Sample Path Moderate Deviation Principle for Queues with
waiting-time dependent interarrival and service times
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ABSTRACT. We consider a single-server queue where interarrival and service times depend linearly
and randomly on customer waiting times, and establish a sample-path moderate deviation principle
(MDP) for the waiting time process. The waiting times for the queue can be written as a modified
Lindley recursion with a random weight coefficient. Under a natural scaling of the random coef-
ficients, we analyze the fluid behavior of the workload process and derive the stable equilibrium
point, which can be zero or a positive value. The moderate-deviation-scaled process is centered
around the stable equilibrium point and then represented as a linear stochastic differential equation
driven by two random walks together with additional asymptotically negligible error terms and
possibly a reflection at zero. The rate functions of MDPs in the two scenarios can be characterized
explicitly, and they differ in that the case with zero centering term involves the linearly general-
ized Skorokhod reflection mapping while the case with positive centering term does not (similar
to the corresponding diffusion limits). Our analysis involves the MDP for the associated linearly
recursive Markov chains, invoking a perturbation of two independent random walks, and employing
martingale techniques to prove the asymptotically exponentially vanishing error terms.

1. INTRODUCTION

In real-life queueing systems, both arrival processes and service times often depend on sys-
tem congestion or delay. For example, empirical studies show that overcrowded emergency rooms
(ERs) lose a portion of patients due to balking (Green et al., 2006). Similarly, when intensive
care units (ICUs) are overloaded, physicians may accelerate patient throughput by transferring
less severe cases to transitional care units or general wards (Chan et al., 2014). Comparable
workload-dependent behaviors also arise in biology, manufacturing, inventory management, com-
puter networks, and insurance applications.

In this paper, we focus on one such type of workload-dependency structure introduced by Whitt
(1990), where the interarrival and service times depend linearly and randomly upon the customer
waiting times. In this case, the waiting time of customers can be expressed through the Lindley-type
stochastic recursion:

Wi+1 = (CJ/Vl + XZ')+, 1 € Np, (1.1)
where we can interpret X; as the nominal increment variable and C; as the variable due to the linear
dependence mentioned above (see Section 2.1 for the precise definition). Our goal is to consider a
sequence of such queues (indexed by n) and establish a sample-path moderate deviation principle
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(MDP) under various parameter regimes. Although we are motivated by queueing applications,
the process defined through (1.1) can be regarded more generally as a reflected AR(1) process with
random coefficients. Thus, the results in this paper are widely applicable to many other areas of
engineering and statistics.

Most of the research on (1.1) so far has focused on analyzing its transient and steady-state
distributions using transform methods. Boxma and Vlasiou (2007) studied the case where C; is a
Bernoulli-type random variable taking the values +1. In this case, a large deviation result is also
proved in Vlasiou and Palmowski (2014) for the tail probabilities of the steady-state distribution.
Boxma et al. (2016) studied the reflected AR(1) process, which is the case when Cj is deterministic.
More recently, Boxma et al. (2021); Huang (2023); Dimitriou and Fiems (2024) studied various
cases in which C; takes on more general or more sophisticated forms.

There are very limited results on approximations and limiting theorems for (1.1), at least at the
sample-path level. Whitt (1990) built on previous results of Vervaat (1979) and proved a functional
central limit theorem (FCLT). However, the limiting diffusion process has a rather complicated form
and was not given explicitly. Boxma et al. (2016) proved an FCLT result for the reflected AR(1)
process, in which the limiting diffusion there turned out to be a reflected Ornstein-Uhlenbeck(OU)
process. Recently, several sample-path large deviation principle (LDP) results have been established
for models related to (1.1). Bazhba et al. (2025) proved a sample-path LDP with sublinear rates
for the conventional Lindley recursion (corresponding to C; = 1). Chen et al. (2024) proved a
sample-path LDP for the affine recursion W;;11 = C;W,; + X; when the stationary distribution of
W; has heavy tails. To our knowledge, our paper is the first to analyze a sample-path MDP for
stochastic models governed by (1.1).

To gain analytical tractability, we make several key modeling choices. To establish an MDP or
FCLT, the process needs to be centered around its functional law of large numbers (FLLN, or fluid)
limit WW. We show that the fluid limit takes on a complicated form of an exponentially decaying
(or growing) function. We shall restrict ourselves to the cases where the fluid limit is stable, and
prove the MDP results for the moderate-deviation-scaled (MD-scaled) workload processes of the

form
1

b/
where b, is some scaling sequence satisfying the conditions in (2.7) and W* is the stable fixed
point of the fluid limit. In our analysis of the fluid limit’s behavior, W* could be either 0, or
a positive value. This leads to different rate functions for the MDP. When W* = 0, due to the
non-negativity of W, the rate function involves optimization over paths that are regulated by a
linearly generalized Skorokhod reflection mapping. However, for W* > 0, the limiting path for
(1.2) does not need to be regulated. This suggests that the behavior of (1.2) in the limit should be
unaffected if the positive part operator in (1.1) is removed.

W™ (t) (Wl —nW™), >0, (1.2)

This provides motivation to establish an MDP for a linearly recursive Markov chain V™ that
satisfies the stochastic recursion

with V' being a random variable. Here, we make another key modeling assumption by letting
1
Ci'=1-— Egi’ (1.4)

where {0; };en, is a fixed sequence of i.i.d. random variables. This type of scaling was used in Boxma
et al. (2016) to establish an FCLT for the reflected AR(1) process, with ©; being deterministic.
Also, the model defined by (1.3) and (1.4) is a special case of that studied by Dupuis and Johnson
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(2015), whose model also allows for certain types of nonlinear recursions. They proved the MDP
following a weak convergence approach using variational formulas. However, their method cannot
be directly modified to prove the MDP for (1.2). We instead develop an alternative and more direct
approach by establishing the MDP for the finite-dimensional distributions (this step is implicit in
the MDP for random walks given in Theorem 2.4) and exponential tightness, together with an
application of the contraction principle. This involves representing the MD-scaled process yn
as a linear stochastic differential equation (SDE) driven by two independent random walks with
several asymptotically negligible error terms, see equation (4.4). The main technical difficulty is
showing that the error terms, including a random walk with random coefficients, are exponentially
equivalent to the zero process in space Dp. To tackle this, we devise a sequence of arguments,
which proceed in the order of Lemmas 4.5, 4.6, Theorem 4.7, Corollary 4.8 and Lemma 4.9. The
proofs involve developing exponential bounds, showing exponential equivalence of various processes
and utilizing martingale techniques, while relying upon characterizations of exponential tightness
and exponential equivalence in Dy given in Appendix C.3 and C.4. See for example the proof of
Lemma 4.6.

Next, we adapt the aforementioned approach to establish the MDP for W™ defined in (1.2). The
process W™ can also be represented as a linear SDE given by (5.1). However, compared to (4.4),

this representation includes an additional term L" arising from reflection at the origin. The first
step is to establish an exponential stochastic boundedness property for the fluid-scaled process W",
stated in Lemma 5.2, which corresponds to Lemma 4.5 from the earlier analysis. This is achieved
by bounding W" using two linearly recursive Markov chains, defined in (1.3), under different initial
conditions. The previous arguments then apply directly to show that the error terms in (5.1)
are exponentially equivalent to the zero process. We next analyze the additional term E”, which
serves as the regulator process in the linearly generalized Skorokhod mapping when W* = 0, and
is exponentially equivalent to zero when W* # 0. Finally, applying the contraction principle yields
the MDP, from which the rate functions can be derived explicitly.

We remark that a representation similar to (5.1) can be constructed for the diffusion-scaled
wait-time or workload processes (with the same centering term as the MDP), which enables us to
prove the FCLT results, with the diffusion limit being either an OU process in the case of a positive
centering term or a reflected OU process in the case of zero centering. We provide the proofs for
these results in Appendix B, which complement the studies in Whitt (1990); Boxma et al. (2016).

Our work contributes to the limited literature on moderate deviations in queueing theory. For
general overviews of MDPs for traffic processes and their connections to large deviations and central
limit theorems, see Wischik (2001); Ganesh et al. (2004); Shwartz and Weiss (1995). Sample-path
MDPs have been established in several settings: GI/GI/1 queues (Puhalskii, 1999), cumulative fluid
processes with many exponential on—off sources (Majewski, 2007), workload processes in stochastic
fluid queues with long-range dependent input (Chang et al., 1999), infinite-server queues with time-
varying service times modeled via shot-noise processes (Anugu and Pang, 2024a), GI/GI/N queues
in the near Halfin—-Whitt regime (Puhalskii, 2025), and GI/GI/14GI queues (Feng et al., 2025).

We also highlight several other closely related areas of the literature. One is the analysis of
workload-dependent queues; see, for example, Harris (1967); Callahan (1973); Brill (1988); Browne
and Sigman (1992); Bekker et al. (2004, 2011); Legros (2018). Another is the study of the unre-
flected stochastic recursion given by (1.3), commonly referred to in the literature as the “Vervaat
perpetuity”; relevant results can be found in Kesten (1973); Brandt (1986); Embrechts and Goldie
(1994); Glasserman and Yao (1995); Goldie and Maller (2001); Horst (2001); Chen et al. (2024).
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1.1. Organization of the paper. In the rest of this section, we introduce the relevant terminolo-
gies and notation used in the sequel. In Section 2, we formulate the queueing model and present
the main MDP results. Section 3 is devoted to the analysis of the workload process under fluid
scalings and identifying the stable fixed points of the limiting fluid equation. Section 4 contains a
moderate deviation analysis of a linearly recursive Markov system. Section 5 leverages the results
and methods in the previous section to show the main theorems presented in Section 2. Appendix
A contains proofs for the fluid approximation results in Section 3. The FCLT results mentioned
above are presented in Appendix B. Finally, Appendix C contains several useful facts that are used
throughout the paper.

1.2. Preliminaries and notations. Throughout the paper, all random elements are implicitly
defined on a probability space (£2, F,P). We also adopt the convention Ny = NU {0}.

Given a Polish space X with metric d(-,-), let B(X) denote the Borel o-algebra. For a scaling
sequence {a, }nen With a, 1 00, a family of X-valued random elements {x,, } ey is said to satisfy a
large deviation principle (LDP) in X’ with rate a,, and rate function I : X — [0, oo] if

(i) I is lower-semicontinuous and has compact level sets {z € X' : I(x) < a}, for all a > 0.
(ii) For all A € B(X),

1 1
— inf I(z) <liminf —logP(z, € A) < limsup — logP(z,, € A) < — inf I(x).
rEA° n—00 Gy, n—oo Op €A

We say that the family {z,},en is exponentially tight in X with rate a,, if for all « > 0, there
exists a compact set K, C X such that

1
limsup — log P(z,, ¢ K,) < —a.
Two families of X-valued random elements {x,}n,eny and {y,}nen are said to be exponentially
equivalent with rate a,, if for every § > 0,

1
lim —logP (d(zp,yn) > ) = —0.

n—00 Ay,

A special case is when we let y, = zo € X for all n € N. Then we say that the {z,},en converge
1/an
super-exponentially in probability to xy with rate a,, and write xz,, Py zQ.

