ϵ̃2,nV (t+ s)− ϵ̃2,nV (t) > ϵ

}
∩ Γn

)
≤ −ρϵ.

Since ρ > 0 was taken arbitrarily, we take ρ→ ∞ to obtain (4.13). This concludes the proof. □
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Theorem 4.7. Under Assumptions 2.1, 2.3 (ii), (iii) and 4.2, the family {Ṽ n, n ∈ N} is expo-
nentially tight in the space DT with rate b2n.

Proof. We write (4.4) as

Ṽ n = Mθ

(
Ṽ n
0 + R̃nX − V

∗
R̃nΘ +

√
n

bn
(µn − µ)e+ ϵ̃1,nV + ϵ̃2,nV + ϵ̃3,nV

)
,

and analyze each of the terms. First, by Assumption 4.2 and Theorem 2.4, the families of processes

{Ṽ n
0 }n∈N, {R̃nX}n∈N and {R̃nΘ}n∈N are exponentially tight in DT with rate b2n. Also, by Assumption

2.3 (iii), the term b−1
n

√
n(µn−µ)e

P 1/b2n−→ re and therefore is also exponentially tight in DT with rate
b2n. Now we claim that

ϵ̃1,nV
P 1/b2n−→ 0 and ϵ̃3,nV

P 1/b2n−→ 0. (4.14)

Observe that ∥∥ϵ̃1,nV ∥∥
T
≤ |θ|

n

∥∥Ṽ n
∥∥
T
=

|θ|
bn
√
n

∥∥V̄ n − V̄ ∗∥∥
T
.

Let α > 0. By Lemma 4.5, there exists Kα > 0 such that

lim sup
n→∞

1

b2n
P
(∥∥V̄ n − V̄ ∗∥∥

T
> Kα

)
< −α.

Let ϵ > 0, for n large enough such that ϵ > |θ|
bn

√
n
Kα, we have

P
(∥∥ϵ̃1,nV ∥∥

T
> ϵ
)
≤ P

(∥∥ϵ̃1,nV ∥∥
T
>

|θ|
bn
√
n
Kα

)
≤ P

(∥∥V̄ n − V̄ ∗∥∥
T
> Kα

)
.

This implies

lim sup
n→∞

1

b2n
P
(∥∥ϵ̃1,nV ∥∥

T
> ϵ
)
< −α.

Since α is arbitrary, we obtain the first statement in (4.14) by taking α → ∞ and using Lemma

C.9. For the second statement involving ϵ̃3,nV , since µn → µ and bn
√
n → ∞ as n → ∞, then for

any ϵ > 0,

lim sup
n→∞

1

b2n
logP

(
∥ϵ̃3,nV ∥T > ϵ

)
≤ lim sup

n→∞

1

b2n
logP

(
1

bn
√
n
|µn − θV̄ ∗| > ϵ

)
= −∞.

This proves (4.14) by Lemma C.9.

Finally, exponential tightness of {ϵ̃2,nV }n∈N in DT is given in Lemma 4.6. Then since Mθ is

continuous in DT , we can use Lemma C.8 to conclude {Ṽ n}n∈N is exponentially tight in DT . □

By Lemma C.10, a consequence of exponential tightness of {Ṽ n}n∈N in DT is the following
corollary, which will be next used to further analyze the error terms in (4.4). We use a slight abuse
of notation by letting V̄ ∗ be the constant process in DT instead of a constant.

Corollary 4.8. Under Assumptions 2.1, 2.3 (ii), (iii) and 4.2, we have

V̄ n p1/b
2
n

−→ V̄ ∗.
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4.4. Proofs for MDP Results in Section 4.2.

Lemma 4.9. Under Assumptions 2.1, 2.3 (ii), (iii) and 4.2, the families of processes {ϵ̃1,nV }n∈N,
{ϵ̃2,nV }n∈N and {ϵ̃3,nV }n∈N are exponentially equivalent to the 0 process with rate b2n.

Proof. We have already shown the assertion for ϵ̃1,nV and ϵ̃3,nV in the proof for Theorem 4.7, see

(4.14). To prove the statement for ϵ̃2,nV , we arguments similar to those in the proof of Lemma 4.6.

Let ϵ > 0 and η > 0. Define the event

Γn = {∥V̄ n − V̄ ∗∥T ≤ η}. (4.15)

Due to Remark C.3, Lemma C.9 and Corollary 4.8, it suffices to show

lim sup
n→∞

1

b2n
logP

({
sup
t∈[0,T ]

ϵ̃2,nV (t) > ϵ

}
∩ Γn

)
= −∞. (4.16)

For each i ∈ N0, let Γ
n
i = {|V̄ n

i − V̄ ∗| ≤ η}. We can define a {Fn
k }k∈N0-martingale

Znk =
k∑
i=0

(θ −Θi)(V̄
n
i − V̄ ∗)1Γn

i
, k ∈ N0. (4.17)

Letting ρ > 0, we have the following:

lim sup
n→∞

1

b2n
logP

({
sup
t∈[0,T ]

ϵ̃2,nV (t) > ϵ

}
∩ Γn

)

≤ lim sup
n→∞

1

b2n
logP

(
max

0≤k≤⌊nT ⌋−1

1

bn
√
n
Zn⌊nt⌋−1 > ϵ

)
≤ −ρϵ+ lim sup

n→∞

1

b2n
logE

[
exp

{
bn√
n
ρZn⌊nT ⌋−1

}]
(4.18)

≤ −ρϵ+ ρ2η2σ2ΘT. (4.19)

In the above derivations, (4.18) is due to an application of Doob’s submartingale inequality for the

{Fn
k }k∈N0-submartingale {exp

(
bnn

−1/2ρZnk
)
, k ∈ N0}. (4.19) uses the fact that the process

ζnk = exp

{
bn√
n
ρZnk − b2n

n
ρ2η2σ2Θk

}
, k ∈ N0,

is a supermartingale when n is large. One can check this by following similar steps as in (4.12).
Finally, since (4.19) holds for arbitrary η and ρ, we can first take η → 0 and then ρ→ ∞ to obtain
(4.16), as desired. □

Now we prove the results in Section 4.2.

Proof of Theorem 4.3. This is simply a consequence of (4.4), Theorem 2.4, Lemma 4.9 and the
contraction principle applied to the continuous map Mθ. □

Proof of Theorem 4.4. For case (i), consider the optimization problem in Theorem 4.3 (i). It suffices
to optimize over the set {(ψ1, ψ2) : ψ1 ∈ AC0, ψ2 ∈ AC0}, otherwise the rate function is infinite.

On this set, let ϕ ∈ DT satisfy ϕ(t) = v0 + ψ1(t)− µ
θψ2(t) + rt−

∫ t
0 θϕ(s)ds. Then it is clear that
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ϕ ∈ AC and ϕ(0) = v0. The problem reduces to solving the following convex optimization problem
a.e. in time t ∈ [0, T ]:

min
ψ̇1,ψ̇2∈R

1

2σ2X
ψ̇1(t)

2 +
1

2σ2Θ
ψ̇2(t)

2

s.t. ϕ̇(t) = ψ̇1(t)−
µ

θ
ψ̇2(t) + r − θϕ(t).

Let f(t) = ϕ̇(t)− r + θϕ(t). The solution is

ψ̇1(t) =
θ2σ2X

θ2σ2X + µ2σ2Θ
f(t),

ψ̇2(t) = −
µθσ2Θ

θ2σ2X + µ2σ2Θ
f(t).

Plugging the solution into IX(ψ1) + IΘ(ψ2) yields the form of the rate function. Case (ii) is solved
similarly. This concludes the proof. □

5. Proofs for MDP Results in Section 2.2

First, recall the definition of W̃n in (2.8). Similar to (4.4), we can obtain the following repre-
sentation:

W̃n(t) = W̃n(0) + R̃nX(t)− W̄ ∗R̃nΘ(t)−
∫ t

0
θW̃n(s)ds+

√
n

bn
(µn − µ)t

+

√
n

bn

(
µ− θW̄ ∗) t+ ϵ̃1,n(t) + ϵ̃2,n(t) + ϵ̃3,n(t) + L̃n(t).

