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ABSTRACT. We study an infinite-server queue with a general arrival process and a large
class of general time-varying service time distributions. Specifically, customers’ service times
are conditionally independent given their arrival times, and each customer’s service time,
conditional on her arrival time, has a general distribution function. We prove functional
limit theorems for the two-parameter processes X°(t,y) and X" (¢,y) that represent the
numbers of customers in the system at time ¢ that have received an amount of service
less than or equal to y, and that have a residual amount of service strictly greater than vy,
respectively. When the arrival process and the initial content process both have continuous
Gaussian limits, we show that the two-parameter limit processes are continuous Gaussian
random fields. In the proofs, we introduce a new class of sequential empirical processes
with conditionally independent variables of non-stationary distributions, and employ the
moment bounds resulting from the method of chaining for the two-parameter stochastic
processes.

1. INTRODUCTION

The objective of this paper is to develop an approach to establish heavy-traffic limit
theorems for many-server queues with general time-varying service time distributions. Non-
stationary arrival processes have been extensively studied in the literature of many-server
queues, and it is standard to assume that the arrival processes satisfy a functional central limit
theorem (FCLT) where the limit process has a deterministic time-change with a time-varying
arrival rate function (see Assumption 1). For service times, in the exponential case, it is
standard to assume that service rates are time-varying; see, e.g., [27, 24, 25, 17, 6, 37, 20, 32].
However, little has been studied for general time-varying service times. For infinite-server
queues, it is assumed in [28, 29] that the service time distribution of each customer depends
on her arrival time, and in [30, 31] that the service time distribution is phase-type with
time-varying rates. Whitt [48] recently provides some direct constructions of general time-
varying service times via a general stationary distribution for service requirement and a
time-varying service rate for G;/G¢/1 queues. To our best knowledge, many-server queues
with general time-varying service times have not been studied.

In this paper, we establish heavy-traffic limits for a general time-varying infinite-server
queue, denoted as “Gy/Gy/oo queue”. The arrival process is general with time-varying arrival
rates satisfying an FCLT with a continuous limit (see Assumption 1). The service process
is general with a time-varying service time distribution. Specifically, the service times are
conditionally independent given the arrival times and each customer’s service time has a
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general distribution that depends on her arrival time (see Assumption 2). That assumption
includes a large class of non-stationary models for service times (see more discussions
in Remarks 2.1-2.3). We also consider a time-varying initial condition (Assumption 4).
For customers initially in the system, their remaining service times are assumed to be
conditionally independent given the amount of services they have received at time zero,
and each initial customer’s remaining service time has a general distribution depending on
the amount of service she has received (or equivalently, the minus of her arrival time, see
Assumption 5). We also assume that the arrival and service processes of new customers are
independent of the initial conditions of the system as well as the remaining service times of
these customers. The non-stationary service time distributions for initial and new customers
are allowed to be different.

When the arrival process A(t) is Poisson with an arrival rate function A\(¢), t > 0, by
Poisson random measure theory, assuming that the system starts from empty, it is shown
that the process X counting the number of customers in the system at each time ¢ has a
Poisson distribution with mean

EIX(t)] = /Ot Fe(t — A (uw)du, t>0, (1.1)

where F,(-) is the service-time distribution function conditional on the arrival time wu
and FS(-) = 1 — Fyu(-); see, e.g., [28, 29]. Although the convergence of finite dimensional
distributions of the process X is established for the M;/G;/oo model in heavy traffic in
Section 9 of [28], the proof of tightness has remained open. The recent work on heavy-traffic
analysis of infinite-server queues has focused on service times that are identically distributed,
either independent or weakly dependent [45, 5, 10, 18, 7, 33, 34, 35, 36, 40]. When the
arrival process A(t) is non-Poisson and has an integrable arrival rate function A(¢), ¢ > 0,
satisfying E[A(t2) — A(t1)] = fttf AMu)du for 0 < t; < ta, it is shown in [2] that the expected
number of customers in the system at time ¢ has the same formula in (1.1), referred to as
the time-varying (non-stationary) Little’s Law. See also Remark 2.3 in [28] and discussions
in Section 2 of [19]. However, stochastic approximations of the process X (t) are unknown
when the arrival process A(t) is non-Poisson. Our result is the first to establish a stochastic
approximation for X (¢) when the arrival process A(t) is general and satisfies an FCLT (e.g.,
with a Gaussian limit).

We consider the two-parameter processes X€(t,y) and X" (¢,y) to describe the system
dynamics, where X€(¢,y) and X" (¢,y) represent the numbers of customers in the system (in
service) at time t that have received an amount of service less than or equal to y, and that
have a residual amount of service strictly greater than y, respectively. The process counting
the total number of customers X (¢) = X¢(¢t,00) = X"(¢,0) for each ¢ > 0. We study the
system in a heavy-traffic asymptotic regime, where the arrival rates get large such that the
arrival process satisfies an FCLT, while the associated conditional service time distribution
functions are unscaled. We show a functional weak law of large number (FWLLN) and an
FCLT for the two-parameter processes X¢(t,y) and X" (¢,y) in this asymptotic regime. The
components resulting from the service dynamics are continuous two-parameter Gaussian
processes in the limit (Definition 3.2). When the limits for the diffusion-scaled arrival and
initial content processes are continuous Gaussian processes, the limits for the processes
X€(t,y) and X" (t,y) are continuous two-parameter Gaussian processes (Theorem 3.2 and
Proposition 3.1).
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We develop a new approach to show the convergence of the diffusion-scaled two-parameter
processes. Recall that when the service times are i.i.d. with a general distribution, the
queue-length process can be represented via the sequential empirical processes driven by the
service times, and consequently, the limiting queue-length process can be then represented
as the mean-square integral of the corresponding Kiefer processes. A key component in
that proof is to use the semi-martingale decomposition of the sequential empirical processes,
which results in a corresponding decomposition for the queue-length process, and thus
techniques of martingale convergence can be applied. That approach was first developed
by Krichagina and Puhalskii [18] for G;/GI /oo queues, and has recently further developed
to study two-parameter processes in [33] for G;/GI /oo queues and in [35, 36] for G¢/G /oo
queues with weakly dependent service times satisfying the ¢-mixing condition. It has also
been used to study G/GI/N(+GI) queues in [38, 39, 26, 23], G;/M/N; + GI queues in
[22] and overloaded G/M/N + GI queues in [12]. Although it has been by far regarded
as a standard approach to study infinite-server (many-server) queues, it fails to work for
the G¢/Gy/oo queues with arrival dependent service times, due to the dependence structure
among the service times. In particular, the dependence of service times upon arrival times
does not lead to a semi-martingale decomposition via standard sequential empirical processes,
and as a consequence, that approach does not apply to the G;/G¢/oco model.

In our approach, we introduce a new class of sequential empirical processes with con-
ditionally independent random variables of non-stationary (time-dependent) distributions
given a non-stationary arrival process (see Section 5), which may be of independent interest.
The advantage of studying this process is that the service components of the processes
X€(t,y) and X" (t,y) can be expressed as simple functionals of it (see equations (6.11) and
(6.12)). One of the major difficulties in proving the convergence of two-parameter processes
for non-Markovian many-server queues has centered around tightness. Through the study of
the new sequential empirical process, the procedure for proving tightness has become much
simplified (see Section 6). The novelty in proving weak convergence of the new sequential
empirical process lies in employing the moment bounds for stochastic processes resulting
from the method of chaining [4, 42, 43, 44]. It enables us to obtain important moment
bounds for two-parameter stochastic processes provided some moment conditions on their
increments (see Theorem 4.3 and Propositions 4.1 and 5.1). Such moment bounds are
necessary to verify the convergence criteria for two-parameter stochastic processes, especially
for processes in the lack of the martingale property (see Theorems 13.5-13.6 in [4], and
Theorems 4.1-4.2 in Section 4).