We shall fix T > 0 and work in the function space Dy = D([0,T],R) of cadlag processes endowed
with the J; Skorokhod topology, which is a Polish space. The subspace Cr = C([0,T],R) C Dr
consists of processes with continuous paths. The subspace ACy C Cr consists of processes with
paths that are absolutely continuous and start from 0. For x € Dp, the uniform norm is denoted
|2|l7 := supsepor [#(¢)] and the supremum map is denoted x1(t) := sup,ep g z(u). We use e to
denote the identity process, that is, ¢(t) = ¢ for all ¢ > 0. When the context is clear, we use 0 to
denote the zero process. The notation (R, R’), (Re, Rj) and My refers to certain continuous maps
on Drp. For the precise definitions of these maps, see Appendix C.2.

For the family of processes {x,, }nen with paths in Dr, the sample-path LDP’s and sample-path
MDP’s are differentiated through the choice of the scaling sequence a, and the scalings used to
define x,,. For our MDP results, see Section 2.2 for the specific scaling sequence and processes under
consideration. We mention that, to highlight the scalings used, the convention in this paper is to
use " for the FLLN-scaled/fluid-scaled processes and " for the FCLT-scaled (diffusion-scaled)
process. The MD-scaled processes are denoted by z™.
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Lastly, we say that the family {z,}nen is C-exponentially tight with rate a, if {z,}nen is
exponentially tight in D with rate a, and for any ¢ > 0,

n—oo On t€[0,T]

1
lim sup — log P ( sup |z, (t) — zp(t—)| > 5) = —00.

See Appendix C.3 for characterizations of exponential tightness and some further discussions.

2. MODEL FORMULATION AND MAIN RESULTS

2.1. The model. Consider a sequence of single server queues under the FIFO service discipline
indexed by n € N. For the n-th queue, let {(A}', &, AT, B), i € No} be an i.i.d. sequence of
random vectors, where for each i, we assume that A}, &7, A?, B are mutually independent for
simplicity. Let W denote the waiting time of i-th customer and define

A" = AP+ APW],
&" =&+ BrW

We shall interpret 20" as the interarrival time between customers i and i + 1, and &;" as the
service time of customer i. By the definition, the interarrival and service times depend linearly
and randomly upon the waiting times. Similar to Whitt (1990), we shall call 2} as the nominal
interarrival time and G} as the nominal service time. Note that if the state-dependent terms are
omitted, they would be the actual interarrival and service times, and we revert to the conventional
GI/GI/1 queue.

For single server queues, the waiting times of customers satisfy a recursion of Lindley type. For
our model, it is given by

inFl — (Wzn + 6;7n — Q«[;7n)+, Z S NO, (21)
with W3 being a non-negative random variable. If we define

Ci' =1+ B} - A},
then we can further simplify (2.1) by writing
ha = (Crwe e+ X)L (2.2)

Since the system’s behavior under different load conditions is of interest, we shall define the nom-
inal traffic intensity as p, = E[S]]/E[{]. The system is said to be overloaded when p, > 1
(equivalently, EX§ > 0); it is underloaded when p, < 1 (EXJ < 0) and critically-loaded when
pn =1 (EXJ = 0). The distribution of C{} captures the overall state-dependency of the system.
In the absence of nominal interarrival and service fluctuations (X" = 0 for all i), the condition
E[C§] > 1 (equivalently, E[Bj] > E[A{]) implies that the waiting time grows multiplicatively on
average, while E[C}] < 1 (E[Bj] < E[A}]) implies multiplicative decay.

While keeping in mind the original definitions, it suffices to only work with (2.2) for the rest of
the paper. The first step is to construct sample paths for the waiting time process in space Dr.
The positive-part operator in (2.2) can be written as:

where V' = —min(C'W,* + X[*,0). Then we have
= W= (CF )W + X{' + O
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By telescoping the sum on the left and defining L} = Zé':o U, we obtain the following represen-
tation for the waiting times:

=Wy +ZXJ“+Z WP+ Ly, i€ N, (2.3)

with the convention that an empty sum is equal to 0 (when ¢ = 0). To formulate limit theorems,
we re-index the discrete time process by |nt|, t € [0,T] so that its sample paths lie in the space
Dr. The waiting time process can then be written as

[nt]—1 [nt]—1
Why =W+ > X'+ > (CF =)W+ L, _y, tel[0,T]. (2.4)
1=0 =0
Denote W"(t) = W/, and L"(t) = LY, —q- From the definitions, we have L™"(0) = 0 and

L™(t) > 0 for all . Moreover, since 1{\1,n>0}1{w+1>0} = 0 for all ¢ € Ny, it follows that

[nt]—1
/ Wn(s)dL"(s / Wi dL, o= Y Wi, 97 =0. (2.5)
i=0
Recall that the workload process W™ is nonnegative, therefore we may interpret L™ as a type of
regulator process enforcing reflections at zero.

In (2.4), the waiting time process is driven by two random walks, one of which is randomly
weighted by the customer waiting times. Note that the random walks are dependent, since the
random weights W/ depend on C}' and X!, for all 0 < k < ¢. We shall make several modeling
assumptions regarding these random walks.

Assumption 2.1 (Model Assumptions).
(i) Let {©;, i € Np} be an i.i.d. sequence of random variables with finite mean 6 and variance
2
O’e:

(ii) For each n € N, the family of random variables {C", i € Ng} has the form

1
Czn =1—-0,, VieN.

n

(iii) For each n € N, the family of variables {X[*,i € Ny} is an i.i.d. sequence that is independent
of the sequence {O;, i € Ny}. Further, we assume X has finite mean p,, and variance a§< "

such that p, — p and Ug(n—>0'§( as n — oo for some p € R and ox > 0.

Remark 2.2. In Assumption 2.1, we assumed a very specific form of scalings for the random
variables C7'. This can be viewed as an extension of the scalings used in Boxma et al. (2016),
which established the FCLT results for Cf' =1 — &, where « is a constant. In other literature, for
example Vervaat (1979) and Whitt (1990), the FCLT results were established for CF = (C;)'/™,
where {C;,i € Ny} is some i.i.d. sequence. The techniques used were to analyze the random walk
n~! > ;1ogC;. These two types of scalings can be seen as close approximations to each other.
Specifically, if we let —©; = log C;, then when n is large,

(C)Ym = enlo8Ci — o= Oi oy elog( 6.) =1- —@

Further, using our FCLT results in Appendix B, we recover the same approximation for the sta-
tionary distribution given in Whitt (1990); see Remark B.4. This justifies our choice of scalings for
Ccy.



Lastly, for each n € N, we also define a filtration {F}*,i € No} where
Fr=o(Wi, (00, Xy), (01, XT") ..., (0, X])). (2.6)

In particular, by this definition, the waiting time W}* is F]* ;-measurable.

2.2. Moderate Deviation Results. We first introduce the scaling sequence {b,,n € N} that
satisfies
bn
NG
We study moderate deviations of the centered and rescaled process of the form

Wn(t) = ‘b/ﬁ (Wn(t) — W*). (2.8)

n

In (2.8), W™ is the fluid-scaled process defined by

b, — oo and — 0, asn— oo (2.7)

n 1 n

We show in Section 3 that W™ converges to a fluid limit . Restricting attention to cases where
W is stable, we take the constant W* in (2.8) to be the stable fixed point of the fluid limit. Now,
denoting W' := n =W and W := b, 1\/n(WJ' — W*), we impose the following conditions for the
MDP results.

Assumption 2.3 (MDP Assumptions).

—~  p1/b2
(i) For all n € N, let the random variable W' > 0 a.s. and let W' P35 wo for some wp > 0.
(ii) For some a > 0,
E [ea@(’] < oo, and supE [ean] < 00.
neN

(iii) The sequence \b/—nﬁ(un —pn) = reRasn— oco.

We will see in Section 5 that, similar to (2.4), the MD-scaled process Wn is related to the
following two random walks:

B 1 [nt]—1 1 [nt]—1

Ry = 5= D (X =), RB0=3—7= 3 (0:i=0), te0T) (2.10)
" i=0 " i=0

The sample-path MDP for random walks has been proven under more general conditions than
Assumption 2.3 (ii). For examples, see Anugu and Pang (2024b) and Theorem 6.1 in Puhalskii and
Whitt (1997). Here, we simply state the result.

Theorem 2.4 (MDP for Random Walks). Under Assumptions 2.1 (i), (iii) and 2.3 (ii), the Dp-
valued families of processes { R, n € N} and {Rg, n € N} respectively satisfies an MDP in Drp
with rate b2 and rate function Ix and Ig where

1 T, 2
Ix(¢) - {203( fO ‘¢(t)| dt, o€ ACO,

o0, otherwise.

o0, otherwise.

AT 12
To(d) = {2(,% Jo é(Pdt, € ACo,

Now, we state the main results of this paper. Below, the terms My and Ry refer to certain
continuous mappings on D7. Their precise definitions are given in Appendix C.2.
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Theorem 2.5. Under Assumptions 2.1 and 2.3, the family {W”, n € N} satisfies an MDP in Dp
with rate b2 and rate function I, where

(i) if w >0, 0 >0 and W* = p/0, then
I(¢) = inf Ix (1) + Lo (1h2);

1,2€Dr,
d=Mp(wo+i1—G1pa+re).

(ii) if u =10, 6 >0 and W* =0, then
1(¢) = inf Ix (4h1);

,(Z)l EDT )
¢=Rg(wo+b1+re).

Furthermore, for p <0, we have

—~ Pl/b%
wn i —s

The rate functions in Theorem 2.5 are given as optimization problems. Due to the simple
structures of the rate functions in Theorem 2.4, our next result shows that these optimization
problems can be explicitly solved.

Theorem 2.6. Under Assumptions 2.1 and 2.3, the rate functions in Theorem 2.5 take the fol-
lowing form.:

(i) suppose u >0, 0 >0 and W* = /0, then

92
(020% + p2o

T
| /0 (6(t) — r + B(t))2dt:

(ii) suppose p =0, § >0 and W* =0, then

1) =

T 1 . 1 T
I(¢) = / 1{¢>(t)>0}272(¢(t) —r+0¢(t))*dt + 2727’2 / Lig(t=03 L {r>01dt;
0 Ox Ox 0

for ¢ € AC with ¢ non-negative and ¢(0) = wg. Otherwise, the rate functions I(¢) = co.