Above, R̃nX and R̃nΘ are the random walks given in (2.10). Recalling L̄n in (3.2), we define L̃n :=
b−1
n

√
nL̄n and the error terms as

ϵ̃1,n(t) = θ

∫ t

0
W̃n(s)ds− 1

n

⌊nt⌋−1∑
i=0

W̃n
i

 ,

ϵ̃2,n(t) =
1

bn
√
n

⌊nt⌋−1∑
i=0

(θ −Θn
i )
(
W̄n
i − W̄ ∗) ,

ϵ̃3,n(t) =
⌊nt⌋ − nt

bn
√
n

(
µn − θW̄ ∗) .

Our goal is to imitate the proof for the MDP results in Section 4. However, compared to (4.4),

equation (5.1) contains the extra term L̃n := (bn
√
n)−1Ln. In (3.2), we saw that (W̄n, L̄n) is the

linearly generalized reflection map of a particular process. Under MD-scalings with the centering

term W̄ ∗ = 0, the same is true for the pair (W̃n, L̃n). However, this is no longer the case when
W̄ ∗ ̸= 0. This creates some difficulties if we want to apply the contraction principle. To address
this, we first provide a way to bound Wn by auxiliary systems.

5.1. Bounding the workload by auxiliary systems. In this section, we provide a bound for
the workload process Wn defined recursively by

Wn
i+1 = max{0, Cni Wn

i +Xn
i }, i ∈ N0. (5.1)

Then we show that the bound can be related to the supremum of certain linearly recursive Markov
systems that were studied in Section 4.
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First, define the process {Υn(t), t ∈ [0, T ]} by Υn(t) = Υn
⌊nt⌋ where

Υn
0 =Wn

0 ,

Υn
1 = max

{
0, Xn

0 + Cn0W
n
0

}
,

Υn
2 = max

{
0, Xn

1 , X
n
1 + Cn1X

n
0 + Cn1C

n
0W

n
0

}
,

and more generally for i ≥ 2,

Υn
i+1 = max

{
0, Xn

i , X
n
i + Cni X

n
i−1, · · · , Xn

i + Cni X
n
i−1 + · · ·+ Cni · · ·Cn2Xn

1 ,

Xn
i + Cni X

n
i−1 + · · ·+ Cni · · ·Cn2Xn

1 + Cni · · ·Cn1Xn
0 + Cni · · ·Cn0Wn

0

}
.

Lemma 5.1. For all i ≥ 0, we have
0 ≤Wn

i ≤ Υn
i .

Proof. We show this by induction. The case where i = 0 is obvious. Now let i ≥ 0 and suppose
0 ≤ Wn

i ≤ Υn
i . On the event {Cni < 0}, definition (5.1) implies that Wn

i+1 ≤ max{0, Xn
i } ≤ Υn

i+1.
And on the event {Cni ≥ 0}, we have Wn

i+1 ≤ max{0, Cni Υn
i + Xn

i } = Υn
i+1. This concludes the

proof. □

Now consider the following two families of linearly recursive Markov systems V n(t) ≡ V n
⌊nt⌋ and

Un(t) ≡ Un⌊nt⌋ with different initial conditions:{
V n
i+1 = Cni V

n
i +Xn

i , i ∈ N,
V n
0 =Wn

0 ,

and {
Uni+1 = Cni U

n
i +Xn

i , i ∈ N,
Un0 = 0.

By simple induction, we have

V n
i+1 = Xn

i + Cni X
n
i−1 + · · ·+ Cni · · ·Cn1Xn

0 + Cni · · ·Cn1Cn0Wn
0 ,

Uni+1 = Xn
i + Cni X

n
i−1 + · · ·+ Cni · · ·Cn1Xn

0 .

Take mutually independent, i.i.d. sequences {Θ′
i, i ≥ 0} and {X ′,n

i , i ≥ 0} that have the same
distributions as {Θi, i ≥ 0} and {Xn

i , i ≥ 0} respectively. Similar to the definition of Cni in

Assumption 2.1, we let C ′,n
i ≡ 1− n−1Θ′

i. Using these random variables, we define for i ∈ N0,

V ′,n
i+1 ≡ X ′,n

0 + C ′,n
0 X ′,n

1 + · · ·+ C ′,n
0 · · ·C ′,n

i−1X
′,n
i + C ′,n

0 · · ·C ′,n
i−1C

′,n
i Wn

0 ,

U ′,n
i+1 ≡ X ′,n

0 + C ′,n
0 X ′,n

1 + · · ·+ C ′,n
0 · · ·C ′,n

i−1X
′,n
i ,

Υ′,n
i+1 ≡ max{0, X ′,n

0 , X ′,n
0 + C ′,n

0 X ′,n
1 , . . . , X ′,n

0 + C ′,n
0 X ′,n

1 + · · ·+ C ′,n
0 · · ·C ′,n

i−2X
′,n
i−1,

X ′,n
0 + C ′,n

0 X ′,n
1 + · · ·+ C ′,n

0 · · ·C ′,n
i−2X

′,n
i−1 + C ′,n

0 · · ·C ′,n
i−1X

′,n
i + C ′,n

0 · · ·C ′,n
i Wn

0 },

with V ′,n
0 =Wn

0 , U
′,n
0 = 0 and Υ′,n

0 =Wn
0 .

Observe that for any i ∈ N0,

Υ′,n
i = max{U ′,n

0 , U ′,n
1 , . . . , U ′,n

i−1, V
′,n
i } ≤ V ′,n

i ∨ max
0≤k≤i

U ′,n
k .

Combining these observations, we have

0 ≤Wn
i ≤ Υn

i
(d)
= Υ′,n

i ≤ V ′,n
i ∨ max

0≤k≤i
U ′,n
k

(d)
= V n

i ∨ max
0≤k≤i

Unk . (5.2)
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where
(d)
= is used to denote equality in distribution.

Lemma 5.2. Under Assumptions 2.1 and 2.3,

lim
K→∞

lim sup
n→∞

1

b2n
logP

(
∥W̄n∥T > K

)
< −∞.

Proof. Following our convention for fluid scalings, denote V̄ n = n−1V n, V̄ ′,n = n−1V ′,n, Ūn =
n−1Un, Ū ′,n = n−1U ′,n, Ῡn = n−1Υn, Ῡ′,n = n−1Υ′,n, Λ̄n = n−1Λn, Λ̄′,n = n−1Λ′,n. By Lemma
4.5, we have

lim
K→∞

lim sup
n→∞

1

b2n
logP

(
∥V̄ n∥T > K

)
= −∞,

lim
K→∞

lim sup
n→∞

1

b2n
logP

(
∥Ūn∥T > K

)
= −∞.

Observe that for any process ϕ in DT , denoting ϕ↑(t) = sup0≤u≤t ϕ(u), we have

∥ϕ↑∥T = sup
t∈[0,T ]

| sup
u∈[0,t]

ϕ(u)| ≤ sup
t∈[0,T ]

sup
u∈[0,t]

|ϕ(u)| ≤ ∥ϕ∥T .

Then (5.2) implies that

P
(
∥W̄n∥T > Kα

)
≤ P

(
∥Ῡn∥T > Kα

)
= P

(
∥Ῡ′,n∥T > Kα

)
≤ P

(
∥V̄ ′,n∥T ∨ ∥Ū ′,n

↑ ∥T > Kα

)
≤ P

(
∥V̄ ′,n∥T ∨ ∥Ū ′,n∥T > Kα

)
≤ P

(
∥V̄ n∥T > Kα

)
+ P

(
∥Ūn∥T > Kα

)
.