Notably, the method of chaining, originating from Kolmogorov, has been an extremely
powerful tool to obtain probability and moment bounds for stochastic processes [42, 43]. For
a stochastic process X : T — R defined on T, Kolmogorov’s chaining idea is to use successive
approximations of a point ¢ € T and in each successive approximation step, the variation
of the process is controlled uniformly over all possible chains. It led to the celebrated
Dudley’s entropy bound for Gaussian processes. Talagrand [42, 43] has used it to prove
many important results on probability and moment bounds of stochastic processes. They
turn out to be extremely useful when the stochastic processes lack the martingale property.
Such powerful results have not been explored in queueing applications up to date.

One difficulty in applying such moment bounds (see Theorem 4.3) is that they require
the diameter and covering number associated with a semimetric defined on the domain of
the stochastic processes. Fortunately, for the G;/G;/oco queues, the covariance structures of
the two-parameter Gaussian limit processes resulting from the service dynamics enable us
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to find a proper semimetric and the associated diameter and covering number, and obtain
useful moment bounds for their supremum norm (see Propositions 4.1 and 5.1). These
moment bounds also provide important insights on proving the probability bounds in order
to verify the convergence criteria for the two-parameter stochastic processes; see the proof
of Theorem 5.1.

It is worth noting that the new methodology exploring the moment bounds resulting
from the method of chaining may be potentially applied and further developed to study
stationary and non-stationary non-Markovian many-server queues. It is evident that our
work provides a new proof for the two-parameter process limits of the G;/GI /oo queues
with i.i.d. service times with any general distribution in [33]; see the discussions in Section
8.2. It will be interesting to see how this approach can be developed to study many-server
queues with i.i.d. service times or non-stationary service times, which have been an active
research area (see, e.g., [25, 47, 21, 22, 14, 15, 16, 49] and references therein).

1.1. Organization of the paper. In the next subsection, we summarize the notation used
in this paper. In Section 2, we present the model and assumptions in detail. The main results
are stated in Section 3. We provide some preliminary results for the proofs in Section 4, in
particular, criteria for weak convergence and existence of two-parameter processes, moment
bounds for two-parameter stochastic processes resulting from the method of chaining, and a
sample path property for two-parameter Gaussian processes. In Section 5, we introduce the
new class of sequential empirical processes and state the FCLTs, and a moment bound for
the two-parameter Gaussian limit process, and the proof of convergence is given in Section 7.
The proof of the main result is given in Section 6. We discuss the application of the moment
bounds to some relevant processes and the implications of our new method to the study
of G;/GI /oo queues in Section 8. Some additional results and proofs are collected in the
Appendix.

1.2. Notation. Throughout the paper, N denotes the set of natural numbers. RF (R’j_)
denotes the space of real-valued (nonnegative) k-dimensional vectors, and we write R (R)
for k = 1. Let D = D(R,,R*) denote R*-valued function space of all cddlag functions
on R;. Denote D = D!. (D, J;) denotes space D equipped with Skorohod .J; topology
with the metric dj, [4, 9, 46]. Note that the space (D, Ji) is complete and separable. Let
Dp = D(R4, D) denote the D-valued function space of all cadldg functions on R with both
D spaces equipped with J; topology. Let C be the subset of D for continuous functions,
and similarly for C¥ and Cc. Dy = D(R2, R) denotes the space of all “continuous from
above with limits from below” functions on R%, and is endowed with the same metric dp,
as in [3]. Let Cy be the subset of Dy for continuous functions. It is worth noting that
Dy C Dp, and Dy = Dy provided the second D in Dy is equipped with uniform norm [3],
and thus, we have Co = Cc. When considering functions defined on finite intervals, we
write D([0, 7], R), D([0,T],D([0,T"], R)) and D([0,7] x [0,7"], R) for T, 7" > 0. For any
two complete separable metric spaces S1 and Sa, we denote S7 X Sy as their product space
equipped with the product topology (section 11.4 in [46]).

All random variables and processes are defined in a common complete probability space
(Q, F, P). Notations — and = mean convergence of real numbers and convergence in distri-
bution, respectively. The abbreviation a.s. means almost surely. We use small-o notation for
real-valued function f and non-zero g, we write f(z) = o(g(z)) if limsup,_,, |f(z)/g(z)| = 0.
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2. MODEL AND ASSUMPTIONS

We consider a sequence of the time-varying infinite-server queues with arrival dependent
service times, denoted as G;/G¢/oo queues, with an index n € N and let n — oco. There
is an infinite number of servers, and customers will be served immediately upon arrival.
Let A" := {A"(t) : t > 0} be the arrival process with arrival times {7* : i € N}. (We use
the convention that A™(t) = 0 for t < 0 and similarly for other processes.) Let n;(7]") be
the corresponding service time of the i'" customer, given her arrival time 7', 1 € N. Let
X™e(t,y) and X™"(t,y) represent the numbers of customers at time ¢ that have received
an amount of service less than or equal to ¢, and that have a residual amount of service
times strictly greater than y, respectively. Then X" (t) = X™¢(t,00) = X™"(t,0) represents
the total number of customers in the system at time ¢t > 0. Note that X™(0) is the initial
amount of customers in the system at time 0. For the initial customers, we let 7;* be their
arrival times, or equivalently, 7/ = —7*, be the amount of service the initial customer 4
has received by time 0, i = 1,..., X"(0). Let ﬁ?’o :=1;(7]") be the residual service time at
time 0 associated with the initial customer ¢ that arrived at time 7, i = 1,..., X"(0). Let
D™ :={D"(t) : t > 0} be the departure process. We assume that the arrival and service
processes of new arrivals are independent of the initial content of customers and the service
process of initial customers.

The two-parameter processes X™(t,y) and X™"(¢t,y) can be written as

X™(0) An(t)
X"e(ty) = Y AR > OLE +t < y) + > L7 +ni(r') > ),  (2.1)
i=1 i=An((t—y)—)+1
X™(0) An(¢)
X"(ty)= Y 1 >ty + > U ) > t+y), (2.2)
i=1 i=1

for each ¢,y > 0, where A"(t—) is the left limit of A™ at ¢t > 0. Note that the sample paths
of the processes X™¢(t,y) and X™"(t,y) are in Dp but not in Dy (see Remark 3.3 in [33] for
a detailed discussion). The departure process D™ (t) = X™(0) + A™(t) — X™(t) for each ¢ > 0.

We state the assumptions on the primitives of the system, including the arrival and service
processes of new arrivals and initial customers.

Assumption 1. (Arrival Process) The sequence of arrival processes A™ satisfies an FCLT:
Ar = V(A" —A) = A in (D, J) as n— oo (2.3)

where A" :=n"tA", A := {A(t) : t > 0} is a deterministic nondecreasing continuous function
with A(0) =0, and A is a stochastic process with continuous sample paths.

We remark that Assumption 1 implies an FWLLN for the fluid-scaled arrival process A™:
A=A in (D, J;) as n— oo. (2.4)

A typical example of the limit process A is a Brownian motion, A(t) = c,B(A(t)) for some
constant ¢, > 0 capturing the stochastic variability in the arrival process. When the arrival
process is renewal, ¢, represents the coefficient of variation for the interarrival times.