3. FLUID ANALYSIS

3.1. Fluid Limit. Consider the fluid-scaled process W™ given by (2.9). With a slight abuse of
notation, we shall also write W = n_1WZ~". Starting with (2.4), we can approximate the sum
involving W,* by an integral:

[nt]—1 t
_ _ - 1
W"(t) = WP + = § xXr— [ own el (t) + e (t) + =L 1
(t) ot = /0 (s)ds +€e"(t) + € ()+n [nt]—1> (3.1)

while introducing two error terms given by

|nt]—1

t
_ 1 _
emnt) =0 /W”(s)ds— oo,
0 [

nt|—1

PRCERCHIA

1=

e (t) =

SN
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We can simplify (3.1) using the mapping Ry introduced earlier. The properties of Ry are reviewed

in Appendix C.2. Let L"(t) := n‘lLTLLmJ_l. Then (2.5) implies that L™(0) = 0, L™(¢t) > 0 and

fot Wn(s)dL"(s) = 0, for all t € [0,T]. Since W™ > 0, it follows that

[n]-1
o 1
(W™ L") = (Rg, Rp) <W§ + - Yo OXp e+ 52’"). (3.2)
=0

The next lemma shows that the error terms are asymptotically negligible. For the proof, see
Appendix A.1.

Lemma 3.1. Let Assumption 2.1 hold and V_V(? — wp in L? as n — oo, then the processes €9 and
e2" converge to 0 w.o.c. in probability.
Now we are ready for the fluid limit result.
Theorem 3.2. Let Assumption 2.1 hold and ng — wg in L? as n — oo, then
W™ W  w.o.c. in probability,
where
W =Ry (wo + pe) . (3.3)

Proof. Denote R%(t) :=n~" Z,LLZ%JA X, t €[0,7T]. By Lemma C.2, R% — ue u.o.c. in probability.
Then by (3.2), Lemma 3.1 and an application of the continuous mapping theorem, we obtain the
desired fluid limit. This concludes the proof. O

3.2. Stability of the fluid limit equation. To determine the centering term W* that appears
in (2.8), we examine the stability of fixed points in the fluid limit. It is useful to write (3.3) in
differential form:

dW(t) = pu— OW (t) + dL(t) . (3.4)

We begin by providing some intuition for the constants p and 6. As we have discussed in Section
2.1, the system is overloaded when p > 0, critically loaded when p = 0, and underloaded when
u < 0. For the constant 8, observe that 6 > 0 implies EC™ < 1, meaning that the waiting time
decreases multiplicatively on average. Conversely, # < 0 corresponds to an average multiplicative
increase in the waiting time. With these interpretations established, we now turn to the analysis
of fluid equations under different regimes.

Overloaded system (i > 0).

(a) Consider when § > 0. In this case, the regulator L for the Skorokhod mapping is never
activated. To see why, observe that whenever 0 < W(t) < /6, we have u — 0W (t) > 0,
which implies that dW (t) > 0. This positive drift drives the process upward, preventing
it from hitting zero. We can therefore determine the fluid limit by solving the unreflected
differential equation

iI/T/(t) =K GW(t)a
dt
{W(O) = wo. (3:5)

The solution is given by

W(t) = % + (wo - ﬁ) e t>0. (3.6)



10

Taking the limit as t — oo, we find that the fluid-scaled waiting time has a stable fixed
point at p/6 > 0.

(b) Consider when 6 < 0. Relation (3.4) implies that dW(t) > 0. Also since wo > 0, the
regulator L = 0, and we can obtain the fluid equation by solving (3.5). When 6 < 0, the
solution is given by (3.6). When 6 = 0, the fluid equation is W (¢) = wq + ut. By examining
the solutions, we see that there are no stable fixed points.

UJO\¥
'LUO:N/Q /
wo
m////———— wo
0 0 0

0>0 =0 f<0

FIGURE 1. Fluid limits for overloaded systems (u > 0).

Critically loaded system (u=10).

By similar arguments to the overloaded cases, the regulator L is also never activated. Then the
fluid limit is again obtained by solving (3.5) and has the form
W(t) = e %wy, t>0. (3.7)
There are two cases that could arise:
(a) When 0 > 0, the fixed point 0 is stable.

(b) When # < 0, The fluid limit W goes to infinity asymptotically unless we start at 0. So
there are no stable fixed points.

wo

wo 0000000
\¥ wo

0 wo =0 0
0>0 =0 0<0

FIGURE 2. Fluid limits for critically loaded systems (u = 0).

Underloaded system (u < 0).

(a) Suppose 0 < 0. In this case, u/0 and 0 are the two fixed points and their stability depends
on the initial condition Wj.
(i) If 0 < wp < /6, then by (3.4) we have dW (0) = u— fwy < 0. Since the regulator L is
not activated until W hits 0, the fluid limit again evolves according to (3.6). By direct
computation, we see that the fluid limit hits zero at time

to = —% [m(%) — ln<% — woﬂ . (3.8)
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When the process hits 0, the compensator L activates with dL(t) = —u, resulting in a
stable fixed point of 0. Together, the trajectory of the fluid limit is given by

—6
WU>:{§+(wW—@e b0<t <t

3.9
0, t > 1. ( )

(i) If wog > u/0, by (3.4), we have dW(0) = pu — fwg > 0. The system evolves according
to (3.6) and there are no fixed points.

(iii) If wg = p/6 > 0, then dL(0) = 0. From (3.4) we have dW(0) = 0, and hence
W (t) = 11/ for all t > 0. But based on our analysis earlier, the fixed point y/6 is not
stable.

(b) Suppose # > 0. Again by (3.4), we have dW (¢) < 0 for all t > 0. Similar to the underloaded
system under case (a)(i), the activation of the Skorokhod regulator L leads to a stable fixed
point at 0.

(i) When 6 > 0, the system evolves according to the solution given by (3.9).
(i) When 6 = 0, the trajectory is given by

— <t< —

— 3.10
0, t > —wo/p. (3.10)

9>0 =0 h<0

FIGURE 3. Fluid limits for underloaded systems (u < 0).

For ease of reference, we summarize the above discussions on the stable fixed points in Table 1.

w>0 pw=0 |pn<O0
f>0 w/0 0 0
0 = 0 | unstable 0 0
6 < 0 | unstable | unstable 0

TABLE 1. Stable fixed points of the fluid limit W under various parameter regimes.

4. SAMPLE-PATH MDP FOR A LINEARLY RECURSIVE MARKOV SYSTEM

In this section, we shall establish a sample-path MDP for the recursive system

with V' being a random variable. Under Assumption 2.1, this is a special case of the recursive
Markov systems studied by Dupuis and Johnson (2015), also see Chapter 5 in Budhiraja and
Dupuis (2019). They derived an MDP in the space Cp following a weak convergence approach via a
variational formula. Here, due to the simplicity of the linear structure in the recursion, we directly
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work in space Dr and derive the result using an alternative approach, as discussed in Section 1.
The reason we study (4.1) under a different method of proof is that the techniques used in this
section will turn out to be useful for studying the MD-scaled workload process in Section 5.

4.1. Fluid analysis. Similar to (2.4), we first re-index i by |nt], ¢t € [0,7] and analyze the fluid
limit of the process

[/n 1 n

Theorem 4.1. Let Assumption 2.1 hold and V' — vy in L? for some vg € R as n — oo, then
V"™ 5V w.o.c. in probability,

where

V@):%4—Q@—%)e*ﬁ te0,7]. (4.2)

Proof. Similar to (3.1), we can write

[nt]—1 ¢
(7N _in l n__ TN ~1,n 2mn
V() =V + - ; X] /0 OV (s)ds + &," (t) + (1),

where
[nt]—1

t
_ 1 _
&t =0 /(]V”(s)ds—n v,
=0

[nt|—1

> (0-e)v

=0

& (1) =

S|

By the same arguments used to show Lemma 3.1, we can show the processes 6%,’” and E%/’n converge
to 0 u.o.c. in probability in Dp. Then we apply the continuous mapping theorem, as in the proof of
Theorem 3.2, to obtain that the fluid limit V = My(vg + pe). By writing this in differential form,
the explicit formula in (4.2) is derived by solving the differential equation

dV(t) = K= QV(t),
V(0) = vp.

This concludes the proof. O

Similar to Section 3.2, we need to analyze the stability of fixed points in the fluid equation 4.2.

It is simpler here, as we do not have the reflection term that appeared in (3.4). Therefore, we
simply summarize the results in Table 2.

w>0 uw=20 w<0
60>0 w/0 0 /6
6 = 0 | unstable 0 unstable
6 < 0 | unstable | unstable | unstable

TABLE 2. Stable fixed points of the fluid limit V under various parameter regimes.
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4.2. MDP results. Now, we are ready to study sample-path moderate deviations for this model.
Let the scaling sequence {b,,n € N} be defined by (2.7). We also restrict ourselves to the cases
where the fluid limit is stable and study moderate deviations for processes of the form

VR (t) = \b/ﬁ (Vr(e) - V), telo,T), (4.3)

where V* are the stable fixed points identified in Table 2. First, we need an assumption similar to
Assumption 2.3 (i). However, we do not require non-negativity of V.

. . ~  p1/v2
Assumption 4.2. Let the random variables V' '— v for some vy € R.

Here is the main MDP result. Recall that Ix and Ig are the rate functions in Theorem 2.4.

Theorem 4.3. Under Assumptions 2.1, 2.3 (ii), (#ii) and 4.2, the family {‘7”, n € N} satisfies
an MDP with rate b2 and rate function I, where

(i) if 0 >0, u#0 and V* = /0, then
I(¢) = inf Ix (¢1) + To (¥2);

Y1,%2€Dr,
d=Mp(vo+p1—Gepa+re).

(ii) if u =0, >0 and V* =0, then
I(¢) = inf I .
@)= mf I
p=Mg(vo+ip1+re).
Due to the simplicity of Iy and Ig, we can explicitly solve the optimization problems for the
rate functions in Theorem 4.3.
Theorem 4.4. Under Assumptions 2.1, 2.3 (ii), (iii) and 4.2, the rate functions in Theorem 4.3
take the form:

(i) suppose >0, p# 0 and V* = /0, then

2 T
1) = " ) /0 (6(t) — r + 06(1))dt,

- 2(020% + p2ol

(ii) suppose =0, 0 >0 and V* =0, then

T
1() = — /0 (é(t) — r + B6(1))2dt,

= Q
for ¢ € AC with ¢(0) = vg. Otherwise, the rate functions I(¢) = oco.