Then the lemma follows from Remark C.3. □

The following lemma is a consequence of Lemma 5.2, using the same arguments that were used
to show Lemma 4.6 and (4.14).

Lemma 5.3. Under Assumptions 2.1 and 2.3, with rate b2n, the family {ϵ̃2,n, n ∈ N} is exponen-
tially tight in DT , and the families {ϵ̃1,n, n ∈ N}, {ϵ̃3,n, n ∈ N} are exponentially equivalent to the
zero process.

5.2. Proof of Theorem 2.5 under non-zero centering. The goal of this section is to show
Theorem 2.5 (i), which is the case where µ > 0, θ > 0 and W̄ ∗ = µ/θ. Recalling (3.1), let ξ ∈ DT

be defined by

ξn(t) = W̄n
0 +

1

n

⌊nt⌋−1∑
i=0

Xn
i + ϵ̄1,n(t) + ϵ̄2,n(t), t ∈ [0, T ]. (5.3)

We analyze each term in (5.3). First, Assumption 2.3 (i), Theorem 2.4 and Lemma 4.2(b) in
Puhalskii and Whitt (1997) imply that

W̄n
0
P 1/b2n−→ W̄ ∗ and

1

n

⌊n·⌋−1∑
i=0

Xn
i − µne

P 1/b2n−→ 0. (5.4)
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With some algebra, we obtain

ϵ̃1,n(t) = θ

∫ t

0
W̃n(s)ds− 1

n

⌊nt⌋−1∑
i=0

W̃n
i

 =

√
n

bn
ϵ̄1,n(t) + µ

nt− ⌊nt⌋
bn
√
n

.

In the relation above, {ϵ̃1,n}n∈N is exponentially equivalent to 0 with rate b2n by Lemma 5.3. The
deterministic process (bn

√
n)−1(ne−⌊ne⌋)µ uniformly converges to 0, hence it is also exponentially

equivalent to 0 with rate b2n. Then since
√
n/bn → ∞, Lemma 4.2 (b) in Puhalskii and Whitt

(1997) implies

ϵ̄1,n
P 1/b2n−→ 0. (5.5)

Next, with some algebra we can also obtain

ϵ̃2,n(t) =
1

bn
√
n

⌊nt⌋−1∑
i=0

(θ −Θi)(W̄
n
i − W̄ ∗) =

√
n

bn
ϵ̄2,n(t) + W̄ ∗ · R̃nΘ(t).

Lemma 5.3 and Theorem 2.4 imply that {b−1
n

√
nϵ̄2,n}n∈N is exponentially tight in DT with rate b2n.

By Lemma C.10, we have

ϵ̄2,n
P 1/b2n−→ 0. (5.6)

Finally, combining (5.3) with (5.4), (5.5) and (5.6) yields

ξn − (W̄ ∗ + µne)
P 1/b2n−→ 0. (5.7)

Next, we claim that √
n

bn
L̄n

P 1/b2n−→ 0. (5.8)

To see this, consider the event Γn := {∥ξn − (W̄ ∗ + µne)∥T ≤ W̄ ∗}. Since µn → µ > 0, we have
µn > 0 when n is large enough. Hence on Γn with n large, ξn(t) > 0 for all t > 0. By (3.2), we can
write L̄n = R′

θ(ξ
n). This implies ξndL̄n = 0 and therefore L̄n ≡ 0. Therefore, for any ϵ > 0 and n

large enough,

P
(
∥
√
n

bn
L̄n∥ > ϵ

)
≤ P

(
∥
√
n

bn
L̄n∥T > ϵ, Γn

)
+ P

(
∥ξn − (W̄ ∗ + µne)∥T > W̄ ∗)

= P
(
∥ξn − (W̄ ∗ + µne)∥T > W̄ ∗) .

Then by (5.7) and Lemma C.9, we have

lim sup
n→∞

1

b2n
logP

(
∥
√
n

bn
L̄∥ > ϵ

)
≤ lim sup

n→∞

1

b2n
logP

(
∥ξn − (W̄ ∗ + µne)∥T > W̄ ∗) = −∞,

which implies (5.8).

Finally, we write (5.1) as

W̃n = Mθ

(
W̃n

0 + R̃nX − W̄ ∗R̃nΘ +

√
n

bn
(µn − µ)e+ ϵ̃1,n + ϵ̃2,n + ϵ̃3,n +

√
n

bn
L̄n
)
.

By Assumption 2.3, Theorem 2.4, Lemma 5.3 and (5.8), we first apply Lemma C.8 and conclude

that {W̃n}n∈N is exponentially tight in DT . By Lemma C.10, this implies

W̄n − W̄ ∗ P 1/b2n−→ 0.
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Then by the arguments used in the proof of Lemma 4.9, we can show

ϵ̃2,n
P 1/b2n−→ 0. (5.9)

Since the map Mθ is continuous, once again using Assumption 2.3, Theorem 2.4, Lemma 5.3 and
(5.8), along with (5.9), we apply the contraction principle and obtain the MDP result given by
Theorem 2.5 (i).

5.3. Proof of Theorem 2.5 under zero centering. Now we turn to the cases where the centering
term W̄ ∗ = 0. By Table 1, this occurs when µ ≤ 0.

We first consider the case where µ = 0, which corresponds to Theorem 2.5 (ii). The relation
(5.1) and the same arguments used to derive (3.2) imply that

W̃n = Rθ

(
Φ̃n
)
, (5.10)

where we let

Φ̃n := W̃n
0 + R̃nX − W̄ ∗R̃nΘ +

√
n

bn
(µn − µ)e+ ϵ̃1,n + ϵ̃2,n + ϵ̃3,n,

and use R0 to denote the conventional Skorokhod reflection mapping R when θ = 0.

By Assumption 2.3, Theorem 2.4, Lemma 5.3, continuity of the mapping Rθ and Lemma C.8, we

conclude that {W̃n}n∈N is exponentially tight with rate b2n. We can once again use the arguments

in Section 4.4: first concluding W̄n P 1/b2n−→ 0, then ϵ̃2,n
P 1/b2n−→ 0, and finally applying the contraction

principle to obtain the MDP result given in Theorem 2.5 (2).

Now let µ < 0, instead of (5.10), we have

W̃n = Rθ

(
Φ̃n +

√
n

bn
µe

)
. (5.11)

Since W̃n(t) =
√
n
bn
W̄n(t), we can write

W̄n(t) =
bn√
n
Φ̃n + µt−

∫ t

0
θW̄nds+ L̄n(t) = Rθ

(
bn√
n
Φ̃n(t) + µt

)
. (5.12)

Similar to the above, we can use Assumption 2.3, Theorem 2.4, Lemma 5.3 to conclude {Φ̃n}n∈N
is exponentially tight in DT with rate b2n. We note that {Φ̃n}n∈N is in fact C-exponentially tight
since in the proof of Lemma 4.6, we checked the conditions for C-exponential tightness in Theorem
C.7. Theorem C.10 then implies that

bn√
n
Φ̃n

P 1/b2n−→ 0.

By (5.12), the contraction principle and the fact that Rθ(µe) ≡ 0, we have

W̄n P 1/b2n−→ 0. (5.13)

Let ϵ > 0 such that µ+ |θ|ϵ < 0. On the event Λn = {∥W̄n∥T < ϵ}, observe that 0 ≤ W̃n < b−1
n

√
nϵ,

and therefore

Φ̃n(t) +

√
n

bn
µt+

∫ t

0
(−θ)W̃n(s)ds ≤ Φ̃n(t) +

√
n

bn
µt+

∫ t

0
|θ|

√
n

bn
ϵ ds = Φ̃n(t) +

√
n

bn
(µ+ |θ|ϵ)t.
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Since |θ|b−1
n

√
nϵ+ θW̃n(t) ≥ 0 on the event Λn, we use (C.4) and Lemma C.5 to get

0 ≤ W̃n = Rθ

(
Φ̃n +

√
n

bn
µe

)
= R

(
Φ̃n +

√
n

bn
µe+

∫ t

0
(−θ)W̃n(s)ds

)
≤ R

(
Φ̃n +

√
n

bn
(µ+ |θ|ϵ)e

)
.