Assumption 2. (Service Times) The service times are conditionally independent given the

arrival times, that is, given the arrival times {7; : i € N}, n;(7}') and ny (1) are independent
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for any distinct j, k € N and for each n € N. For each ¢ € N and n € N, given the arrival
time ' =t fort > 0, the regular conditional distribution of the variable n;(7]") is

P(ni(r]") <z|r] =t) = Fy(z), x>0, (2.5)

where for each t > 0, Fi() is a continuous cumulative distribution function (c.d.f.) on
R4. The conditional mean service times are finite a.s., i.e., E[ni(7]")|T!'] < 0o a.s. Let
Ff:=1—F; for eacht > 0.

We also impose a finite-variation regularity condition on the function Fy(x).

Assumption 3. (A Regularity Condition on Fy(z)) For each © > 0, let the function
F.(-) :== F.(x — ). Assume that

sup VOT(I*:};) < oo, forany T >0, (2.6)
z€[0,T

where V| (F) is the total variation of E, on [0,T].

Remark 2.1. We give two explicit examples of the c.d.f. Fi(-). The simplest one is the
exponential distribution with time-varying rate u(t), that is,

Fy(z)=1—e "7 ¢ 2>0.

The second example is a time-varying hyper-exponential distribution, denoted as an Hs(t)
distribution, being defined by the mixture of two independent time-varying exponential
distributions. The c.d.f. Fy(-) is

Fy(a) = p(t)(1 — e %) + (1= p() (1 — e #207), t,z >0,

where p(t) € [0,1] for each t > 0, and u1(t) and ps(t) are the corresponding time-varying
service rates. The condition on Fy(-) in Assumption 2 requires that the rate function p(t) is
of bounded variation in the first example, and the rate functions () and p2(t) and the
probability function p(t) are of bounded variation in the second example. O

Remark 2.2. We note that the total variation condition (2.6) in Assumption 3 excludes
certain classes of time-varying service time distributions. For example, consider the c.d.f.

Fy(z) = zsin(1/t)1(0 < z <sin(1/t)) + 1(z > sin(1/t)), for z >0, (2.7)

for each t > 0. This function is jointly continuous in ¢t and x. It is easy to verify that for
each t > 0, Fi(x) in (2.7) is a Lipschitz continuous c.d.f. with a piecewise constant density
function

fi(x) =sin(1/t)1(0 < x <sin(1/t)), for x >0.

However, it is evident that for this example, sup,¢jo 7 Vil (Fy) = oo.

Nevertheless, there are many classes of time-varying service time distributions that
satisfy the conditions in Assumptions 2-3. We provide such a class of distributions which
may be applicable in many situations. Suppose that there exist a finite number of times
{ti, i =0,...,k} satisfying 0 = tg < t; < ... <t =T < oo and a sequence of continuous
cdf’s{F;,(-): i =0,...,k—1} such that for t € [t;,ti+1), Fi(-) = F}, () foreachi =0, ..., k—1.
Foreachi =0,...,k—1, F},(-) is of bounded variation on any finite interval since it is monotone,
and thus the conditions in Assumptions 2-3 are satisfied.

Regarding how the conditions in Assumptions 2—3 are used in the proofs, we refer the
readers to Remark 6.1. O
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Remark 2.3. We remark that our results can be applied to the explicit constructions of
time-varying service times in [48]. Let {7; : # > 1} be a sequence of i.i.d. random variables
with a c.d.f. F that represents the service requirement of each customer. Let u(-) be a
time-dependent service rate function. Unlike the single-server setting in [48], we need to
assume that all the busy servers in our model are serving at this same time-varying rate p(t)
simultaneously at each time. Let {n; : ¢ > 1} be the sequence of associated service durations.

Then we can write .
TN

e / w(s)ds, i>1,

n

which results in the c.d.f.

Fi(z) = F(/tﬁtu(s)ds), t,x>0.

It is easy to see that this Fj(z) satisfies the conditions in Assumptions 2-3. By employing
Taylor approximation, we can get

n — )

(] )’
which gives us a very simple construction of general time-varying service times:
Fy(x) = F(zp(t)), t,z>0.

Therefore, our model includes such specific constructions as special cases, and in fact, covers
a large class of general time-varying service times. O

We make the following assumption on the initial conditions.

Assumption 4. (Initial Conditions) The process X™€(0,y) for initial content of customers
satisfies: (i) there exists 0 < § < oo such that X™(0) = X™°(0,y) a.s.; (i) there exists
a deterministic continuous nondecreasing function X¢(0,y) for y > 0 with X¢(0,0) = 0
such that X™¢(0,y) := n=1X™¢(0,y) = X°¢(0,y) in (D, J1) as n — oo; and (iii) there
exists a stochastic process with continuous sample paths XE(O,y) for y > 0 such that
X™(0,y) = n'/2(X™€(0,y) — X(0,y)) = X¢(0,y) in (D, J1) as n — occ.

It is worth noting that, by definition, X™€(0, y) is the number of customers at time 0 that
have received an amount of service less than or equal to y. Thus, X™(0,y) describes the
amount of received services of each customer initially in the system, which is equivalent to
providing the arrival times for the initial customers. However, this arrival process of initial
customers may have different rates from that of new customers under our assumptions. It may
be possible that the initial and new customers come from the same arrival process, in which
case the processes X™¢(0,y) and A"(t) will be correlated. We do not consider that scenario
in this paper, but instead assume that they are independent as in [33]. The correlated case is
considered in [1], in which these two processes are assumed to be asymptotically independent
(and the new customers’ service times are assumed to be i.i.d. as in [33]).

Assumption 4 implies that the total initial content X™(0) at time 0 satisfies: (i) X™(0) =
X(0) = X¢(0,00) in R as n — oo and (i) X"(0) = X(0) = X°¢(0,00) in R as n — co.
It also implies that the process X™"(0,y) for the initial customers at time 0 satisfies:
(i) X™"(0,y) = X"(0,y) = X(y) — X°(y,y) in (D, J1) as n — oo and (ii) X"”(O) =
n/2(X77(0,y) — X7(0,y)) = X"(0,y) := X(y) — X¢(y,y) in (D, J1) as n — oc.
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Assumption 5. (Service Times of Initial Customers) The remaining service times are
conditionally independent given the amount of received services (or equivalently, the arrival
times), that is, given {7' = —7]' 1 € N}, 7;(7]') and 5 (7}}) are independent for any distinct
j,k € N and for each n € N. For each i = 1,..., X"(0) and n € N, given the amount of
received service 7' = —7]' =t, the regular conditional distribution of the variable 7;(7]") is

P(i(7") <zl =t) = Ge(z), t,2>0, (2.8)
where for each t > 0, G¢(-) is a continuous c.d.f. on Ri. The conditional mean remaining
service times of initial customers are finite a.s., i.e., E[f;(7]")|7]'] < 0o a.s. Let G :=1— Gy
for each t > 0.

Similar to Assumption 3, we also impose a finite-variation regularity condition on the
function Gy(z).

Assumption 6. (A Regularity Condition on Gy(x)) For each x > 0, let G(t) = Gy(z).
Assume that B
sup Vi (Gy) < oo, forany T >0, (2.9)
z€[0,7T

where Vi (G) is the total variation of G on [0,T].

The discussions on the distribution functions F;(z) in Remarks 2.1-2.3 also apply to the
distribution functions G¢(x) for the initial customers. Note that if the service times of the
initial customers are i.i.d. with c.d.f. G, conditional on the amount of service received at
time 0 being equal to ¢, the probability that the remaining service time is greater than x is
equal to Gf(x) = G°(t + x)/G*(t) for each ¢,z > 0. Namely, in that case, one may assume
that Gy(z) = 1 — G°(t + ) /G*(t) for each t,x > 0, for a given continuous c.d.f. G. This
type of distributions is considered for the initial content of G;/GI/co queues in [1].