4.3. Exponential Tightness. In this section, we prove Theorem 4.7. With some algebra, we can

write (4.3) as

Tr(e) = V(0) + R () — V* R (1) — /0 V™ (5)ds

(ttn — 1)

T[S

t+ ‘b/ﬁ (1 —OV*) t + ey (t) + e (1) + & (b),
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where fi} and ﬁg are the random walks defined in (2.10) and the error terms are given by

|nt|—1
a't) =6 /V” ds—— ZV” ,
z%”<t>=bl¢;mf<e—@?> (v =),
" i=0
GO Ly

b/

Then it suffices to show exponential tightness for each of the terms in (4.4). The terms that require
substantial analysis are '5%,’" and E%,’". To do so, we shall need the following lemma.

Lemma 4.5. Under Assumptions 2.1, 2.3 (i), (i) and 4.2, we have

1 _
lim limsup — logP ([|[V"|lr > K) = —oc0. (4.4)
K—o0 n—oo b
Proof. By expanding the recursion, we obtain
V=X A O X+ 4+ Oy - OT X + Oy - O CR VG

Since log(1 + z) < z, we have the following bound:
Cr =120, <1+ L0y = eos(t+i0i) < chleil
n n

Further using the fact that exp(%|@i|) > 1 a.s., we apply the above bounds to VLT?L%tJ and get

[nt]—1 |_ntJ 1 Lntj 1

V4l 1 V4 n
Vel = exp q — > 104l p V5] + exp Z 6] Z X'l (4.5)

Denote 0" := E|O¢| and p, := E|X['|. Under Assumption 2.3 (ii), the families of random walks
1 [nt]—1 [nt]—1

o/ Z (|6;] — ¢'nt) and n\f Z (1X]" — pint)

1=0

obey an MDP in Dy with rate b2. Then by Lemma 4.2 (b) in Puhalskii and Whitt (1997), we have

s e L 2
= > 16| === 0 and Z | X2 — plhe "— 0.
=0

3

By applying the contraction principle, the right hand side in (4.5) is exponentially equivalent to
the deterministic process

NV et te0,T).

Further, (1/,)? < E[(X,)?] = O'Xm + p2 implies that p/, is a bounded sequence, and hence (4.4)
holds. O

Lemma 4.6. Under Assumptions 2.1, 2.3 (i), (iii) and 4.2, the family of processes {%V%,’n,n e N}
is exponentially tight in D with rate b2.
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Proof. We shall check the two conditions given by Theorem C.7. First we check that for each
t € [0,T], the family of variables {E%,"(t) }nen is exponentially tight with rate b2. Let ¢ € [0,7] and
a > 0. This requires us to find some constant K, such that

1 ~
lim sup =) logP (]6%/’”(75)\ > K&) < —au (4.6)

n—oo Up

By Lemma 4.5 and Theorem C.6, there exists K, > 0 such that

> logIF’ (V" = V*lr > Ka) < —a. (4.7)

lim sup
n—

bz
Define the event
T={IV" = VHr < Ko} (4.8)
Then using Remark C.3, we can bound the left hand side in (4.6) in the following way:
1 2n
11r1r1s.11pb—210g}1’> <| 27| > K&)

n—oo Up

1
<hmsupb—210gIP’ ({e "t) > K.} DF")

n—oo Up

1 1 _ _
V lim sup — log —ey (1) > N V lim sup — log — T > Ky -
I o log P ({=&(t) > K} NI ) Vi p og P ([[V" = V¥l > K
n—oo n

n—oo 0Op

Due to (4.7), it suffices to find some K, such that

1 ~2,n
lim sup 0 logP ({6%/ (t) > K.} N F”) < —a. (4.9)

n—oo Op

A similar statement for the term involving —E%}n can be shown exactly in the same way. Let
={|V* = V*| < K,}. We define a {F}'}-martingale:
k
Zy=> (0 -0)(V;" = V)i, k€N (4.10)
=0
An application of the Markov’s inequality yields that

7 logP({e ()>K;}mr”)—b2 logP({b - 1>K’}0F">

n !
< 52 logIP’ <W (nt)—1 > Ka)

1 by,
< K/ b2 logE {exp{\/ﬁZFmJl}] . (4.11)
Next, we make the observation that for each n large enough,
b b2
(P = exp {\/’%Z}j - T’;Kia%k} , k€N,

is an {F}}-supermartingale. To see this, simply observe that for n sufficiently large, we have

g [exp { 20— 0 (7" = 7)1y | |72
_ Lb (VR — V2 1mE@ — 0;)2 4+ O < by (V= V*)3 1 E(9 — 9-)3)
T 2n : ‘ nyn ' i ‘
162
2n

3
K208 +O(11”FK3E\9 e\3>

| /\
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b2
< ;”Kc%a%. (4.12)

In the first equality above, because of Assumption 2.3 (ii) and the fact that byn Y2 = 0asn — oo,
we can perform a series expansion for the cumulant moment generating function. The last equality
comes from taking n large enough such that

o2l KJE|0— 6, ) =0 b_g252) < Lz,
nyn ¢ ) ny/n a6 | =57, a6

Therefore (4.11) and the fact that ¢}’ is a {F}' }-supermartingale give

1 ~
lim sup 5l log P ({e%}n(t) > KL} n I‘") < —K, + K2odt.

n—oo Up

Lastly, we simply choose K/, > a + K204t to obtain (4.9). This concludes our proof of (4.6).

We next check the second condition in Theorem C.7. We will show that for any € > 0,

1 ~ ~
lim limsup sup — logP [ sup [&5™(t + s) — & (t)] > ¢ | = —o0.
=0 n—oo te[0,7] dn 5€[0,6]

Similar to (4.9), let &« > 0, and I'™ be as defined in (4.8). Then it suffices to show

1 ~ ~
lim limsup sup o logP sup ef}n(t +s)— e%}”(t) >ep NI | = —o0. (4.13)
§-0 n—oco ¢ef0,7] On 5€[0,9]

Again, let I'" = {|V* — V*| < K,}, and recall the {F}'}ren,-martingale {Z', k € Ny} defined in
(4.10). The key observation is that for any ¢ € [0,7] and n, the process {Z[‘ntJJrk — 2l k€ No}
is a {F},;| 4 ken,-martingale.

Let p > 0 and n sufficiently large. We have

1 ~2.n ~z, N n
b—ZlogP ({ sup 6%/’ (t+s)—e%} (t) > e} Nnr )
n s€[0,0]

1
— log P Ak - 70
b2 ©8 <0<k<@(ﬂ%§j—tm]—1 nt]+k [nt) = 6>

_ bl%logp <0§k§Ln(£§L§j—LntJ—1 exp {b?lp <antj+k - [Lntj)} > eb%m)
< —pe+ bl%log]E [eXp {bip <Z[Ln(t+6)J—1 N [L”ﬂ) H

< — pe+ K2p?0d0.

IN

A

In the relations above, the second inequality is obtained by Doob’s submartingale inequality. The
last inequality uses the following supermartingale:

7
exp {820 (Zhuysi— ) = 2P HIOBR} . R,

and the fact that its expectation is less than or equal to one. Finally, taking the limit gives

1 ~ ~
lim limsup sup o logP sup ef;"(t +s) — e%/’”(t) >ep NI | < —pe.
§-0 nooo ¢ef0,7] On s€[0,9)

Since p > 0 was taken arbitrarily, we take p — oo to obtain (4.13). This concludes the proof. [
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Theorem 4.7. Under Assumptions 2.1, 2.3 (ii), (iii) and 4.2, the family {‘7", n € N} is expo-
nentially tight in the space Dy with rate b2.

Proof. We write (4.4) as
n o (T B - TR+

(n — e+ &" +&" +€8&"> :

and analyze each of the terms. First, by Assumption 4.2 and Theorem 2.4, the families of processes
{Vi b nen, {R% }nen and { RS} en are exponentially tight in Dr with rate b2. Also, by Assumption

1/b2
2.3 (iii), the term b, '\/n(p, — p)e 73" re and therefore is also exponentially tight in D7 with rate
b2. Now we claim that

4., PL/b2 pL/b2
e%/’n — 0 and E}Q’/’n — 0. (4.14)

Observe that

~1I,n | | n n [ /%
&l < IV V= vy

HT by, \f

Let @ > 0. By Lemma 4.5, there exists K, > 0 such that
hmsup 02 HV” *HT > Ka) < —a.
n—oo

Let € > 0, for n large enough such that € > |\|FKQ, we have

PR > ) <P (187l > 5 0=Kn ) < POV = 7> Ko).
This implies
lim sup %IP’ (H’ev%/nHT > e) < —a.
n—00 bn
Since « is arbitrary, we obtain the first statement in (4.14) by taking o — oo and using Lemma

C.9. For the second statement involving Ei’/’”, since p, — p and byy/n — 00 as n — oo, then for
any € > 0,

lim sup — 0 logP (H

n—oo

) <hmsup 02 logIP’( —9‘7*’>6> = —o0.

1
This proves (4.14) by Lemma C.9.

Finally, exponential tightness of {F%/’”}neN in Dp is given in Lemma 4.6. Then since My is
continuous in Dy, we can use Lemma C.8 to conclude {V"},cy is exponentially tight in Dp. O

By Lemma C.10, a consequence of exponential tightness of {V”}neN in Dr is the following
corollary, which will be next used to further analyze the error terms in (4.4). We use a slight abuse
of notation by letting V* be the constant process in Dy instead of a constant.

Corollary 4.8. Under Assumptions 2.1, 2.3 (i), (ii) and 4.2, we have

_ U
Vvri— V.
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4.4. Proofs for MDP Results in Section 4.2.

Lemma 4.9. Under Assumptions 2.1, 2.3 (ii), (iii) and 4.2, the families of processes {E‘l}”}neN,
{E%/’n}neN and {E‘%}n}neN are exponentially equivalent to the O process with rate b2 .

Proof. We have already shown the assertion for E‘l/’n and E‘:’/n in the proof for Theorem 4.7, see
(4.14). To prove the statement for E%/’", we arguments similar to those in the proof of Lemma 4.6.

Let € > 0 and 5 > 0. Define the event
" ={V" = V*|r < n}. (4.15)
Due to Remark C.3, Lemma C.9 and Corollary 4.8, it suffices to show

1 ~2.n
lim_>sup b—QlogIF’ ({ sup e%/’ (t) > e} N F") = —00. (4.16)
n—oo  Yn t€[0,T]
For each i € Ny, let I'? = {|[V* — V*| < n}. We can define a {F}'},en,-martingale
k
Z]? = 2(9 — @Z)(Vl” — V*)IF?, k € Np. (4.17)
=0

Letting p > 0, we have the following:

1 2n
limsupb—QlogIFD <{ sup e%/’ (t) > 6} ﬂfn>
n—oo Op t€[0,T]

1 1
<l — log P —7" >
=P e 08 <0<kr<n@)1(j1 bpy/n” =1 6)

n

1 by,
< - li — logE —pZ 4.18
< —pe+limsup 5 log [exp{\/ﬁp LnTJ—l}] (4.18)
< —pe + p*n?odT. (4.19)

In the above derivations, (4.18) is due to an application of Doob’s submartingale inequality for the
{F}! }keno-submartingale {exp(bnn_l/QpZ};), k € No}. (4.19) uses the fact that the process

CZ;L = exp {\/ﬁka — nPQT]QO'ék} y ke NO,

is a supermartingale when n is large. One can check this by following similar steps as in (4.12).
Finally, since (4.19) holds for arbitrary n and p, we can first take n — 0 and then p — oo to obtain
(4.16), as desired. O

Now we prove the results in Section 4.2.