Let δ > 0 be arbitrary. We have

P
(
∥W̃n∥T > δ

)
≤ P

(
∥W̃n∥T > δ, Λn

)
+ P

(
∥W̄n∥T > ϵ

)
≤ P

(∥∥∥∥R(Φ̃n + √
n

bn
(µ+ |θ|ϵ)e

)∥∥∥∥
T

> δ

)
+ P

(
∥W̄n∥T > ϵ

)
.

By Lemma C.12, (5.13), Lemma C.9 and Remark C.3, we obtain

lim sup
n→∞

1

b2n
logP

(
∥W̃n∥T > δ

)
= −∞.

This concludes the proof for the last statement in Theorem 2.5 where µ < 0.

5.4. Proof of Theorem 2.6. The proof here mirrors that of Theorem 4.4. Case (i) is exactly the
same. For cases (ii) and (iii), it suffices to optimize over the set {ψ1 ⊆ DT : ψ1 ∈ AC0}, with the
rate function being infinite everywhere else. Let ϕ ∈ DT be given such that ϕ = Rθ(w0 + ψ1 + re).
Then ϕ is non-negative with ϕ(0) = w0. By Lemma A.1 in Feng et al. (2025), we further have

ϕ ∈ AC and there exists a y ∈ AC0 such that ϕ̇ + θϕ = ψ̇1 + r + ẏ, ẏ(t) ≥ 0 and ϕ(t)ẏ(t) = 0 a.e.
Then the problem reduces to solving the following convex optimization problem a.e. in time t:

min
ψ̇1(t)∈R

1

2σ2X
ψ̇1(t)

2

s.t. ϕ̇(t) = ψ̇1(t) + r − θϕ(t) + ẏ(t).

On the event {t : ϕ(t) > 0}, we have ẏ(t) = 0 a.e., and then the solution is the same as case (i)

with µ = 0. On {t : ϕ(t) = 0}, again by Feng et al. (2025) Lemma A.1, we also have ϕ̇ = 0 a.e. So

ψ̇1(t) = −(r + ẏ(t)) and the problem is equivalent to solving

min
ẏ(t)∈R

1

2σ2X
(r + ẏ(t))2

s.t. ẏ(t) ≥ 0.

By standard techniques, we see that when r ≥ 0, ẏ(t) = 0 and when r < 0, ẏ(t) = −r. Combining
the above arguments, we obtain the rate function for cases (ii) and (iii).

Appendix A. Proofs for Section 3

First, Lemma 1 in Whitt (1990) provides an alternative system that can be used to bound W̄n.
Specifically, consider the unreflected recursion:{

Ȳ n
i+1 = (Cni )

+Ȳ n
i + 1

n(X
n
i )

+, i ≥ 0,

Ȳ n
0 = W̄n

0 .
(A.1)

Clearly, W̄n
i ≤ Ȳ n

i almost surely. It is beneficial to analyze the second moment of Ȳ n
i , which is the

content of the next lemma.

Lemma A.1. Let Assumption 2.1 hold, W̄n
0 → w0 in L2 as n → ∞, and Ȳ n

i be given by the
recursion (A.1). Then,

sup
n≥0

sup
0≤i≤⌊nT ⌋

E
[
(Ȳ n
i )

2
]
<∞.
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Proof. The assumptions imply that Ȳ n
0 → w0 in L2. Therefore, there exists some κ0 > 0 such that

E[Ȳ n
0 ] < κ0 and E

[
(Ȳ n

0 )2
]
< κ0.

Now denote θ′ := E|Θ0|. Then,

E[(Cn0 )+] ≤ E|Cn0 | ≤ E
[
1 +

|Θ0|
n

]
= 1 +

θ′

n
.

Also observe that (
E[(Xn

0 )
+]
)2 ≤ E[((Xn

0 )
+)2] ≤ E

[
(Xn

0 )
2
]
= σ2X,n + µ2n.

By Assumption 2.1, σ2X,n + µ2n converges as n→ ∞, hence there exists some κ1 > 0 such that

E[(Xn
0 )

+] ≤ κ1 and E
[
((Xn

0 )
+)2
]
≤ κ1.

Then we have the recursive inequality

E[Ȳ n
i+1] = E[(Cni )+]E[Ȳ n

i ] +
1

n
E[(Xn

i )
+] ≤ (1 +

θ′

n
)E[Ȳ n

i ] +
κ1
n
.

Let κ2 := eθ
′T (κ0 + κ1T ). Then by Lemma C.1,

max
0≤i≤⌊nT ⌋

E[Ȳ n
i+1] ≤ eθ

′T
(
E[Ȳ n

0 ] + κ1T
)
≤ κ2.

We can obtain a similar bound for the second moment. Let κ3 := 2|θ|+ σ2Θ + θ2. Then,

E[((Cni )+)2] ≤ E[(Cni )2] = 1− 2θ

n
+
σ2Θ + θ2

n
≤ 1 +

κ3
n
.

Now letting κ4 := 2(1 + θ′)κ1κ2 + κ1, we can obtain another recursive inequality for the second
moment:

E
[
(Ȳ n
i+1)

2
]
= E

[(
(Cni )

+Ȳ n
i +

1

n
(Xn

i )
+

)2
]

= E[((Cni )+)2]E[(Ȳ n
i )

2] +
2

n
E[(Cni )+]E[(Xn

i )
+]E[Ȳ n

i ] +
1

n2
E[([Xn

i ]
+)2]

≤
(
1 +

κ3
n

)
E[(Ȳ n

i )
2] +

1

n

(
2(1 +

θ′

n
)κ1κ2 +

κ1
n

)
≤
(
1 +

κ3
n

)
E[(Ȳ n

i )
2] +

1

n
κ4.

Again by Lemma C.1, we obtain

max
0≤i≤⌊nT ⌋

E
[
(Ȳ n
i+1)

2
]
≤ eκ3T

(
E[(Ȳ n

0 )2] + κ4T
)
≤ eκ3T (κ0 + κ4T ) .

Finally we observe that the above bound does not depend on n and conclude the proof. □

A.1. Proof of Lemma 3.1. For the first statement, observe that

ϵ̄1,n(t) = θ
nt− ⌊nt⌋

n
W̄n

⌊nt⌋,

and hence,

sup
t∈[0,T ]

|ϵ̄1,n(t)| ≤ max
i=1,...,⌊nT ⌋

|θ|
n
W̄n
i .
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Then using the union bound and Chebyshev’s inequality, we have

P

(
sup
t∈[0,T ]

|ϵ̄1,n(t)| > ϵ

)
≤ P

(
max

0≤k≤⌊nT ⌋

|θ|
n
W̄n
k > ϵ

)
≤

⌊nT ⌋∑
k=0

P
(
W̄n
k >

nϵ

|θ|

)
≤

⌊nT ⌋∑
k=0

θ2E[(W̄n
k )

2]

ϵ2n2
.

(A.2)
Since W̄n

i ≤ Ȳ n
i for all i ≥ 0, by Lemma A.1, there exists κ > 0 such that

sup
n≥1

max
0≤k≤⌊nT ⌋

E[(W̄n
k )

2] ≤ κ. (A.3)

Therefore, the expression in (A.2) converges to 0 as n→ ∞. This concludes the proof for the first
statement.

For the second statement, we analyze the partial sums

Sni :=

i∑
m=0

(Θi − θ)W̄n
i .

Define the maximum of the partial sums by

Mn
i := max

0≤m≤i
Snm.