3. MAIN RESULTS

_ In this section we state the main results of this paper. Define the fluid-scaled processes
Xme = {X"e(ty) : tyy = 0}, X" = {X""(ty) : ty > OF, X" = {X"(t) : t > 0} and
D" ={D"(t):t >0} by

Xme=polxme, X .=pTlxnT X" .=p7lX" D"i:=n7lD™
Theorem 3.1. (FWLLN) Under Assumptions 1-6,
(A", X", X" X" D) = (A, X°, X", X, D) in Dx (Dp)’xD’ as n oo,
where A is given in Assumption 1, the fluid limits X¢ = {X°(t,y) : t,y > 0}, X" = {X"(t,y) :
t,y>0}, X ={X(t):t >0} and D ={D(t) : t > 0} are given by

Xe(t,y) = /0 v GS(£)dXe(0, 5) + /(t Fe(t — s)dA(s), ty>0,  (3.1)

t—y)t
[e%e) t
Xty) = [ Gt +paxe©.0)+ [ Ft+y-9dde), tyzo,  (32)
0 0
X(t) = X¢(t,00) = X"(t,0), t>0, (3.3)
and

D(t) = /0 T G (DdX(0,5) + /0 "Rit— M), £ 0. (3.4)
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Define the diffusion scaled processes X™¢ = {X™¢(t,y) : t,y > 0}, X" = {X""(t,y) :
t,y >0}, X" ={X"(t):t >0} and D" = {D"(t) : t > 0} by
X i= n(X™—X0), XM = /n(X""-X"), X" = /n(X"-X), D" := y/n(D"-D),
where X¢, X", X and D are given in (3.1), (3.2), (3.3) and (3.4), respectively.

Definition 3.1. Define the two-parameter processes )A(al = {X&l(t,y) :t,y > 0}, )A((’)",l =
{X31(t,y) 1ty >0}, X§ = {X{(t,y) : t,y > 0} and X] = {X{(t,y) : t,y > 0} by

. (y—t)* R
Gatn) = [ Gaax 0.0) (3.5)
X5 (ty) = /0 TG (4 ) AR (0, u) = — /0 TG (4 )R (0, ), (3.6)
Xe(t,y) = / Fe(t — w)dA(u), (3.7)
(tt—y)+
XT(ty) = /O Fe(t+y — w)dA(u), (3.8)

for each t > 0 and y > 0. They are well-defined as stochastic integrals with “integration by
parts” (that is, a pathwise construction via integration by parts).

The existence and continuity of these processes are proved via the continuous mapping
theorem (Lemmas 6.2-6.3). When the limit X°(0,y) and A(t) are Brownian motions, these
stochastic integrals are defined as It6 integrals.

Definition 3.2. Define the processes )A(&2 = {X&Q(t,y) Sty > 0} and X5 = {XS(t,y) :
t,y > 0} to be two-parameter Gaussian processes with mean zero and covariance functions:
for t,s > 0 and y,xz > 0,

N . (y=t)*A(z—s)*" -
COU(X&Q(t,y),XS’Q(s,m)) = /0 (Gul(t A s) — Gu(t)Gu(s))dX(0,u), (3.9)

Cov(XS(t,y),Xg(s,x)) :/( ) (Fu(tAs—u)— Fu(t —u)Fy(s —u))dA(u). (3.10)

t—y)tV(s—z)t
Define the processes X&Q = {Xg,z(t,y) t,y >0} and X3 = {X5(t,y) : t,y > 0} be two-
parameter Gaussian processes with mean zero and covariance functions: for ¢, s > 0 and
y,x >0,

Cov(X§(t,y), XG2(s, 7)) = /OOO (GL(t+y) A (s + ) = Gt +y)Go(s + 2) ) dX (0, u),
. (3.11)

Cov(X5(t,y), X5(s,2)) :/0 (FS((t+y)A(s+a)—u) = FS(t+y—u)F(s+x—u))dA(u).
(3.12)

Theorem 3.2. (FCLT) Under Assumptions 1-0,
(A",X"’e,X"’r,X”,ﬁ") = (A,Xe,f(r,f(,f)) in D x (Dp)?xD? as n— oo,
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where /ljs gwen in Assumption 1, anfl the limit processes are specified below. The limit
process X¢ = {X(t,y) : t,y >0} and X" = {X"(t,y) : t,y > 0} are given by

Xe(t?y) = Xg,l(tvy) +X§,2(tay) +Xle(ta y) +X2e(t7y)a tay > 07 (313)
where the processes Xg,p )A(()"’l, Xle and X{ are given in Definition 3.1 and the processes
)A(SQ, X&Q, X; and Xg are given in Definition 3.2, the fouAr processes for X¢ in (3.13) are
mutually independent and so are the four processes for X" in (3.14). The limit process
X ={X(t) : t >0} is given by X(t) = X°(t,00) = X" (t,0) for t > 0. The limit departure
process D = {D(t) : t > 0} is given by D(t) = X(0) + A(t) — X (t) fort > 0. All the limit

processes have continuous sample paths.

The continuity of the two-parameter Gaussian processes X&% X&Q, Xf and X; will be
part of the proof. We next present the characterization of the limit processes when the
arrival and initial limits are continuous Gaussian processes. The results follow directly from
applying properties of Gaussian processes, and thus we omit the proof.

Proposition 3.1. (Characterization of the Limit Processes) Under Assumptions 1-6, if the
arrival and initial limit processes A(t) and X¢(0,y) are continuous Gaussian processes with
mean zero and covariance functions ®*(t,s) = Cov(A(t), A(s)) fort,s > 0 and ®¢(z,y) =
Cov(X¢(0,z), X¢(0,y)) for x,y > 0, then the limit processes can be characterized as follows.
The limit process X¢ in (3.13) is a continuous two-parameter Gaussian process (random
field) and has mean E[Xe(t, y)] = 0 and covariance function: fort,s >0 and y,x > 0,

Cov(X°(t,y), X°(5,)) = Cov(X5, (£ ), X1 (5.2)) + Cov(Xia(t, y), Xeals,2))
+ Cov (X5 (t,y), X5 (5,2)) + Cov(X5(t.y), X5(s,2)), (3.15)
where

R R —t z—s)T
Cov(X§ 1 (t,y), X51(s, x)) :/y / G (1) Gy (s)dP(u,v), (3.16)

Cov(Xl(t y), Xt(s,z) / )+/ Fi(t —u)FS(s — 0)d®(u,v), (3.17)

COU(Xg,z(t7y)aXo,2<3’$)) and Cov(X§(
tively. The limit process X" in (3.14)

(random field) and has mean E[X"(t,y)] = 0 and covariance function: for t,s > 0 and
y,x >0,

Cov (Xr(t) y)v XT(Sa $)) =Cov (Xg,l(ta y)v Xg,l(sv .%')) + Cov (XS,Z (t7 y)a X6,2(sa l‘))
+ Cov(X (t.y), X{ (5,2)) + Cov(X(t.), X§(s,2)), (3.18)

t,y), X2(s x)) are given in (3.9) and (3.10), respec-

is a continuous two-parameter Gaussian process

where o o
Coo(X5(ty). K5, (s.2)) = [ [ Gale+ w)G(s + av(ur), (319
0 0
t S
Coo(Xi(ty). Ki(s,0)) = [ [ Filt+y—wFis o —vit*wo). (20
0 JO