Proof of Theorem /4.3. This is simply a consequence of (4.4), Theorem 2.4, Lemma 4.9 and the
contraction principle applied to the continuous map My. O

Proof of Theorem /.4. For case (i), consider the optimization problem in Theorem 4.3 (i). It suffices
to optimize over the set {(v1,12) : Y1 € ACo, 12 € ACo}, otherwise the rate function is infinite.

On this set, let ¢ € Dr satisfy ¢(t) = vo + ¢1(t) — Gpa(t) +rt — f(f 0¢(s)ds. Then it is clear that
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¢ € AC and ¢(0) = vg. The problem reduces to solving the following convex optimization problem
a.e. in time ¢ € [0, T

. 1 . 1 .
_min —le(tf + 721/’2(75)2
Y1,2€R 40 204

st O(t) = (t) = Luba(t) + 7 — 60(1).
Let f(t) = ¢(t) — r + 0¢(t). The solution is

. B 0203<

U (t) = mﬂt),

. 002

a(t) = — 5O ().

B 0203 + 2ol
Plugging the solution into Ix (1) + Ig(t)2) yields the form of the rate function. Case (ii) is solved
similarly. This concludes the proof. O

5. PROOFS FOR MDP RESULTS IN SECTION 2.2

First, recall the definition of W™ in (2.8). Similar to (4.4), we can obtain the following repre-
sentation:
vn

bn

P P ~ ~ t P
W(t) = W™(0) + R () — W* R (1) - /0 6 (s)ds + Y (1 — )t

+ *b/ﬁ (0 — OW™) t + 1 (t) +Em(t) + En(t) + L™ (t).

n
Above,j?ig( and E’é are the random walks given in (2.10). Recalling L™ in (3.2), we define L" :=
b, 'v/nL™ and the error terms as

nt]—1

[ 1 L .
gl’n(t) =0 / Wn(S)dS — E Z W,Ln s
0 i=0

[nt]—1
&) = > (0-en (W -w),
E3’n(t> _ LntJ —nt (Mn o QW*) )

b/t

Our goal is to imitate the proof for the MDP results in Section 4. However, compared to (4.4),
equation (5.1) contains the extra term L™ := (b,\/n) 'L, In (3.2), we saw that (W™, L") is the
linearly generalized reflection map of a particular process. Under MD-scalings with the centering
term W* = 0, the same is true for the pair (W™, Z”) However, this is no longer the case when
W* # 0. This creates some difficulties if we want to apply the contraction principle. To address
this, we first provide a way to bound W™ by auxiliary systems.

5.1. Bounding the workload by auxiliary systems. In this section, we provide a bound for
the workload process W' defined recursively by

Wi =max{0, C;'W" + X'}, i€ No. (5.1)

7

Then we show that the bound can be related to the supremum of certain linearly recursive Markov
systems that were studied in Section 4.
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First, define the process {Y"(¢), t € [0,T]} by T"(¢) = Y1, where
Ty =Wy,
! =max {0, X§ + CgW{'},
5 =max {0, X7, X"+ CIXg + CTCyWi},

and more generally for ¢ > 2,
Tie = max {0, XJ', X[+ CPX[y, ooy X[+ CPX[y + oo O] - CRXT,
X+ CM X+ +C - CYXT 4+ CP - CTXG + CF - CeW

Lemma 5.1. For all i > 0, we have
0< W <77

Proof. We show this by induction. The case where ¢ = 0 is obvious. Now let ¢ > 0 and suppose
0 < W < Y7 On the event {C]' < 0}, definition (5.1) implies that W ; < max{0, X'} < T} ;.
And on the event {C]* > 0}, we have W' ; < max{0,C}'Y} + X'} = Y} ;. This concludes the
proof. O

Now consider the following two families of linearly recursive Markov systems V"(t) = Vihe and

urit)y=U0 Fnt | with different initial conditions:

Viig =GV + X, i eN,
Vo' =Wy,

and
U, =Cru+ X', i €N,
Uy = 0.
By simple induction, we have
Ty = XP 4 CPXI o+ CF - CYXE + O CLCRVE,
P = X] o CPXIy o CF o CTXE.
Take mutually independent, i.i.d. sequences {©/, i > 0} and {X", i > 0} that have the same
distributions as {©;, i > 0} and {X]', ¢ > 0} respectively. Similar to the definition of C}* in
Assumption 2.1, we let C’;’" =1 —n"'0.. Using these random variables, we define for i € N,

Vi =X+ G Xy e+ G O X+ O O G

i+1

U/,n _ X/,n Cl,nXl,n Cl,n Cl,n X/,n

i+1 — <0 + 0 1 +o Tt 0 "N Vi—1 o

Inm 'n n In~x-In n 'n ~y1,n /n /,mn 'n
T =max{0, X;", Xg" +Cy" X", ..., Xg"+ Gt Xy -+ O - G X

X"+ XY A+ OGN O X+ OG- O X 4 O O,
with Vo™ = W, Ug" = 0 and Y§" = W§.
Observe that for any ¢ € Ny,
Y0 = max{Uy", U™, ... UL VI < VI Y max U,

Combining these observations, we have

o<W <Y} @ T <V OIEI??U,’C” @ Vv Juax. Ug. (5.2)
Y <kt
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d
where ) is used to denote equality in distribution.

Lemma 5.2. Under Assumptions 2.1 and 2.3,

lim lims
it g

logP(HWnHT > K) < —oo.

Proof. Following our convention for fluid scalings, denote Vn o= n_11_/", vin = pTtyin gn =
n~tun, U = n~ U, I = n=1Ym, Y0 = 7Y A? = nm 1A AP = n~tA’". By Lemma
4.5, we have

1 _
lim limsupbjlogIP’ (V™ > K) = —o0,

K—oo n—o00

lim hmsupb—ZlogI[1> (UMl > K) = —oc.

K—oco p—

Observe that for any process ¢ in Dr, denoting ¢4(t) = supg<,<; ¢(u), we have

¢+l = sup | sup ¢(u)| < sup sup |p(u)| < [|@]r.
tel0,T] wuel0,t] t€[0,T] uel0,¢]

Then (5.2) implies that

P([W"llr > Ka) <P ([IT"]l7 > Ka)

P (
P (0" | > K

P (7"l v 107" 17 > Ka)
P (

P (|

3.

IN

V"™ e VAT | > Ka)
Ve > Ko) +P (|07 > Ka) -

IN A

Then the lemma follows from Remark C. OJ

The following lemma is a consequence of Lemma 5.2, using the same arguments that were used
to show Lemma 4.6 and (4.14).

Lemma 5.3. Under Assumptions 2.1 and 2.3, with rate b2, the family {€", n € N} is exponen-
tially tight in Dy, and the families {€*", n € N}, {e¥", n € N} are exponentially equivalent to the
2€T0 Process.

5.2. Proof of Theorem 2.5 under non-zero centering. The goal of this section is to show
Theorem 2.5 (i), which is the case where > 0, § > 0 and W* = u/6. Recalling (3.1), let £ € Dr
be defined by
[nt]—1
£"(t) = Wg' + O XP ) +e@n), telo,T). (5.3)

We analyze each term in (5.3). First, Assumption 2.3 (i), Theorem 2.4 and Lemma 4.2(b) in
Puhalskii and Whitt (1997) imply that

g bl 2
-
Wy '— 7 and Z X" — pne — 0. (5.4)
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With some algebra, we obtain

Lntj 1

~1n _ n - n _L—l,n nt_LntJ
9/W s)ds ZW =3 (t)+u7bn\/ﬁ.

In the relation above, {€"},¢cy is exponentially equivalent to 0 with rate b2 by Lemma 5.3. The
deterministic process (b, /n) ! (ne — [ne|)u uniformly converges to 0, hence it is also exponentially
equivalent to 0 with rate b2. Then since v/n/b, — oo, Lemma 4.2 (b) in Puhalskii and Whitt
(1997) implies

e P, (5.5)
Next, with some algebra we can also obtain
[nt]—1

B B N o

— 0—0,)(W—=W*)=T—e>"(t) + W*- Rg(t).
v 2 (OO =) = YN+ - R
Lemma 5.3 and Theorem 2.4 imply that {b,'\/né*"},en is exponentially tight in Dy with rate b2.
By Lemma C.10, we have

1
En(t) =

Pl/b%

en 0. (5.6)
Finally, combining (5.3) with (5.4), (5.5) and (5.6) yields
_ pL/v2
€ — (W* + pne) " 0. (5.7)
Next, we claim that
/bn
VI PV (5.8)

n
To see this, consider the event I'™ := {[|¢™ — (W* + ppe)||r < W*}. Since p, — p > 0, we have
tn > 0 when n is large enough. Hence on I'™ with n large, £"(¢t) > 0 for all t > 0. By (3.2), we can
write L™ = Rj(£™). This implies £"dL"™ = 0 and therefore L™ = 0. Therefore, for any € > 0 and n
large enough,

P (1520 > ) <P (1Y 2 > e T ) 4 (16" = (07 + el > 17°)
=P ([Ig" = (W* + pne)lr > W)
Then by (5.7) and Lemma C.9, we have

hmsup 0 log P <||\FL|| > e) < hmsupb—2 logP (||€" — (W* + pye)|lr > W*) = —o0,

which implies (5.8).

Finally, we write (5.1) as

"= My <Wg + R% — W*RY + \b/ﬁ(un — e 4 E 4 N L By \b/ﬁL”> .
n n
By Assumption 2.3, Theorem 2.4, Lemma 5.3 and (5.8), we first apply Lemma C.8 and conclude
that {W"},en is exponentially tight in Dy. By Lemma C.10, this implies

_ _ Pl/b%
W —-Ww* —
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Then by the arguments used in the proof of Lemma 4.9, we can show

o PR
en (5.9)
Since the map My is continuous, once again using Assumption 2.3, Theorem 2.4, Lemma 5.3 and
(5.8), along with (5.9), we apply the contraction principle and obtain the MDP result given by

Theorem 2.5 (i).

5.3. Proof of Theorem 2.5 under zero centering. Now we turn to the cases where the centering
term W* = (0. By Table 1, this occurs when p < 0.