Let 0 ≤ i, j ≤ ⌊nT ⌋, observe that

E|Snj − Sni |2 = E

(
j∑

m=i+1

(Θm − θ) W̄n
m

)2

=
∑

i+1≤m≤j
E (Θm − θ)2 E

(
W̄n
m

)2
+

∑
i+1≤l,m≤j

l ̸=m

E
[
(Θm − θ) (Θl − θ) W̄n

mW̄
n
l

]
=

∑
i+1≤m≤j

E (Θm − θ)2 E
(
W̄n
m

)2
. (A.4)

In (A.4), we use the fact that the expectation of the off-diagonal terms is 0. To see this, we can
assume without loss of generality that m > l. Then observe that Θm is independent of ΘlW̄

n
mW̄

n
l

and Θm − θ has zero expectation.

Define um ≡ u := σ2Θκ ∨ 1. Then, by (A.3) and (A.4), we have

E|Snj − Sni |2 ≤
∑

i+1≤m≤j
σ2Θκ ≤

 ∑
i+1≤m≤j

um

3/2

Using Markov’s inequality, the conditions of Theorem 10.2 in Billingsley (1999) are satisfied with
α = 3/4 and β = 1/2. Therefore, there exists some K ′ > 0 such that

P

(
sup
t∈[0,T ]

∣∣ϵn,2(t)∣∣ > ϵ

)
= P

(
Mn

⌊nT ⌋ ≥ nϵ
)
≤ K ′

(nT )2ϵ2
(nTu)3/2.

The above expression converges to 0 as n→ ∞ and we conclude the proof.
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Appendix B. Diffusion Approximation

Similar to the MDP setting, we once again limit ourselves to the cases under which the fluid limit
W̄ has a stable fixed point and establish functional central limit theorems (FCLTs) for processes
of the form

Ŵn(t) =
√
n
(
W̄n(t)− W̄ ∗) , t ∈ [0, T ], (B.1)

with W̄ ∗ being the stable fixed points identified in Table 1. Although the developments in this
section are not necessary for analyzing moderate deviations, we include them here to illustrate how
proofs for MDP and FCLT are related. Further, the results in this section extend those of Whitt
(1990), which focused on deriving normal approximations for the stationary distribution and did
not provide an explicit diffusion limit. However, by analyzing (B.1), we show that this can be
achieved in the present setting.

First, we shall make several additional assumptions.

Assumption B.1 (FCLT Assumptions).

(i) Ŵn(0) ⇒ Ŵ0, where Ŵ0 is some proper random variable.
(ii)

√
n(µn − µ) → η for some η ∈ R.

Remark B.2. Assumption B.1 (ii) specifies the rate at which the system reaches some nominal
load regime. When µ = 0, it can be associated with the heavy traffic condition for single server
queues. To see this, note

√
nµn =

√
n(ESn

0 − EAn0 ) =
√
n(ρn − 1)EAn0 .

Suppose EAn0 → 1/λ. Then,
√
nµn → η if and only if

√
n(ρn − 1) → ηλ, as n→ ∞.

Similar to (5.1), the first step is to approximate (B.1) by a linear stochastic differential equation
driven by two centered random walks, along with several asymptotically negligible terms:

Ŵn(t) = Ŵn(0) +
1√
n

⌊nt⌋−1∑
i=0

(Xn
i − µn) +

1√
n

⌊nt⌋−1∑
i=0

(θ −Θn
i )W̄

∗ −
∫ t

0
θŴn(s)ds

+
√
n (µn − µ) t+

√
n
(
µ− θW̄ ∗) t+ ϵ̂1,n(t) + ϵ̂2,n(t) + ϵ̂3,n(t) +

1√
n
Ln⌊nt⌋−1,

where the error terms are

ϵ̂1,n(t) = θ

∫ t

0
Ŵn(s)ds− 1

n

⌊nt⌋−1∑
i=0

Ŵn
i

 ,

ϵ̂2,n(t) =
1√
n

⌊nt⌋−1∑
i=0

(θ −Θn
i )
(
W̄n
i − W̄ ∗) ,

ϵ̂3,n(t) =
⌊nt⌋ − nt√

n

(
µn − θW̄ ∗) .

Here are the FCLT results under various parameter settings.

Theorem B.3. Let Ŵn be defined as in (B.1) and B be a standard Brownian motion, then under
Assumptions 2.1 and B.1, we have the following:
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(i) if µ > 0, θ > 0 and W̄ ∗ = µ/θ, then

Ŵn ⇒ Ŵ := Mθ

(
Ŵ0 + ηe+

√
σ2X +

µ2

θ2
σ2Θ B

)
;

(ii) if µ = 0, θ ≥ 0 and W̄ ∗ = 0, then

Ŵn ⇒ Ŵ := Rθ(Ŵ0 + ηe+ σXB);

(iii) if µ < 0 and W̄ ∗ = 0, then

Ŵn ⇒ 0.

Remark B.4.
(a) Theorem B.3 (i) corresponds to Theorem 3 in Whitt (1990). The limiting process here is

an OU process with stationary distribution N (m,σ2) where

m =
η

θ
, σ2 =

σ2X
2θ

+
µ2σ2Θ
2θ3

.

Compared to Whitt’s result, we have the same variance, but the mean in his paper is 0. This
is because Whitt assumed EXn

0 = µ, however, as we assumed it to be µn in Assumption
2.1(iii) and imposed the condition on the rate of convergence in Assumption B.1.

(b) In Theorem B.3 (ii), the limiting process is a reflected OU process when θ > 0 and a
reflected Brownian motion when θ = 0. We mention that in order for the limiting diffusion
process to have a stationary distribution, we need η < 0 when θ = 0.

Before giving the proof of Theorem B.3, we first prove a lemma on the error terms.

Lemma B.5. Under Assumptions 2.1 and B.1, the processes ϵ̂1,n, ϵ̂2,n and ϵ̂3,n converge to 0 in
probability in DT as n→ ∞.

Proof. Let ϵ > 0. Similar to the proof of Lemma 3.1, we have∥∥ϵ̂1,n∥∥∗
T
≤

⌊nt⌋
max
i=1

∣∣∣∣ θnŴn
i

∣∣∣∣ = ⌊nt⌋
max
i=1

∣∣∣∣ θ√nW̄n
i − 1√

n
W̄ ∗
∣∣∣∣ ≤ |θ|√

n

⌊nt⌋
max
i=1

W̄n
i +

1√
n
W̄ ∗.

Then for n large enough such that n−1/2W̄ ∗ < ϵ/2, we have that

P
(∥∥ϵ̂1,n∥∥∗

T
> ϵ
)
≤ P

(
⌊nt⌋
max
i=1

W̄n
i >

√
n

ϵ

2 |θ|

)
= P

(∥∥W̄n
∥∥∗
T
>

√
n

ϵ

2 |θ|

)
.

From Theorem 3.2, the convergence of the fluid-scaled process W̄n implies that the sequence forms
a tight family. Consequently, the probability on the right-hand side can be made arbitrarily small
by taking n sufficiently large. It follows that ϵ̂1,n converges to zero in probability.

To handle ϵ̂2,n, we once again appeal to the fluid limit results. Let ϵ > 0, η > 0 and consider
the event

Γn =
{
∥W̄n − W̄ ∗∥T ≤ η

}
.