COU(X(’]”’Q(t,y),X&Q(s,x)) and Cov(X3(t,y), X5(s,x)) are giwen in (3.11) and (3.12), re-
spectively.
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Remark 3.1. It is worth noting that the mean and covariance formulas can be obtained
from the corresponding formulas in [33] by simply inserting a time subscript on the service
time distribution functions, e.g., the u and v subscripts in (3.9), (3.10), (3.16) and (3.17).
That is evidently what should be expected for the G;/G; /0o queue.
If the arrival limit process A(t) = coB(A(t)), t > 0, for a standard Brownian motion B,
the covariance formulas in (3.16) and (3.19) become
tAs

Cov(X§1(t,y), XE1(s,2)) = ¢ / F(t — u)FS(s — u)dA(u),
(t=y) TV (s—a)

tAs
Coo(X (t), K5 (s,2)) =2 [ Filt+y — w)Fi(s 2 — updAu),
0

Thus we obtain that the total count limit process X is Gaussian with mean zero and
covariance function:

Cov(X (1), X (s)) = /O - /0 G ()G (5)dD (u, v) + /0 TG A ) — G (1)GE (5)) dXE(0, u)

" pe —u s 2 — " pe —u)FS(s —u U
[ Fens—ware) + (-1 [ P = wFils - warw)

for each t > 0. The departure limit process D is a continuous Gaussian process with mean
zero and covariance function: for t,s > 0,

Cov(D(t), D(s)) :/000 /OOO Gu(t)GU(s)d¢e(u,v)+/Ooo (GE(t A s) — GE(H)GE (5)) X (0, )

+ /t/\s Fu(t As—uw)dA(u) + (2 —1) e Fi(t —u)Fy(s —u)dA(u).
0 0

4. PRELIMINARIES
In this section, we state some preliminary results for the proofs.

4.1. Criteria for weak convergence and existence of two-parameter processes.
We first state a criterion on weak convergence of stochastic processes in D([0, 7], S) endowed
with the Skorohod J; topology, where S is a metric space with metric m. The criterion
is stated for D([0,1],R) in Theorem 13.5 in [4]. However, as remarked in the beginning of
Chapter 3 in [4] “with very little change, the theory can be extended to functions on [0, 1]
taking values in metric spaces other than R.”

Theorem 4.1. ([4, Theorem 13.5])
Let X™ and X be stochastic processes with sample paths in D([0,T],S) where (S,m) is a
metric space. Suppose that

(i) for any 0 <t; <to < ...<tp, <T and k > 1,
(X™(t1), -, X () = (X(t1), ..., X (tg)) in S* as n— oo, (4.1)

(i)
m(X(T),X(T'-9))=0 in R as §—0, (4.2)
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(iii) forr <s<t,mn>1ande >0,

P(m(X"(r), X"(s)) Am(X"(s), X"(t)) > €) < é(H(t) — H(r)?, (4.3)

where H is a nondecreasing and continuous function on [0,T].
Then X" = X in D([0,T],S) as n — oo.

We then state a criterion on the existence of a stochastic process with sample paths in
D([0,T] x [0,7"],R) given its finite dimensional distributions for 7,7’ > 0. The criterion
is adapted from Theorem 4 in [3], which is a generalization of Theorem 13.6 in [4], from
D([0,T],R) to D([0,T] x [0,7"],R).

We need to first introduce the following concepts defined in [3]. A block B in [0, 7] x [0,7"]
is a subset of [0, 7] x [0, T"] of the form (s, t] X (z,y]; two blocks B and C in [0,T] x [0, T"] are
said to be neighboring blocks if they share a common edge. Note that there are only two kinds
of neighboring blocks in [0, T x [0, T"], (i) the first kind: B = (s, t]x(x,y] and C' = (s, t] % (y, 2]
and (ii) the second kind: B = (s,t] x (z,y] and C = (r,s| x (z,y], forr < s <tandz <y < z.
For each block B = (s,t] x (z,y], define X (B) := X (t,y) — X(t,z) — X (s,y) + X(s,x) be
the increment of X around B for stochastic process X.

Theorem 4.2. ([3, Theorem 4])
There exists a stochastic process with sample paths in D([0,T] x [0,T'],R), whose consis-
tent finite dimensional distributions are given by (X (t1,vy1),..., X (tk, yx)) for each k-tuple
(t1,91)s s (t, yr) i [0,T] x [0,T"] for some stochastic process X if

(i) P(X(t,0) =0) =1 and P(X(0,y) =0) =1 for each t € [0,T] and y € [0,T"],

(ii) for each € >0,

lim  P(|X(t+hi,y+he) - X(t,y)|>€e)=0, 0<t<T, 0<y<T, (4.4)
hi,ho—04+
(iii) for each € > 0,
lim P(X(ty) = X(T.y)| =€) =0, 0<y<T (4.5)
gl
and
lim P(IX(t,y)— X(t,T)) >€) =0, 0<t<T, (4.6)
y—T'—

(iv) there exists a measure p on [0,T] x [0,T"] with continuous marginals such that
E[X(B2X(C)?] < u(B)u(C), @7)
for all pairs of neighboring blocks B and C in [0,T] x [0,T"].

We remark that the condition (4.7) we provide here is more restrictive than that in
Theorem 4 in [3]; see inequalities (2) and (3) in [3] for details.

We next discuss some properties of functions in D and Dp and make some observations
for their convergence in the Skorohod J; topology and the associated weak convergence
(following the notation in [4]). Recall that the modulus of continuity of a function z(-) on
[0,T7] is defined by

wz(0,T) := sup |z(s) — x(t)|. (4.8)
|s—t|<4d, s,t€[0,T]
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For any T' > 0, call a set {t; : 1 <1i < v} J-sparse if it satisfies 0 =g < t; < ... < t, =T
and miny<;<,(t; —ti—1) > 9. Define for T'> 0 and 0 < 0 < T,
W (6, T) := inf max  sup x(r) — z(s)], 4.9
(6, T) {ti}lgigvr,se[ti_l,ti)| (r) — a(s)] (4.9)
where the infinimum is taken over all d-sparse set. Define the maximum (absolute) jump in
x on [0,T] for any = € D:

i@, T) = sup [oft) —z(t=)l; (4.10)

the supremum is achieved because only finitely many jumps can exceed a given positive
number for functions in D.

For a two-parameter function z(t,y) € D([0,T],D([0,7"],R)), similarly as (4.8), (4.9) and
(4.10), define

wr(57 T, T/) = sup d?;(x(37 ')7 x(ta ))7 (411)
|s—t|<4, s,t€[0,T)
W (6, T, T") := inf max  sup 4% (x r,-),x(s,+)), 4.12
( ) ol jmax, S 5 (@(r,-), z(s,+)) (4.12)
and /
j(z, T, T') := sup d§1($(t,~),$(t*,'))7 (4.13)
0<t<T

where for z, z € D([0,T"],R), diﬂ (x, z) is the standard Skorohod J; metric on D([0,7"],R).
We make the following observations:

(i) (Comparison of the moduli w and w'.) For x € D ,
wh(6,T) < we(26,T) if §<T/2,
we(8,T) < 2w.(8,T) + j(z,T) if &> 0. (4.14)

See Section 12 in [4]. By a similar argument, for x € Dp, we obtain that
WL (6T, T < we(25,T,7T") if 6<T/2,
wo (8, T,T') < 2.(6,T,T) +j(x,T,T") if &> 0. (4.15)

(i) (Equivalence of the moduli w and w' for continuous functions.) Since j(x,T) = 0 for
x € C, the moduli w,(6,T) in (4.8) and w,(6,T) in (4.9) are essentially the same
for € C (page 123 in [4]). By a similar argument, since j(x,T,T") = 0 for = € Cc,
the moduli w,(6,7,7") in (4.11) and w/(6,7,7") in (4.12) are also essentially the
same for € C¢ (and Cy).