We first consider the case where p = 0, which corresponds to Theorem 2.5 (ii). The relation
(5.1) and the same arguments used to derive (3.2) imply that

W =Ry <Ef>”) , (5.10)

where we let

= W§ + R% — W*RS + \b/ﬁ(un — p)e+Ebn 4@ B
n

and use R to denote the conventional Skorokhod reflection mapping R when 6 = 0.

By Assumption 2.3, Theorem 2.4, Lemma 5.3, continuity of the mapping Ry and Lemma C.8, we
conclude that {W"}, cn is exponentially tight with rate b2. We can once again use the arguments

P/ PL/b%
in Section 4.4: first concluding W" Py 0, then €>" g 0, and finally applying the contraction

principle to obtain the MDP result given in Theorem 2.5 (2).

Now let ¢ < 0, instead of (5.10), we have

W" =Ry <$" + \b/ﬁue> : (5.11)

Since W™ (t) = %W”(t), we can write

_ b, ~ t _ b, ~

Wn(t) = —=®" + put — / OW"ds + L"(t) = Ry <n®”(t) + ut) . (5.12)
vn 0 vn

Similar to the above, we can use Assumption 2.3, Theorem 2.4, Lemma 5.3 to conclude {in}neN

is exponentially tight in Dr with rate 2. We note that {&)"}%N is in fact C-exponentially tight
since in the proof of Lemma 4.6, we checked the conditions for C-exponential tightness in Theorem
C.7. Theorem C.10 then implies that

Vn

By (5.12), the contraction principle and the fact that Rgy(ue) = 0, we have

bn &)n Pl/b%

_ 1/62
n 20 (5.13)
Let € > 0 such that u+0|e < 0. On the event A" = {||W"||7 < €}, observe that 0 < wn < b, Ly/ne,
and therefore
vn

(1) —i—b,u,t-i-/ (s)ds < (1) +ut+/ \Gl—eds‘— "(8) + Y7+ (ol
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Since |0]b,, t\/ne + HW”( t) > 0 on the event A", we use (C.4) and Lemma C.5 to get

OSW”:R9<§>"+\b/fue>zR< +ue+/ ><R<@"+\bf(u+lﬂ\)>

Let 0 > 0 be arbitrary. We have
B ([W"llr > 8) <P ([W"lr > 8 A") +P([W"]r > e)

<P (HR (513" + ‘b/f(u + |9\e)e> . > 5) +P(|[W™r>e).

By Lemma C.12, (5.13), Lemma C.9 and Remark C.3, we obtain

hmsup 02 log P (||WnHT > 5) = —c0.

n—oQ

This concludes the proof for the last statement in Theorem 2.5 where p < 0.

5.4. Proof of Theorem 2.6. The proof here mirrors that of Theorem 4.4. Case (i) is exactly the
same. For cases (ii) and (iii), it suffices to optimize over the set {1); C Dy : ¢ € ACp}, with the
rate function being infinite everywhere else. Let ¢ € Dy be given such that ¢ = Rg(wo + 11 + 7¢).
Then ¢ is non-negative with ¢(0) = wp. By Lemma A.1 in Feng et al. (2025), we further have

¢ € AC and there exists a y € ACo such that ¢ + 0¢ = 41 + 7 + 9, g(t) > 0 and ¢(t)g(t) = 0 a.e.
Then the problem reduces to solving the following convex optimization problem a.e. in time ¢:

min 4437¢1@)2
in(er  20%

st 0(t) = du(t) +r — 09(t) +5(1).
On the event {t : ¢(t) > 0}, we have y(¢t) = 0 a.e., and then the solution is the same as case (i)

with ©=0. On {t: ¢(t) = 0}, again by Feng et al. (2025) Lemma A.1, we also have ¢ =0ae. So
Y1(t) = —(r + y(t)) and the problem is equivalent to solving

1
i ()’
s.t. g(t) > 0.

By standard techniques, we see that when r > 0, §(t) = 0 and when r < 0, §(t) = —r. Combining
the above arguments, we obtain the rate function for cases (ii) and (iii).

APPENDIX A. PROOFS FOR SECTION 3

First, Lemma 1 in Whitt (1990) provides an alternative system that can be used to bound W™.
Specifically, consider the unreflected recursion:

{ml — (CMY 4 LX), >0,

‘ Al
v Wy (A1)

Clearly, W/* < Y™ almost surely. It is beneficial to analyze the second moment of Y;", which is the
content of the next lemma.

Lemma A.1. Let Assumption 2.1 hold, WS‘ — wg in L? as n — oo, and }7@'" be given by the
recursion (A.1). Then,

sup sup  E[(V")?] < oo
n>00<i<|nT|
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Proof. The assumptions imply that }70” — wq in L?. Therefore, there exists some xg > 0 such that
E[Yy] < ko and E[(Y])?] < ko.
Now denote ¢’ := E|Oq|. Then,

/
E[(C3)*] <E|CY| <E [1+ ‘@O‘] 0

— | =14+ —.
n n
Also observe that
EIXH)T)* <E((XH)M)] <E[(X5)?] = 0% + 13-
By Assumption 2.1, O'g(m + p2 converges as n — 0o, hence there exists some 1 > 0 such that
E[(X{f)ﬂ < k1 and E[((Xg)'*‘)ﬂ < K1.
Then we have the recursive inequality

1 n VL) 1 n 0, VL) K1
EIY7L] = E[(CPY RN + SE{x) ] < 1+ Dmpwp L
Let kg := e’ T (ko + £1T). Then by Lemma C.1,

E[Y",] < T (RIY™ T) < ks.
o nax V1] < "7 (E[YG'] + miT) < ko

We can obtain a similar bound for the second moment. Let k3 := 2|0] + 0§ + 6. Then,

20 o2+ 62
E[(CT)?) <E[(Cr? =12 4 T80 o 18
n n n
Now letting x4 := 2(1 + 6')k1K2 + k1, we can obtain another recursive inequality for the second

moment:

2
B[] = |((cny o+ Lot

[(COYF IRV + %E[(CZ‘)+]E[(X{‘)+]E[W] + %E[([XZ‘V)Q]

E
< (1 + @> E[(Y)?] + % (2(1 + %)mm + '2)

< (1+ )BT+

Again by Lemma C.1, we obtain

E Vv 2 < k3T E YTL 2 T < w31 T).
OSI%%TJ [( z+1)]—6 ( [(Y5")"] + ka )_6 (ko + k4aT)

Finally we observe that the above bound does not depend on n and conclude the proof. O

A.1. Proof of Lemma 3.1. For the first statement, observe that

nt — [nt|

~1n
n(t) =0
ehn(e) = "

Wit
and hence,

o —
sup [0 < max A
t€[0,T) i=1,.,|nT] N
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Then using the union bound and Chebyshev’s inequality, we have

[nT| [nT| 9 N
_ 0] -~ ) (— ne) GE[(W])?]
P| sup [e""(t)] > ¢ SIP’( max —W!>¢el| < P(W!r>—1|< — 0
(te[o,T}‘ ()l ) o<k<[nr) ¥ kZ:O F 6] kZ:O €2n?
- _ (A.2)
Since W* <Y/ for all ¢ > 0, by Lemma A.1, there exists x > 0 such that
sup max E[(W!)?] < k. (A.3)

n>10<k<|nT |

Therefore, the expression in (A.2) converges to 0 as n — oo. This concludes the proof for the first
statement.

For the second statement, we analyze the partial sums

i

Spi=> (0, — W

m=0

Define the maximum of the partial sums by

M := max S);.
0<m<i

Let 0 <1i,j < [nT], observe that

2

J
E|S? — SP? :]E< > (O —0) W;g)

m=1+1
= Y E@n-0’EWR)’+ Y E[(On—0) (O —0)WrW]

i+1<m<y i+1<l,m<j
l#m
= Y E(©.-0)’E(Wp)’. (A.4)
+1<m<y

In (A.4), we use the fact that the expectation of the off-diagonal terms is 0. To see this, we can
assume without loss of generality that m > [. Then observe that ©,, is independent of @, W W}*
and ©,, — 0 has zero expectation.

Define u,, = u:= 03 V 1. Then, by (A.3) and (A.4), we have

3/2
]E|S?—Sf|2§ Z gk < Z U

i+1<m<j i+1<m<j

Using Markov’s inequality, the conditions of Theorem 10.2 in Billingsley (1999) are satisfied with
a =3/4 and = 1/2. Therefore, there exists some K’ > 0 such that

!

K
Pl sup [€"?(t)] >e| =P o >nel < nTu)3/2.
(te[&pﬂ ‘ ( )} > ( |nT| ) (nT)%Q( )

The above expression converges to 0 as n — oo and we conclude the proof.
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APPENDIX B. DIFFUSION APPROXIMATION

_ Similar to the MDP setting, we once again limit ourselves to the cases under which the fluid limit
W has a stable fixed point and establish functional central limit theorems (FCLTs) for processes
of the form

Wn(t) = v/n (W"(t) - W*), tel0,T], (B.1)

with W* being the stable fixed points identified in Table 1. Although the developments in this
section are not necessary for analyzing moderate deviations, we include them here to illustrate how
proofs for MDP and FCLT are related. Further, the results in this section extend those of Whitt
(1990), which focused on deriving normal approximations for the stationary distribution and did
not provide an explicit diffusion limit. However, by analyzing (B.1), we show that this can be
achieved in the present setting.

First, we shall make several additional assumptions.

Assumption B.1 (FCLT Assumptions).
(i) W™(0) = Wy, where W) is some proper random variable.
(i1) /n(pn — p) — n for some n € R.

Remark B.2. Assumption B.1 (ii) specifies the rate at which the system reaches some nominal
load regime. When p = 0, it can be associated with the heavy traffic condition for single server
queues. To see this, note

Vit = V/(ESY — EA3) = va(pa — 1B,
Suppose EAf — 1/\. Then, /nu, — n if and only if v/n(p, — 1) — nA, as n — cc.

Similar to (5.1), the first step is to approximate (B.1) by a linear stochastic differential equation
driven by two centered random walks, along with several asymptotically negligible terms:

[nt]—1 [nt]—1
A 1 1
(e = v D INCHETOEE T SNl / oV (s
=0 i=0

Trk ~1,n ~2n ~3,n 1 n
VN (i — )t v/n (= OWF) t+ eV (t) + 37 (t) + €% (t)+ﬁ [nt) -1

where the error terms are

ent) =0 /W” dsntzjjlwn ,
| .

e (t) =7 Z (6 —o7) (W) —Wwr),

ég’”(t)zm(un—ﬁﬁ/*).

NG

Here are the FCLT results under various parameter settings.