We first bound the probability of the event {∥ϵ̂2,n∥T > ϵ} by splitting it into two cases using Γn:

P
(
∥ϵ̂2,n∥T > ϵ

)
≤ P

(
{∥ϵ̂2,n∥T > ϵ} ∩ Γn

)
+ P

(
∥W̄n − W̄ ∗∥T > η

)
. (B.2)

As n → ∞, the second term vanishes by Theorem 3.2. Therefore, it suffices to estimate the first
term. First let Γni = {|W̄n

i − W̄ ∗| ≤ η} and observe the following equivalence of events:

{∥ϵ̂2,n∥T > ϵ} ∩ Γ =

 sup
t∈[0,T ]

∣∣∣∣∣∣
⌊nt⌋−1∑
i=0

(θ −Θi)(W̄
n
i − W̄ ∗)1Γn

i

∣∣∣∣∣∣ > √
nϵ

 ∩ Γn



29

=

 sup
t∈[0,T ]

⌊nt⌋−1∑
i=0

(θ −Θi)(W̄
n
i − W̄ ∗)1Γn

i

2

> nϵ2

 ∩ Γn . (B.3)

For k ≥ 0, let us denote Znk =
∑k

i=0(θ −Θi)(W̄
n
i − W̄ ∗)1Γn

i
. It is easy to check that {(Znk )2}k is a

{Fn
k }-submartingale. Then by Doob’s martingale inequality,

P
(
{∥ϵ̂2,n∥T > ϵ} ∩ Γn

)
≤ P

(
max

0≤k≤⌊nT ⌋−1
(Znk )

2 > nϵ2
)

≤ 1

nϵ2
E
[
(Zn⌊nT ⌋−1)

2
]
. (B.4)

By expanding the squares and using the fact that the cross terms have zero expectation (see (A.4)),

E
[
(Zn⌊nT ⌋−1)

2
]
=

⌊nT ⌋−1∑
i=0

E
[
(θ −Θi)

2
(
W̄n
i − W̄

)2
1Γn

i

]
+

∑
0≤i,j≤⌊nT ⌋−1

i ̸=j

E
[
(θ −Θi)(θ −Θj)

(
W̄n
i − W̄

)(
W̄n
j − W̄

)
1Γn

i
1Γn

j

]
≤ nTσ2Θη

2.

(B.5)

Therefore, combining (B.4), (B.2), (B.4) and (B.5), we have

lim
n→∞

P
(
∥ϵ̂2,n∥T > ϵ

)
≤
Tσ2Θη

2

ϵ2
.

Since η > 0 is arbitrary, letting η → 0 implies that ϵ̂2,n → 0 u.o.c. in probability.

Finally, the convergence of ϵ̂3,n simply uses the assumption that µn → µ. This concludes the
proof. □

Now we are ready to prove the FCLT results.

Proof of Theorem B.3. We shall examine the convergence for each of the terms in (B.2), and then

use the continuous mapping theorem to obtain the limit for Ŵn. We already have weak convergence
of the initial condition by Assumption B.1 and weak convergence of the error terms by Lemma B.5.
By Donsker’s theorem (see for example Billingsley (1999) Section II.8), we have

1√
n

⌊nt⌋−1∑
i=0

(Xn
i − µn) +

1√
n

⌊nt⌋−1∑
i=0

(θ −Θi)W̄
∗ ⇒

(
σX + W̄ ∗σΘ

)
B. (B.6)

So we group these terms and denote

Φn(t) = Ŵn(0)+
1√
n

⌊nt⌋−1∑
i=0

(Xn
i − µn)+

1√
n

⌊nt⌋−1∑
i=0

(θ−Θn
i )W̄

∗+
√
n (µn − µ) t+ϵ̂1,n(t)+ϵ̂2,n(t)+ϵ̂3,n(t).

The continuous mapping theorem implies that

Φn ⇒ Ŵ0 + ηe+
√
σ2X + (W̄ ∗)2σ2Θ B. (B.7)

We write (B.2) more compactly as

Ŵn(t) = Φn(t)−
∫ t

0
θŴn(s)ds+

√
n
(
µ− θW̄ ∗) t+ 1√

n
Ln⌊nt⌋−1, (B.8)

Now we analyze the behavior of the leftover terms in each of the three cases.
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Case i: Suppose µ > 0, θ > 0 with W̄ ∗ = µ/θ. On the event {∥W̄n − W̄ ∗∥T < µ
2θ}, it must be

that L̄n ≡ 0. Hence,

P
(∥∥∥n1/2L̄n∥∥∥

T
> ϵ
)

≤ P
(∥∥∥n1/2L̄n∥∥∥

T
> ϵ,

∥∥W̄n − W̄ ∗∥∥
T
<

µ

2θ

)
+ P

(∥∥W̄n − W̄ ∗∥∥
T
≥ µ

2θ

)
= P

(∥∥W̄n − W̄ ∗∥∥
T
≥ µ

2θ

)
.

Using Theorem 3.2, the above probability goes to 0 as n→ ∞. Therefore we conclude

n−1/2Ln ⇒ 0 as n→ ∞. (B.9)

Using the mapping Mθ : DT → DT , (B.8) simplifies to

Ŵn(t) = Mθ

(
Φn(t) +

1√
n
Ln⌊nt⌋−1

)
.

Since Mθ is Lipschitz continuous, we use (B.9) and apply the continuous mapping theorem to
conclude the proof for case 1.

For the rest of the cases, the stability point W̄ ∗ = 0. From Remark B.2, we know that W̄ ≡ 0.
Define the process L̂n by

L̂n(t) =
1√
n
Ln⌊nt⌋−1, t ≥ 0.

By the same arguments for (3.2) applied to (B.8), we have

(Ŵn, L̂n) = (Rθ,R′
θ)

(
Φn +

√
nµt

)
. (B.10)

Case ii: Let µ = 0, θ ≥ 0 and W̄ ∗ = 0. Assumptions B.1, (B.7), (B.10) and the continuous
mapping theorem give the desired result.

Case iii (a): Now suppose µ < 0 with W̄ ∗ = 0 and θ ≥ 0. Let cn =
√
nµ, then by assumption,

cn → −∞ as n→ ∞. Then we can write (B.8) as

Ŵn(t) = Φn(t)−
∫ t

0
θŴn(s)ds+ cnt+ L̂n(t).

Let τn(t) = sup{s : Ŵn(s) = 0, s ≤ t}. Then, we have

0 ≤ Ŵn(t) = Ŵn(t)− Ŵn(τn(t)−)

= Φn(t)− Φn(τn(t)−)−
∫ t

τn(t)
θŴn(s)ds+ cn(t− τn(t))

≤ Φn(t)− Φn(τn(t)−) + cn(t− τn(t)). (B.11)

By (B.7), the limit of Φn is in CT . Then the exact same proof for Lemma 6.4 (ii) in Chen and Yao
(2001) applies and we can obtain τn(t) → t u.o.c. as n → ∞. Furthermore, since cn < 0, we have

0 ≤ Ŵn(t) < Φn(t)− Φn(τn(t)−), which implies Ŵn ⇒ 0.

Case iii (b): Now suppose µ < 0 with W̄ ∗ = 0 and θ < 0. The main idea is to bound the
system by another reflected queue without state dependence. Take ϵ > 0 so that µ − θϵ < 0. By
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Theorem 3.2, the probability of the event {∥W̄n∥T ≥ ϵ} is asymptotically negligible, so we can
restrict our consideration to the event {∥W̄n∥T < ϵ}. In this case, we have

Φn(t) +
√
nµt+

∫ t

0
(−θ)Ŵn(s)ds

≤ Φn(t) +
√
nµt+

∫ t

0
(−θ)Ŵn(s)ds+

∫ t

0
(−θ)

√
n
(
ϵ− W̄n(s)

)
ds

= Φn(t) +
√
n(µ− θϵ)t. (B.12)

If we let x ≡ Φn + cne, and M[x] = u be the solution to the integral equation u(t) = x(t) −∫ t
0 θR(u)(s)ds, then by (B.10) and (C.4), we have

Ŵn = Rθ (x) = RM[x] = R
(
x−

∫ ·

0
θRM[x](s)ds

)
= R

(
x−

∫ ·

0
θŴn(s)ds

)
.

By (B.12) and Lemma C.5, we can obtain the bound

0 ≤ Ŵn = Rθ (Φ
n + cne) ≤ R

(
Φn +

√
n (µ− θϵ) e

)
.