(iii) (Criteria for weak convergence.) The sufficient and necessary conditions for weak
convergence of processes X™ = X in D(R4,S) are given by 1) convergence of finite
dimensional distributions and 2)

lim limsup P(wxn(6) > €) =0 as n — oo, (4.16)
6—0 n
where w! (9) is equal to w/(5,T) in (4.9) for S = R and w,(0,7,T") in (4.12) for
S = D. See, e.g., Theorem 13.1-13.2 in [4] and Corollary 3.7.4 in [9]. When the
limit X is continuous, the condition in (4.16) can be replaced by

lim lim sup P(wxn(6) > €) =0 as n — oo, (4.17)
6—0 n

where w,(d) is equal to w,(d,T) in (4.8) for S = R and w,(6,7,T") in (4.11) for
S = . Moreover, when X € C¢ (and in Cj), the metric d:ﬂ in (4.11) can be
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replaced by the uniform metric to prove the weak convergence. See Theorem 13.1-
13.4 in [4] for a detailed discussion, and the argument can be easily extended to
functions in Dp.

4.2. Moment bounds for two-parameter processes with the method of chaining.
We introduce an important result on the moments of the supremum norm of two-parameter
stochastic processes in any finite time interval provided some moment conditions on their
increments. This is obtained by employing the moment bounds for general stochastic
processes resulting from the method of chaining (see a good review in [42, 43]).

Recall a semimetric satisfies all conditions of a metric except (possibly) the triangle
inequality. For a semimetric space (T,d), define the covering number N (e,d) as the minimal
number of balls of radius € needed to cover T. In this paper, we use T = [0, 7] for T > 0.
The following theorem is obtained by choosing the function ¢(z) = P for p > 1 in Theorem
2.2.4 and Corollary 2.2.5 in [44].

Theorem 4.3. Let X be a real-valued, separable stochastic process on [0,T]. Suppose that
E[|X(t) - X(s)P] < C(d(s,1))", s,t€0,T], (4.18)

for some semimetric d on [0,T] and some positive constants p > 1 and C > 0. Let
d(T') := sup, 40,1 d(s,t) denote the diameter of [0,T] under the semimetric d. Then, for
any ¢,0 > 0,

E

. < P
sup IX(t)X(S)I”] §K</0 (N(6/2,d))1/”d6+5(N(C/2,d))2/”> :

d(s,t)<é, s,t€[0,T]

(4.19)
for a positive constant K depending only on p and C. Moreover, the constant K (depending
only on p and C) can be chosen such that
p

[ pd@
E| sup \X(t)—X(s)\p] §K< /0 (N(e/2,d))1/pde> . (4.20)

5,t€[0,T

Theorem 4.3 would be more convenient for our purpose if we could calculate the diameter
and the covering number explicitly for some given semimetric d. It turns out that for our
model, a proper semimetric can be chosen for the new class of sequential empirical processes
and its limit (see Definition 5.1, Proposition 5.1 and the proof of Theorem 5.1, and also see
more discussions in Section 8).

Proposition 4.1. Let X (t,y) be a real-valued, separable two-parameter stochastic process
on [0,T] x [0,T"]. For 0 <s <t <T, define Zs:(y) == X(t,y) — X(s,y) fory € [0,T"].
Suppose that

E“Zs,t(y) - Zs,t(x) ’p} < C(ds,t(xvy))pv fO’I” x,y € [07T/]7 (421)

where C'is a positive constant, ds¢(x,y) is a semimetric on [0,T'] such that the diameter
dst(T") of [0,T] under this semimetric is equal to ds+(0,T"), and the covering number

ds+(0,T"
N(e,dsy) < [t(zow +1. (4.22)
€
Then,
E

sup |Z87t(y) - Zs,t(x)|p] § K(ds,t(0> T,))pa (423)
z,y€[0,T"]
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for some constant K > 0 depending only on p and C. The same bound holds for0 <t < s <T
by defining a semimetric dy s symmetrically.

Proof. By (4.20) in Theorem 4.3, we have

sup [ Zs1(y) = Zs(x) Ip]

E
- pde(0,77) T p
K/ (N(e/2,dsyz)) Pde
0
- pds(0,T7) T p
< K/ ([dse(0,T") /€] + 1) "Pde
0

o pdan(0,17) Y p
K / (2ds,4(0,7")/€) "Pde
0

- T T

where K depends on p and C, and the claim follows by defining K = 2K?/(1 —1/p)*. O

IA

4.3. A sample path property of two-parameter Gaussian processes. Recall that a
real-valued stochastic process X defined on Ry is stochastic continuous if for any € > 0,

lim P(IX(t+h) = X(t) > ) =0, >0 (4.24)

and is continuous in quadratic mean if (and only if) for all ¢ > 0,
. . 2] _
mEUX(t) X(s)]’] =0. (4.25)

It is well known that a real-valued Gaussian process is continuous in quadratic mean if and
only if it is stochastically continuous. We quote the following lemma in [11].

Lemma 4.1. ([11, Theorem 1]) If a real-valued Gaussian process with sample paths in D is
stochastically continuous, then it has sample paths in C a.s.

We now consider real-valued two-parameter Gaussian processes defined on Ri. Recall
that a two-parameter Gaussian process X defined on ]R?F is continuous in quadratic mean
if (4.25) holds for s,t € Ri. Also, recall that a function z is in Dy if at each t € RZ,
xo(t) == hmsse_@t z(s) exists for each of the four quadrants Q at ¢ and z(t) = zg. . (t) where

Q> > represents the upper right quadrant, and X (¢) = 0 if either coordinate of ¢ equals
to zero. If z(t) = xo(t) for each of the four quadrants Q, then x € Cy. The next lemma
generalizes Lemma 4.1 to two-parameter Gaussian processes. Its proof is similar to that of
Theorem 1 in [11], and can be found in the Appendix.

Lemma 4.2. Let X be a separable mean-zero Gaussian process with sample paths in Do. If
X is continuous in quadratic mean, then it has sample paths in Cy a.s.



16 GUODONG PANG AND YUHANG ZHOU

5. A NEw CLASS OF SEQUENTIAL EMPIRICAL PROCESSES

Define the two-parameter process V" := {V"(t,z) : t,z > 0} by
A (1)

Vi(t,x) = — z: >z —1)') = Fa(z—10")) (5.1)

Z N <a—1) = Pa(@—1), tz>0,

The process V™ is convenient to prove the convergence of the two-parameter processes Xme
and X ™7 since the service components of those two processes can be expressed as simple
functionals of V™; see equations (6.11) and (6.12).

Let V := {V(t,x) : t,z > 0} be a Gaussian process with mean zero and covariance
function

C’ov(V(t, y), V (s, z)) = /0 ) Fulx ANy —u)Fi(zVy—u)dA(u), (5.2)

for t,s > 0 and z,y > 0. We show the weak convergence of V" to V in the following theorem,
whose proof can be found in Section 7. It is worth noting that the bounded variation
condition on Fy(-) in (2.6) of Assumption 3 is not required in the proof of the theorem.

Theorem 5.1. Under Assumptions 1-2, V=V inDp asn — o0, and V has continuous
sample paths.