Theorem B.3. Let W™ be defined as in (B.1) and B be a standard Brownian motion, then under
Assumptions 2.1 and B.1, we have the following:
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(i) if £ >0, 0 >0 and W* = u/0, then
R . 2
W”Z>W:=M9<Wo+ne+ +/;20é3>'

(ii) if u =10, 8 >0 and W* = 0, then
W= W .= RQ(WO +ne + oxB);
(iii) if u < 0 and W* =0, then
W™ = 0.

Remark B.4.
(a) Theorem B.3 (i) corresponds to Theorem 3 in Whitt (1990). The limiting process here is
an OU process with stationary distribution N (m,0?) where
_n 5ok pPod
Ty T T
Compared to Whitt’s result, we have the same variance, but the mean in his paper is 0. This
is because Whitt assumed EX§ = p, however, as we assumed it to be p, in Assumption
2.1(iii) and imposed the condition on the rate of convergence in Assumption B.1.
(b) In Theorem B.3 (ii), the limiting process is a reflected OU process when # > 0 and a
reflected Brownian motion when 8 = 0. We mention that in order for the limiting diffusion

process to have a stationary distribution, we need n < 0 when 6 = 0.

Before giving the proof of Theorem B.3, we first prove a lemma on the error terms.
Lemma B.5. Under Assumptions 2.1 and B.1, the processes €\, €™ and é

probability in Dr as n — 0.

3 converge to 0 in

Proof. Let € > 0. Similar to the proof of Lemma 3.1, we have
[nt] |0 4

e < max|

1 - |0| LntJ
oy L+ Ly,
VARV A BV R v

Then for n large enough such that n=1/2W* < €/2, we have that

P (Jenly > ) < (k7 > vigly) =2 (19715 > vyt ).

From Theorem 3.2, the convergence of the fluid-scaled process W™ implies that the sequence forms
a tight family. Consequently, the probability on the right-hand side can be made arbitrarily small
by taking n sufficiently large. It follows that é"" converges to zero in probability.

To handle €™, we once again appeal to the fluid limit results. Let € > 0, > 0 and consider

the event - B
= {|W" = W7 < n}.
We first bound the probability of the event {||é"||7 > €} by splitting it into two cases using I'™:
P (H&Q’"HT >e) <P ({||62”HT >epNI™) +P(|[W" = WHp >1n). (B.2)
As n — oo, the second term vanishes by Theorem 3.2. Therefore, it suffices to estimate the first
term. First let I'}" = {|WW* — W*| < n} and observe the following equivalence of events:
[nt]—1

{I"|r > e} NT = ts[%%] > (60— 0)(W) = W*)lrn| > v/ne p NI
€10, i=0
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[nt|—1 2

=< sup | Y (0—-O)(W = W)l | >ne® p NI™. (B.3)
telo, 7] \ o '

For k > 0, let us denote Z}! = 25:0(9 - 0,) (WP - W*)lpg. It is easy to check that {(Z})?}; is a
{F}'}-submartingale. Then by Doob’s martingale inequality,

1
—E[(Zhry )] (B4

ne

P ({|e*" |7 > e} NI") <P ZP)? > ne’ ) <
(@& >anr) <P (o (27 >0 ) <

By expanding the squares and using the fact that the cross terms have zero expectation (see (A.4)),

|nT]—1
E|(Zhr0?] = Y E[(0- 002 (W) = W)*1ry |
=0

0<i,j<|nT|-1
i#j
(B.5)

Therefore, combining (B.4), (B.2), (B.4) and (B.5), we have

1im P (|e™|r >€) <

2,2
Togn
e

~2n

Since i > 0 is arbitrary, letting 7 — 0 implies that é" — 0 u.o.c. in probability.

Finally, the convergence of é*" simply uses the assumption that p, — p. This concludes the

proof. O
Now we are ready to prove the FCLT results.

Proof of Theorem B.3. We shall examine the convergence for each of the terms in (B.2), and then
use the continuous mapping theorem to obtain the limit for Wn. We already have weak convergence
of the initial condition by Assumption B.1 and weak convergence of the error terms by Lemma B.5.
By Donsker’s theorem (see for example Billingsley (1999) Section I1.8), we have

[nt]-1 |nt|—1
1 1 - -
— X' —up) + — 0—0,)W" w* B. B.6
L (=)t 3 (0= 09 = (ox + Wioe) (B.6)
So we group these terms and denote
[nt]—1 [nt]—1

1
" (1) =W Z (XE =+ 3 O-ODW 4V = W)L+ O+
The continuous mapping theorem implies that

" = Wy + ne + + (W*)203 B. (B.7)

We write (B.2) more compactly as

W"(t):cb”(t)—/o OW™(s)ds + v/n (1 — 9W*)t+7LM (B.8)

Now we analyze the behavior of the leftover terms in each of the three cases.
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Case i: Suppose > 0,0 > 0 with W* = p/0. On the event {||W" — W*||p < 45}, it must be
that L™ = 0. Hence,

P (Hnl/zin > e)
T

< (e

< L) 4B (- 2 )

T>E’ 26 T = 99

B (w2 LY.

Using Theorem 3.2, the above probability goes to 0 as n — co. Therefore we conclude
nV2LM =0 asn— . (B.9)
Using the mapping My : Dy — Dy, (B.8) simplifies to
P, n 1 n
W™(t) = Mo <‘I’ (t) + 7 Lntj—l)‘

Since My is Lipschitz continuous, we use (B.9) and apply the continuous mapping theorem to
conclude the proof for case 1.

For the rest of t}}e cases, the stability point W* = 0. From Remark B.2, we know that W = 0.
Define the process L™ by

L (t) t>0.

1 n
= %LW -1
By the same arguments for (3.2) applied to (B.8), we have

(W™, L") = (Rg, R}) ((I)" + \/ﬁut>. (B.10)

Case ii: Let =0, § > 0 and W* = 0. Assumptions B.1, (B.7), (B.10) and the continuous
mapping theorem give the desired result.

Case iii (a): Now suppose p < 0 with W* =0 and § > 0. Let ¢, = /nu, then by assumption,
¢n — —o0 as n — 00. Then we can write (B.8) as

A t A A
Wn(t) = d"(t) — /0 O™ (s)ds + cot + L7(2).

Let 7,,(t) = sup{s : W"(s) = 0,s < t}. Then, we have
0 < W"(t) = W"(t) = W"(ru(t)-)
=" (t) — " (7, (t)—) — / o OW™ (s)ds + cn(t — (1))

< P(E) — B (1(t)—) + cnlt — Tu(t)). (B.11)

By (B.7), the limit of ®" is in Cp. Then the exact same proof for Lemma 6.4 (ii) in Chen and Yao
(2001) applies and we can obtain 7,(t) — ¢ u.o.c. as n — oo. Furthermore, since ¢, < 0, we have
0 <Wn™(t) < @"(t) — @™ (7, (t)—), which implies W™ = 0.

Case iii (b): Now suppose p < 0 with W* = 0 and § < 0. The main idea is to bound the
system by another reflected queue without state dependence. Take ¢ > 0 so that u — 6e < 0. By
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Theorem 3.2, the probability of the event {|[W"||z > €} is asymptotically negligible, so we can
restrict our consideration to the event {||W"|r < €}. In this case, we have

D" (t) + /nut + /0 (—0)W™(s)ds

< ®"(t) + Vnut + /0 (—=0)W™(s)ds + /0 (—=0)vn (e — W"(s)) ds
= ®"(t) + Vn(u — Ge)t. (B.12)

If we let x = ®" + ¢,e, and MJz] = u be the solution to the integral equation u(t) = z(t) —
fot OR(u)(s)ds, then by (B.10) and (C.4), we have

W =Ry () = RM(a (x—/GRM ):R<x—/0'evvn<s)ds>.

By (B.12) and Lemma C.5, we can obtain the bound
0< W™ =Ry (" + cne) <R (D" + Vn(u—e)e) .

By Lemma 6.4 (ii) in Chen and Yao (2001), the reflected system R (®" + /n (u — 0¢) ¢) = 0, and
therefore

Ro (P" + c,e) = 0.
This concludes the proof. O

APPENDIX C. BACKGROUND AND USEFUL FACTS

C.1. Miscellaneous Facts.
Lemma C.1 (Discrete Gronwall’s lemma). Consider a real sequence {uy,k > 0} that satisfies
Uk4-1 < (]- + Oé)Uk + bk) Vk > 07

where o > 0 and by, > 0 for all k > 0. Then

k—1
ug < eFug 4 ek Z b;.
J=0

Proof. This is straightforward by expanding the recursion and observing (1 + a)* < k@, O

Here is a functional weak law of large numbers (FWLLN) for partial sums of triangular arrays
that is sufficient for our purpose.

Lemma C.2 (FWLLN). For each n € N, let the random variables Xy 1, ..., Xy be i.i.d. with
EX,1 = pn and Var(X, 1) = 02 such that lim, o ptn = 4 € R and SUP,eN 02 < co. Consider a
process defined by the partial sum

LntJ

ZXM, e [0,1].

Then S™ — pe u.o.c. in probability.
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Proof. We have

k
1
sup [S"(t) — pt] < — max | » (Xni — pn)| + sup [pnt — pt|.
te[0,1] n 1<k<n ; " " te[0,1] "

Then for € > 0,

k

Z(Xn,z - Mn)
1

1=

P < sup |S™(t) — ut| > e) <P ( max

t€[0,1] 1<ksn

en €
> — | + P sup |unt —pt| > |.
2 tel0,1] 2

By Kolmogorov’s maximal inequality, as n — oo,

k
€ 4Var(3 0 | V) 4o?
L > < =1 "Ny — n )
P (él%xn ;(Xm )| = 2) - €2n? e2n =0
Also, we assumed p,, — u, therefore
lim P sup |S™(t) —pt| > €| =0.
n—o0 t€[0,1]
This completes the proof. O

Remark C.3. We frequently use several facts in the proofs, and we collect them here for clarity.