By Lemma 6.4 (ii) in Chen and Yao (2001), the reflected system R (Φn +
√
n (µ− θϵ) e) ⇒ 0, and

therefore

Rθ (Φ
n + cne) ⇒ 0.

This concludes the proof. □

Appendix C. Background and Useful Facts

C.1. Miscellaneous Facts.

Lemma C.1 (Discrete Gronwall’s lemma). Consider a real sequence {uk, k ≥ 0} that satisfies

uk+1 ≤ (1 + α)uk + bk, ∀k ≥ 0,

where α ≥ 0 and bk ≥ 0 for all k ≥ 0. Then

uk ≤ ekαu0 + ekα
k−1∑
j=0

bj .

Proof. This is straightforward by expanding the recursion and observing (1 + α)k ≤ ekα. □

Here is a functional weak law of large numbers (FWLLN) for partial sums of triangular arrays
that is sufficient for our purpose.

Lemma C.2 (FWLLN). For each n ∈ N, let the random variables Xn,1, . . . , Xn,n be i.i.d. with
EXn,1 = µn and Var(Xn,1) = σ2n such that limn→∞ µn = µ ∈ R and supn∈N σ

2
n < ∞. Consider a

process defined by the partial sum

Sn(t) =
1

n

⌊nt⌋∑
i=1

Xn,i, t ∈ [0, 1].

Then Sn → µe u.o.c. in probability.
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Proof. We have

sup
t∈[0,1]

|Sn(t)− µt| ≤ 1

n
max
1≤k≤n

|
k∑
i=1

(Xn,i − µn)|+ sup
t∈[0,1]

|µnt− µt|.

Then for ϵ > 0,

P

(
sup
t∈[0,1]

|Sn(t)− µt| ≥ ϵ

)
≤ P

(
max
1≤k≤n

∣∣∣∣∣
k∑
i=1

(Xn,i − µn)

∣∣∣∣∣ ≥ ϵn

2

)
+ P

(
sup
t∈[0,1]

|µnt− µt| ≥ ϵ

2

)
.

By Kolmogorov’s maximal inequality, as n→ ∞,

P

(
max
1≤k≤n

∣∣∣∣∣
k∑
i=1

(Xn,i − µn)

∣∣∣∣∣ ≥ ϵn

2

)
≤

4Var(
∑n

i=1 Yn,i)

ϵ2n2
=

4σ2n
ϵ2n

→ 0.

Also, we assumed µn → µ, therefore

lim
n→∞

P

(
sup
t∈[0,1]

|Sn(t)− µt| ≥ ϵ

)
= 0.

This completes the proof. □

Remark C.3. We frequently use several facts in the proofs, and we collect them here for clarity.

(a) Note that for any x, y ∈ R, log(x+ y) ≤ log(2)+log(x ∨ y). Also, we have from real analysis
that for any sequences {xn, n ∈ N}, {yn, n ∈ N} and {an, n ∈ N},

lim sup
n→∞

1

an
log(xn ∨ yn) ≤

(
lim sup
n→∞

1

an
log xn

)
∨
(
lim sup
n→∞

1

an
log yn

)
.

Then it follows that if an → ∞ as n→ ∞,

lim sup
n→∞

1

an
log(xn + yn) ≤ lim sup

n→∞

log(2)

an
+

(
lim sup
n→∞

1

an
log xn

)
∨
(
lim sup
n→∞

1

an
log yn

)
=

(
lim sup
n→∞

1

an
log xn

)
∨
(
lim sup
n→∞

1

an
log yn

)
. (C.1)

(b) Sometimes, we use a symmetry argument which relies on the following fact. Let x ≡
{x(t), t ∈ [0, T ]} be a process in DT . Then, for any δ > 0,

P
(

sup
t∈[0,T ]

|x(t)| > δ
)
≤ P

({
sup
t∈[0,T ]

x(t) > δ
}
∪
{

sup
t∈[0,T ]

−x(t) > δ
})

≤ P
(

sup
t∈[0,T ]

x(t) > δ

)
+ P

(
sup
t∈[0,T ]

−x(t) > δ

)
. (C.2)

C.2. The Contraction Principle and Continuous Maps. In this paper, we prove the MDP
results using the contraction principle. Here is a precise statement:

Theorem C.4 (Contraction Principle). Let f : DT → DT be continuous and suppose the family
{xn}n∈N satisfies an LDP in DT with rate an and rate function I, then {f(Xn), n ≥ 1} satisfies
an LDP with rate an and rate function

I ′(y) = inf
x:f(x)=y

I(x). (C.3)
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We mention that the continuity of f can be relaxed to having f continuous on the set where the
rate function I is finite. This is sometimes referred to as the extended contraction principle. See
Ganesh et al. (2004) Theorem 4.6 or Puhalskii and Whitt (1997) Section 3 for details.

Next, we provide details on several continuous maps on space DT . Let x ∈ DT with x(0) ≥ 0
and θ ∈ R.

(a) We use (R,R′)(x) ≡ (z, l) to denote the conventional Skorokhod reflection mapping of x.
The properties of this mapping is well known, see Section 6.2 in Chen and Yao (2001) for
details. We mention that it is Lipschitz continuous and can be explicitly expressed as

l(t) = sup
0≤s≤t

[−x(s)]+,

z(t) = x(t) + sup
0≤s≤t

[−x(s)]+.

(b) We use Mθ(x) ≡ u to denote the solution to the integral equation

u(t) = x(t)−
∫ t

0
θu(s)ds.

Lemma 1 in Reed and Ward (2004) shows that the solution to such an integral equation
exists and is unique, hence Mθ is a well defined map from DT to DT . It also shows that
Mθ is Lipschitz continuous.

(c) We use (Rθ,R′
θ)(x) ≡ (z, l) to denote the one-dimensional linearly generalized reflection

mapping of x. Specifically, for all t ∈ [0, T ], we have

z(t) = x(t)−
∫ t

0
θz(s)ds+ l(t) ≥ 0,

with l being nondecreasing, l(0) = 0, and z(t)dl(t) = 0 for all t ∈ [0, T ]. The multi-
dimensional version of this mapping is analyzed in the Appendix of Reed and Ward (2004).
Here we mention that it has the representation:

(Rθ,R′
θ)(x) = (R,R′)(M(x)), (C.4)

with M(x) = u being the solution to the integral equation

u(t) = x(t)−
∫ t

0
θR(u)(s)ds. (C.5)

It is shown in the appendix of Reed and Ward (2004) that the map M : DT → DT is well
defined and Lipschitz continuous in the uniform topology. Due to (C.4), it is immediate that
the mappings Rθ and R′

θ are Lipschitz continuous. Finally, we note (R0,R′
0) ≡ (R,R′).

Here is a comparison result for the conventional Skorokhod mapping.

Lemma C.5. Let x, y ∈ D. Suppose y is a positive, nondecreasing process and let

(z, l) = (R,R′)(x+ y),

(z′, l′) = (R,R′)(x).

Then z ≥ z′ for all t ≥ 0.

Proof. Let s ≥ 0. By breaking down each case, it is straightforward to see that

y(s) + [−x(s)− y(s)]+ ≥ [−x(s)]+.
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Then using the fact that y is nondecreasing, we have

z(t) = x(t) + y(t) + l(t) = x(t) + y(t) + sup
s≤t

[−x(s)− y(s)]+

≥ x(t) + sup
s≤t

(
y(s) + [−x(s)− y(s)]+

)
≥ x(t) + sup

s≤t
[−x(s)]+ = x(t) + l(t) = z′(t).