Note that the sample paths of V" lie in both Dp and Dy. We choose to work with the
space Dp in the proof of Theorem 5.1. Our proof relies on the convergence criterion for
processes in the space D([0, 7], S) stated in Theorem 4.1, for which the moment bounds for
the two-parameter processes discussed in Section 4.2 play a key role. Moreover, in the proof
of Theorem 3.2, we use the weak convergence criterion for processes in Dp via the modulus
of continuity in (4.17) when the limit process is continuous. Specifically, in the proof of
Lemma 6.4 for the convergence of the processes (X;L " X'g ’e), we rely on the relationship

between V™ and (an Xy ‘) in (6 11) and (6.12), and the property of V™ in (6. 17) as a
result of the convergence of V" = V in Dp. One might also prove the convergence V=V
in Dy by employing a convergence criterion for processes in the space Dy (see, e.g., [41]).
Another relevant sequential empirical process, which is a variation of the process 1743 may
be of independent interest, although not directly applied to the queueing model. Define a

sequential empirical process W™ := {W”(t x):t,x >0} by

Wn(t,z) := }: " < x) — Fyn(2)), taz>0. (5.3)

7

Let W := {W(t,z) : t,z > 0} be a two-parameter Gaussian process with mean zero and

covariance function
tAs

C’ov(W(t, y), W (s, z)) = ; Fu(x ANy)F(x Vy)dA(u), (5.4)

for t,s > 0 and x,y > 0. By a slight modification of the proof of Theorem 5.1, we also
obtain the following FCLT.
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Theorem 5.2. Under Assumptions 1-2, Wn" =W inDp asn — oo, and W has continuous
sample paths.

Given the conditions on {n;(7/*) : i > 1} in Assumptions 1-2, we regard the process V"
and W" as a new class of sequential empirical processes with conditionally independent
variables of non-stationary (time-dependent) distributions given a non-stationary arrival
process. To our best knowledge, this is the first time that such non-stationary sequential
empirical processes are introduced in the literature.

We apply Proposition 4.1 to obtain a moment bound for the two-parameter Gaussian
process V(t,z). A similar bound can be also obtained for W (¢, x).

Definition 5.1. For any 0 < s <t < T, define a semimetric ds(z,y) on [0,7"] as follows:
for0<z<y<T,let
1/2

t
dite) = (=9 n G-+ [ [A--Ae-wlaw) . 69
and for 0 <y <z <T’, by symmetry, let

dst(z,y) = dss(y, x). (5.6)

It is easy to check that ds;(z,y) defined in (5.5)—(5.6) is indeed a semimetric on [0,7"]
for any 77 > 0. First, dss(z,y) > 0. Second, dsi(z,y) = ds¢(y,2z). Third, for each
0<s<t<T,ds¢(x,y) =0 if and only if = =y, since ¢t — s is strictly positive. We further
observe that the diameter of [0,7”] under ds; is equal to

1/2

t
ds (0, T) = ((t —s) AT + / F(T' — u)dA(u)) , (5.7)
and the covering number satisfies (4.22).

Proposition 5.1. The two-parameter Gaussian process 14 satisfies

E

SS%I]W(t,x)—V(S,x)]”] < K|t—s+ (A®X) — M), (5.8)

for p=2, 4, and some constant K > 0.

Proof. We prove the case when p = 4. The case when p = 2 follows from a similar
argument. Without loss of generality, we only prove the bound for 0 < s <t < T. Let

Zs4[V](y) ==V (t,y) — V(s,y) for y € [0,7"]. By Proposition 4.1, it suffices to show that
Bl ZualVI() — ZealV)(@)["] < C(dsala, ) (5.9)

for some constant C' > 0 and ds¢(z,y) given in Definition 5.1. By direct calculation, we
obtain that

2
[Fu(y —u) — Fu(z — u)]dA(u))

IA
w
N
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IN

3<(t — )N (y—x)+ /St [Fuly —u) — Fy(z — u)]dA(u)>2

= 3(dse(w,y)".
Thus, by Proposition 4.1, and the fact that V(t, 0) = 0 a.s., we obtain

E

sup |V(t,x) - V(s,:c)‘4
z€[0,T7]

< K(dse(a,y)*

t 2
< K <t—5+/ E (T —u)dA(u)>
< K(t—s+ (A1) - A(s))*,

for some K > 0. This completes the proof.

6. PROOF OF THEOREM 3.2

(5.10)

(5.11)

In this section we prove Theorem 3.2. Theorem 3.1 follows from Theorem 3.2 and thus its
proof is omitted. We first provide a representation of the diffusion-scaled processes X™"

and X ™€ which follows from simple calculations.

Lemma 6.1. The diffusion-scaled processes X" and X™¢ can be represented as
X" (ty) = Ko (ty) + Xg3 (L y) + X7 (Ly) + X537 (1), Ly >0,
X™(ty) = Xg (ty) + X005 (ty) + X7°(ty) + X5°(ty),  ty >0,

where

R S . . (y—t)*+ .
X{{’{(t,y):/o Gy (t+y)dX™(0,u), X&’f(t,y)Z/o Gy, (#)dX™¢(0,u),

t t
07 (t,y) = /0 Fe(t+y —u)ddn(u),  XPe(t,y) = /

(t-y)
1 X™e(0,00)
Xppty)=——= > (L) <t+y) - Galt+y),
=1
1 X™e(0,(y—t)T)
Xos (ty) = ~7n (L(m(7") < 1) = Gar(t))
=1
1 A" (t)
X3 (ty)=——= > (M) St+y—7") = Forlt +y = 77),

i=1

A" (t)

i=A"((t—y)—)+1

FE(t —u)dA™ (u),
+
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It is evident that the sample paths of X™"(t,y) and X™¢(t,y) are in Dp (but not in Dy)
by definition and by the explicit representations in Lemma 6.1. Note that we will show that
the limit processes have continuous sample paths a.s. and thus are in the space C¢ (and
Ca).

To prove Theorem 3.2, we take the following roadmap:

(i) Joint convergence of X&’f, X, ng and X"* in Dp. (Lemmas 6.2-6.3)
(i) Joint convergence of X5 and X3¢ in Dp. (Lemma 6.4)
(iii) Joint convergence of Xy and X% in Dp. (Lemmas 6.5-6.6)
(iv) Completing the proof of Theorem 3.2.

To prove the convergence of X’& X X& © and X", we apply the continuous mapping
theorem. For that, define four mappings: ¢, ¢", ¢¢,¢¢ : D — Dp by

00 (y—t)*
() (ty) = /0 Golt+ y)da(s),  6°(2)(ty) = /0 G (1)d(s), (6.9)

Gt y) = / Fot+y—s)da(s),  9(2)(ty) = / Fe(t — s)d=(s),  (6.10)

0 (t—y)—
for t,y > 0. The continuity of the four mappings is stated in the following lemma, whose
proof can be found in Section 9.

Lemma 6.2. Suppose that Assumptions 2-3 and 5—6 hold, and that z" — z in D as n — oo
and z € C. Then (¢¢(2"),¥" (2"),¢°(2")) — (¢°(2),¥"(2),%°(2)) in (Dp)® as n — oco. If, in
addition, there exists y such that for ally > g, 2"(y) = z2™(y) forn > 1 and z(y) = 2(y), then
@"(z") = @"(z) in Dp as n — oo, jointly with the convergence of the other three mappings.
Moreover, ¢"(2),¢"(2), ¢%(2),¥°(z) € Cc (and Cy).

Lemma 6.3. Under Assumptions 1-6,
(X0 X7, Xot, X1°) = (X§,, X1, X651, Xf) in (Dp)* as n— oo

Proof. First recall the representations in (6.3) and (6.4). By the convergence of A" in
Assumption 1, applying the continuous mapping theorem and Lemma 6.2, we obtain the joint
convergence (X'{”,)A(?e) = (X{,Xf) in (Dp)? as n — co. By the convergence of X™€(0, )
in Assumption 4, similarly, we obtain the joint convergence (Xg T X& )= (ngl, X&l) in
(Dp)? as n — co. Since the processes A™ and X™€(0,-) are independent, we obtain the joint
convergence result in the lemma. ]

We next prove the joint convergence of X'g " and X; *“ in Dp. Recall the discussions on
the weak convergence of the processes in Dp in Section 4.1. Recall the modulus w, (6, T,T")
in (4.11) .