(a) Note that for any z,y € R, log(z + y) < log(2)+log(z V y). Also, we have from real analysis
that for any sequences {z,, n € N}, {y,, n € N} and {a,, n € N},

1 1 1
limsup — log(zy, V yn) < <lim sup — log xn) V <lim sup — log yn> .

n—oo Qnp n—oo On n—oo On

Then it follows that if a,, = oo as n — oo,

1 log(2 1 1
lim sup — log(xy, + yp) < limsup 08(2) + <lim sup — log mn> V (lim sup — log yn>

n—oo Qn n—00 (279} n—oo On n—oo On

1 1
= <lim sup — log $n> \% <lim sup — log yn> . (C.1)

n—oo Qn n—oo On

(b) Sometimes, we use a symmetry argument which relies on the following fact. Let z =
{z(t), t € [0,T]} be a process in Dy. Then, for any § > 0,

]P’( sup |z(t)| >5> SIP’({ sup x(t) >5}U{ sup —x(t) >6}>

te[0,T] te[0,T te[0,T]

< IP( sup z(t) > 5> +}P>< sup —x(t) > 5). (C.2)

te[0,T] te[0,T]

C.2. The Contraction Principle and Continuous Maps. In this paper, we prove the MDP
results using the contraction principle. Here is a precise statement:

Theorem C.4 (Contraction Principle). Let f : Dy — Dy be continuous and suppose the family
{zn}nen satisfies an LDP in Dy with rate a, and rate function I, then {f(X,), n > 1} satisfies
an LDP with rate a,, and rate function

I'(y) = z:fi(rglﬁgzy I(x). (C.3)
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We mention that the continuity of f can be relaxed to having f continuous on the set where the
rate function I is finite. This is sometimes referred to as the extended contraction principle. See
Ganesh et al. (2004) Theorem 4.6 or Puhalskii and Whitt (1997) Section 3 for details.

Next, we provide details on several continuous maps on space Dp. Let z € Dp with 2(0) > 0
and 6 € R.

(a) We use (R,R')(z) = (z,1) to denote the conventional Skorokhod reflection mapping of .
The properties of this mapping is well known, see Section 6.2 in Chen and Yao (2001) for
details. We mention that it is Lipschitz continuous and can be explicitly expressed as

I(t) = Oiggt[—x(S)F,

() =a(t) + sup [~x()]".

(b) We use My(x) = u to denote the solution to the integral equation

u(t) = z(t) —/0 Ou(s)ds.

Lemma 1 in Reed and Ward (2004) shows that the solution to such an integral equation
exists and is unique, hence My is a well defined map from Dr to Dr. It also shows that
My is Lipschitz continuous.

(c) We use (Rg,Ry)(z) = (2,1) to denote the one-dimensional linearly generalized reflection
mapping of x. Specifically, for all ¢ € [0, T], we have

(1) = 2(t) — /0 6z(s)ds + 1(t) > 0,

with [ being nondecreasing, 1(0) = 0, and z(¢)dl(t) = 0 for all ¢ € [0,7]. The multi-
dimensional version of this mapping is analyzed in the Appendix of Reed and Ward (2004).
Here we mention that it has the representation:

(Ro, Rp)(z) = (R, R")(M(x)), (C.4)
with M(x) = u being the solution to the integral equation

u(t) = a(t) — /0 OR (u)(5)ds. (C.5)

It is shown in the appendix of Reed and Ward (2004) that the map M : Dy — Dy is well
defined and Lipschitz continuous in the uniform topology. Due to (C.4), it is immediate that
the mappings Ry and Ry, are Lipschitz continuous. Finally, we note (Ro, Rj) = (R, R').

Here is a comparison result for the conventional Skorokhod mapping.

Lemma C.5. Let x,y € D. Suppose y is a positive, nondecreasing process and let
(2:1) = (R, R)(z +y),
(2",1') = (R, R')(2).

Then z > 2’ for all t > 0.

Proof. Let s > 0. By breaking down each case, it is straightforward to see that

y(s) + [(s) —y(s)]" = [~a(s)]".
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Then using the fact that y is nondecreasing, we have

2(t) = 2(t) +y(t) +1(t) = 2(t) +y(t) + sup[~a(s) - y(s)*
> a(t) + sup (y(s) + [—x(s) —y(s)]T)

> x(t) + igg[—:c(s)]"‘ =x(t) +1(t) = Z'(t).

This concludes the proof. ]

C.3. Exponential Tightness. Recall that for any € Cr and 6 € [0,7], we define the modulus
of continuity as

w(z,0) = sup |z(s) —z(t)],
|s—t|<d

which is used to prove tightness in Cr. For a function « = {z(t),t > 0} € Dy, let

wy[s, t) = <sup<t |z(u) —x(v)], s<t, (C.6)

and then, for T > 0, § > 0, define the following notion of “modulus of continuity”:

/ = 3 . .
wrp(z,0) = igf} max waltj-1,t;), (C.7)

where {t;};—0,1,. r are finite partitions of [0, 7] such that t; —¢;_; > ¢, forall j =1,... k.

We restate the following necessary and sufficient condition from Puhalskii (1991) Theorem 4.2
for exponential tightness of probability measures in space Dy with Skorokhod J; topology.

Theorem C.6. A family of processes (xy)nen on (Dr, J1) is exponentially tight with rate a, if and

only if:
(i) We have
1

lim limsup — log P < sup |z (t)] > A> = —00. (C.8)

A—00 paco Ap 0<t<T
(i) For anyn >0,

1
lim lim sup — log P(w/(zy,,8) > 1) = —o0. (C.9)

6—0 n—soo Qp

We use the following lemma to check C-exponential tightness. This is a special case of Theorem
A.3 in Puhalskii (2025).

Theorem C.7. A family of processes {xp}tnen on Dr is C-exponentially tight with rate ay, if

(i) For every t € [0,T], the family of random variables {x,(t)}nen is exponentially tight with
rate ay. That is, for all a > 0, there exists some K, > 0 such that

1
limsup — log P (|z,,(t)] > Ko) < —av.
n—oo On

(ii) For every e > 0, we have

1
lim limsup sup — logP [ sup |z,(t+ s) —z(t)] > € | = —o0.
6—0 n—oo te[0,T] @n s€[0,0]

The next lemma says that exponential tightness is preserved under continuous maps.
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Lemma C.8. Let X, X’ be Polish spaces and the map h : X — X’ be continuous. Suppose that the
family of random elements {x,,n € N} is exponentially tight in X with rate a,,. Then the family
{h(zy), n € N} is exponentially tight in X' with rate a,.

Proof. For Polish spaces, by Theorem (P) in Puhalskii (1991), exponential tightness is equivalent
to partial LDP. That is, for each subsequence {n'} of {n}, there exists a further subsequence {n”}
of {n’} such that the family {x,} obeys an LDP. By the contraction principle, {h(x,~)} also obeys
an LDP, therefore {h(z,)} is exponentially tight. O

C.4. Super-exponential Convergence in Probability. A detailed study can be found in Puhal-
skii and Whitt (1997). We first state a useful result taken from that reference, which is a char-
acterization of super-exponential convergence in probability when the limit is deterministic and
continuous.

/an
Lemma C.9. Let xo = (x0(t), t > 0) be continuous. Then X, Py xo if and only if
1
limsup — logP [ sup |X,(t) —zo(t)] > € | = —o0, (C.10)
n—oo Qn t€[0,T]

for alle >0, T > 0.

The next lemma is a weaker version of Lemma 4.2 (b) in Puhalskii and Whitt (1997).
Lemma C.10. Let {c,, n > 1} be a sequence such that ¢, — oo and {x,, n > 1} be a family of
processes on Dp. Suppose {cpxyn, n > 1} is exponentially tight on Dy with rate a,. Then,

})1/an
Ty —

Proof. Let a > 0. By the characterization of exponential tightness in Theorem C.6, we can find
K, such that

1
limsup — log P (||cpanllp > Kq) < —c.
a

n—0o0 n

Now let € > 0. Since ¢, — 0o, we can find ng such that e > K, /cp,. Then for all n > ny,

P ([lznllz > €) < P(cnollznllr > Ka) < P([[cn@nllr > Ka) -

Therefore,
: 1 . 1
limsup — log P (||zy, |l > €) < limsup — logP (||cpzn||r > Ko) < —a.
n—oo QOn n—oo Qn
Since « is taken arbitrarily, we can take o — oo and conclude the proof. O

The following result can be seen as an analog of the random time-change theorem in Chen and
Yao (2001) Theorem 5.3. It describes when a process is exponentially equivalent to itself after
performing a random time-change. For a proof, see Feng et al. (2025) Theorem A 4.

Theorem C.11 (Random time-change). Suppose that the processes {y", n € N} C Dp satisfy

1/an
y" P25 ¢ and the family of processes {X™, n € N} C Dr is C-exponentially tight with rate ay,
then

1/an
X" - Xx"oyn 50
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The next lemma deals with the conventional Skorokhod mapping when the input process has a
negative drift component that goes to infinity.

Lemma C.12. Suppose that the family {x,, n € N} is C-exponentially tight with rate a,,. Further,
let ¢, be a sequence such that lim,_ .o, ¢, = —00. Then

1/an
R(xy + cpe) DN

Proof. This is basically an adaptation of the proof for Lemma 6.4 (ii) in Chen and Yao (2001). Let
2n = R(xy). For each t € [0,T], 2,(t) = z,(t) + cnt + y(t) with y, = R’ (2, + cpe). Consider the
stopping time

Tn(t) = sup{s € [0,t] : x,(s) = 0}.
Then we have

0 < zp(t) = 2n(t) — 2n(Tn(t)—) = xn(t) — zp (0 (t)—) + cn(t — 0 (t)). (C.11)
Since ¢, — —oo, for n large enough, ¢, < 0 and
1
0<t—Ty(t) < — (xn(t) — zn(Tn(t)—))
This implies
le =Tl < —llzallr.
Cn

Since x,, is C-exponentially tight with rate a,, Theorem C.6 yields that for any o > 0, there exists
K, > 0 such that
1
limsupa—logIP’(Han > K,) < —a.
n

n—oo

Then letting € > 0, and n be large enough so that ¢, < 0 and —¢,e/2 > K,, we have

—Cp€
2

1 1 1
—logP (|le — |7 > €) < —logP (HIL‘n”T > ) < —1ogP (||zn|lr > Ka) -
Qnp 29 G

This implies
1
limsup — log P (|je — 7,[|7 > €) < —a.
a

n—o0 n
Since « is arbitrary, we can take « to infinity and use Lemma C.9 to conclude

Pl/an
Tn — e.
Then immediately, Theorem C.11 implies
1/an
Ty, — Ty, © Tp, 50, (C.12)

Back to (C.11), for n large, we also have for all ¢ € [0, T,
0 < zp(t) < xp(t) — zp(mn(t)—).
Then for arbitrary e > 0,

P ( sup zp(t) > e) <P ( sup Tn(t) — xn(To(t)—) > 6)

te[0,7T] te[0,7

<P ( sup |$n(t) — CCn(Tn(t)N + ‘xn(Tn(t)) - JUn(Tn(t)_” > 6)

te[0,7

<P (Hxn —zpoTy|lr + sup |xn(t) — zp(t—)| > €>
te[0,T
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<P (o —znomllr > =) +P{ sup [wa(t) = za(t-)] > = .
2 te[0,7 2

Therefore, by (C.12), C-exponential tightness of x,, and Remark C.3, we obtain

1
limsup — log P (||zp||7 > €) = —00.
n—oo Onp

This concludes the proof. ]
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