This concludes the proof. □

C.3. Exponential Tightness. Recall that for any x ∈ CT and δ ∈ [0, T ], we define the modulus
of continuity as

w(x, δ) ≡ sup
|s−t|<δ

|x(s)− x(t)|,

which is used to prove tightness in CT . For a function x = {x(t), t ≥ 0} ∈ DT , let

wx[s, t) ≡ sup
s≤u,v<t

|x(u)− x(v)|, s < t, (C.6)

and then, for T > 0, δ > 0, define the following notion of “modulus of continuity”:

w′
T (x, δ) ≡ inf

{tj}
max
0<j≤k

wx[tj−1, tj), (C.7)

where {tj}j=0,1,...,k are finite partitions of [0, T ] such that tj − tj−1 > δ, for all j = 1, . . . , k.

We restate the following necessary and sufficient condition from Puhalskii (1991) Theorem 4.2
for exponential tightness of probability measures in space DT with Skorokhod J1 topology.

Theorem C.6. A family of processes (xn)n∈N on (DT , J1) is exponentially tight with rate an if and
only if:

(i) We have

lim
A→∞

lim sup
n→∞

1

an
logP

(
sup

0≤t≤T
|xn(t)| ≥ A

)
= −∞. (C.8)

(ii) For any η > 0,

lim
δ→0

lim sup
n→∞

1

an
logP (w′

T (xn, δ) ≥ η) = −∞. (C.9)

We use the following lemma to check C-exponential tightness. This is a special case of Theorem
A.3 in Puhalskii (2025).

Theorem C.7. A family of processes {xn}n∈N on DT is C-exponentially tight with rate an if

(i) For every t ∈ [0, T ], the family of random variables {xn(t)}n∈N is exponentially tight with
rate an. That is, for all α > 0, there exists some Kα > 0 such that

lim sup
n→∞

1

an
logP (|xn(t)| > Kα) < −α.

(ii) For every ϵ > 0, we have

lim
δ→0

lim sup
n→∞

sup
t∈[0,T ]

1

an
logP

(
sup
s∈[0,δ]

|xn(t+ s)− x(t)| > ϵ

)
= −∞.

The next lemma says that exponential tightness is preserved under continuous maps.
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Lemma C.8. Let X ,X ′ be Polish spaces and the map h : X → X ′ be continuous. Suppose that the
family of random elements {xn, n ∈ N} is exponentially tight in X with rate an. Then the family
{h(xn), n ∈ N} is exponentially tight in X ′ with rate an.

Proof. For Polish spaces, by Theorem (P) in Puhalskii (1991), exponential tightness is equivalent
to partial LDP. That is, for each subsequence {n′} of {n}, there exists a further subsequence {n′′}
of {n′} such that the family {xn′′} obeys an LDP. By the contraction principle, {h(xn′′)} also obeys
an LDP, therefore {h(xn)} is exponentially tight. □

C.4. Super-exponential Convergence in Probability. A detailed study can be found in Puhal-
skii and Whitt (1997). We first state a useful result taken from that reference, which is a char-
acterization of super-exponential convergence in probability when the limit is deterministic and
continuous.

Lemma C.9. Let x0 ≡ (x0(t), t ≥ 0) be continuous. Then Xn
P 1/an

−→ x0 if and only if

lim sup
n→∞

1

an
logP

(
sup
t∈[0,T ]

|Xn(t)− x0(t)| > ϵ

)
= −∞, (C.10)

for all ϵ > 0, T > 0.

The next lemma is a weaker version of Lemma 4.2 (b) in Puhalskii and Whitt (1997).

Lemma C.10. Let {cn, n ≥ 1} be a sequence such that cn → ∞ and {xn, n ≥ 1} be a family of
processes on DT . Suppose {cnxn, n ≥ 1} is exponentially tight on DT with rate an. Then,

xn
P 1/an

−→ 0.

Proof. Let α > 0. By the characterization of exponential tightness in Theorem C.6, we can find
Kα such that

lim sup
n→∞

1

an
logP (∥cnxn∥T > Kα) < −α.

Now let ϵ > 0. Since cn → ∞, we can find n0 such that ϵ > Kα/cn0 . Then for all n > n0,

P (∥xn∥T > ϵ) ≤ P (cn0∥xn∥T > Kα) ≤ P (∥cnxn∥T > Kα) .

Therefore,

lim sup
n→∞

1

an
logP (∥xn∥T > ϵ) ≤ lim sup

n→∞

1

an
logP (∥cnxn∥T > Kα) < −α.

Since α is taken arbitrarily, we can take α→ ∞ and conclude the proof. □

The following result can be seen as an analog of the random time-change theorem in Chen and
Yao (2001) Theorem 5.3. It describes when a process is exponentially equivalent to itself after
performing a random time-change. For a proof, see Feng et al. (2025) Theorem A.4.

Theorem C.11 (Random time-change). Suppose that the processes {yn, n ∈ N} ⊂ DT satisfy

yn
P 1/an

−→ e and the family of processes {Xn, n ∈ N} ⊂ DT is C-exponentially tight with rate an,
then

Xn −Xn ◦ yn P 1/an

−→ 0.
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The next lemma deals with the conventional Skorokhod mapping when the input process has a
negative drift component that goes to infinity.

Lemma C.12. Suppose that the family {xn, n ∈ N} is C-exponentially tight with rate an. Further,
let cn be a sequence such that limn→∞ cn = −∞. Then

R(xn + cne)
P 1/an

−→ 0.

Proof. This is basically an adaptation of the proof for Lemma 6.4 (ii) in Chen and Yao (2001). Let
zn = R(xn). For each t ∈ [0, T ], zn(t) = xn(t) + cnt + y(t) with yn = R′(xn + cne). Consider the
stopping time

τn(t) = sup{s ∈ [0, t] : xn(s) = 0}.
Then we have

0 ≤ zn(t) = zn(t)− zn(τn(t)−) = xn(t)− xn(τn(t)−) + cn(t− τn(t)). (C.11)

Since cn → −∞, for n large enough, cn < 0 and

0 ≤ t− τn(t) ≤
1

−cn
(xn(t)− xn(τn(t)−)) .

This implies

∥e− τn∥T ≤ 2

−cn
∥xn∥T .

Since xn is C-exponentially tight with rate an, Theorem C.6 yields that for any α > 0, there exists
Kα > 0 such that

lim sup
n→∞

1

an
logP (∥xn∥ > Kα) < −α.

Then letting ϵ > 0, and n be large enough so that cn < 0 and −cnϵ/2 > Kα, we have

1

an
logP (∥e− τn∥T > ϵ) ≤ 1

an
logP

(
∥xn∥T >

−cnϵ
2

)
≤ 1

an
logP (∥xn∥T > Kα) .

This implies

lim sup
n→∞

1

an
logP (∥e− τn∥T > ϵ) < −α.

Since α is arbitrary, we can take α to infinity and use Lemma C.9 to conclude

τn
P 1/an

−→ e.

Then immediately, Theorem C.11 implies

xn − xn ◦ τn
P 1/an

−→ 0. (C.12)

Back to (C.11), for n large, we also have for all t ∈ [0, T ],

0 ≤ zn(t) ≤ xn(t)− xn(τn(t)−).

Then for arbitrary ϵ > 0,

P

(
sup
t∈[0,T ]

zn(t) > ϵ

)
≤ P

(
sup
t∈[0,T ]

xn(t)− xn(τn(t)−) > ϵ

)

≤ P

(
sup
t∈[0,T ]

|xn(t)− xn(τn(t))|+ |xn(τn(t))− xn(τn(t)−)| > ϵ

)

≤ P

(
∥xn − xn ◦ τn∥T + sup

t∈[0,T ]
|xn(t)− xn(t−)| > ϵ

)



37

≤ P
(
∥xn − xn ◦ τn∥T >

ϵ

2

)
+ P

(
sup
t∈[0,T ]

|xn(t)− xn(t−)| > ϵ

2

)
.

Therefore, by (C.12), C-exponential tightness of xn and Remark C.3, we obtain

lim sup
n→∞

1

an
logP (∥zn∥T > ϵ) = −∞.

This concludes the proof. □
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