Lemma 6.4. Under Assumptions 1-2,
(XS’T’XQE) = (XQT,XS) in (Dp)? as n— oo.
Proof. Observe that

X3 (ty) = Vit t+vy), a.s., (6.11)
and

XPe(t,y) = Vit t) = V((t —y)—, 1), a.s. (6.12)



20 GUODONG PANG AND YUHANG ZHOU

By comparing the covariance functions, it is easy to verify that X5(¢,y) and V (t,t 4 y)
represent the same Gaussian process, and so do X§(t,y) and V (t,t) — V(t — y,t). Since
V(t,y) € Ca, we have V(t,t+y) € Cy and V(t,t) — V(t —y,t) € Co, and thus, X5(t,y) € Cy
and X§(t,y) € Ca. We can then deduce the weak convergence of X5 and X."° from that
of V. By (6.11) and (6.12), it suffices to prove their convergence separately.

We consider the processes on [0,7] x [0, 7] for T,T" > 0. Since the finite dimensional
distributions of V" converge to those of v, by (6.11), it is easy to see that the finite
dimensional distributions of X3 converge to those of X5. Since the limit X3 € Cg, it
suffices to show for each € > 0,

lim 1 P( o (8, T,T") > ):o, 6.13
Y Tim sup P {wy; ( ) > € (6.13)

For § > 0, define
Rs:={r,s€[0,T], z,y€[0,T]: |r— s+ lz—y* < 252} C [0,T] x [0,T"].
By definition in (4.11) and the relation in (6.11),

ng,r(é, T, T = sup dz (V"(T, r4-), V”(s, s+ ))
|r—s|<4, r,s€[0,T]

< sup sup ‘V”(T,’F-{—l‘) —f/"(s,s—kaz)‘
|r—s|<4, r,s€[0,T) z€[0,17]

< sup }V”(r, x) — V"(s,y)‘ (6.14)
Rs

By Theorem 5.1 and V € Csy, we have (see, e.g., section 13.4 in [46], the Lipschitz property
of the supremum function with the uniform norm) that for each 6 > 0,

sup ‘V”(r,x) — V"(s,y)‘ = sup W(r,x) — V(s,y)‘ as n — 00. (6.15)
Rs Rs

Combining the weak convergence above with (6.13) and (6.14), we see that it suffices to
show

lim P<sup ‘V(r, z) — V (s, y)| > 6) = 0. (6.16)
6—0 Rs
By Theorem 5.1 and the fact that V € Cg, we have for each € > 0,
lim lim supP< sup sup ‘V”(r,:r) - V”(s,x)‘ > e> =0. (6.17)
=0 n |r—s|<8, r,s5€[0,T] x€[0,T"]
As the similar argument for (6.15) and (6.16), since V (t,y) € Cc, we have
lim P( sup sup }V(r, x) — V(s,az)’ > e) = 0. (6.18)
020\ |r—s|<4, r,s€[0,T] z€[0,T7]

The proof of (6.18) implying (6.16) follows from the same argument as in the proof of the
equivalence of Cy and C¢ (i.e., Co = C¢) (first considering step functions in the second
argument of V'(-,-) and then taking their uniform limits; see, e.g., [3] or [41]).
We next prove the convergence of X;°°. By (6.12), we have that as in (6.14),
!
(A)X;L,e ((5, T, T )
sup gy (V" () = V(= )=, 1), V7 (s,8) = V(5 =)=, 9)

|r—s|<é, r,5€[0,T
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< s [V -V (s9)]
|r—s|<é, r,s€[0,T]
+ sup sup ‘V”((r—x)—,r)—V"((s—x)—,s)‘
|r—s|<é, r,5€[0,T] x€[0,T"]
< sup V" (r,r) = V" (s,5)]|
|r—s|<é, r,5€[0,T]
+ sup sup ‘V”((T—x),r) —f/”((s—m),s)‘
|r—s|<é, r,s€[0,T] z€[0,T"]
+ sup sup ‘V”((fo)f,r) ff/”(rfx,r)‘
|r—s|<4, r,s€[0,T] z€[0,T"]
+ sup sup ‘f/”((s—x)—,s) —V"(s—l‘,s)‘

|r—s|<é, r,s€l0,T] z€[0,T7]

N N 2
< 2sup |[V™(r,xz) —V"™(s,y)| + —. 6.19
up 77 (r,2) = V(0.0 + = (6.19)
Therefore, the weak convergence of X5"° reduces to (6.14), and thus the proof of (6.16),
which has already been done. Now, the proof is complete. ]

We next prove the joint convergence of the processes Xy and X35 for the initial
customers. We define another auxiliary two-parameter process VO” = {VO" (t,z) :t,z >0}
X™e(0,0)

VAon(t@) = g (l(ﬁz(ﬂ”) > ) — G%n(m))
vn
i=1

Xme(0,t)
1 .
=7 > (AmGFE € 2) = Gan(x), x>0, (6.20)
i=1
This process VO" is also a nonstandard sequential empirical process. Let Vo := {V(t, x) :
t,x > 0} be a two-parameter Gaussian process with mean zero and covariance function

tAs
Cov(Vo(t,y), Vo(s,x)) = ; Gu(x Ay)Gy(z vV y)dX*(0,u), (6.21)

for t,s > 0 and z,y > 0. Similar to Definition 5.1, we can define a semimetric ds;(z,y) on
0,7 forany 0 < s<t<T:for0<z<y<T,
1/2

a0 (,y) = ((t—s>A<y—x>+ / (Gu<y>—au<x>>dxe<o,u>) , (6.22)

and for 0 <y <z < T", by symmetry, let d?,(z,y) = d? (y,x). Thus, similar to Proposition
5.1, we obtain

E
z€[0,77]

sup m(t,m)—%(s,x)\p] < Kolt —s+ (X9(0,1) — X°(0,5))|"%,  (6.23)

for p =2, 4, and some constant Ky > 0.

Lemma 6.5. Under Assumptions 4—5, VO” =V, in Dp as n — oo and Vy has continuous
sample paths.
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Proof. This follows from the same steps as in the proof of convergence V" =V in Dp in
Section 5. We only provide a sketch proof here.

Step 1. As in Lemma 7.1, we show that the two-parameter Gaussian process Vo(t, x) has
sample paths in Co and thus in C¢. The proof follows a similar argument as that of Lemma
7.1, by choosing the measure

po(B) =3 [ (Guly) ~ Gu@)ax“0.)

for any block B = (s,t] x (z,y] C [0,T] x [0,T"].
Step 2. As in Lemma 7.2, we show that for each ¢t > 0, Vj*(t) = Vp(¢t) in D as n — oo.
The proof follows a similar argument by choosing

t
Hi(y) == C}LO/O Gu(y)dX©(0,u) for ye 0,7

for some constant C}IO > 0.

Step 8. As in Theorem 5.1, we show that f/b” = Vp in Dp as n — o by applying Theorem
4.1. The argument and calculations are similar, by using the semimetric d2,(z,y) defined in
(6.22) and choosing the nondecreasing and conitnuous function

Hy(t) := Ko/?(t + X°(0,1))

for some constant IN(O > 0.
This completes the proof. ]

Lemma 6.6. Under Assumptions 4-5,
(Xg;,Xg;) = (X&Q,X&Q) in (Dp)? as n— oo.

Proof. Observe that

Xo5 (ty) = V' (oo, t +y) = Vi (5, t +y),  aws. (6.24)
X(q)l,’ze(t,y) = Von((y —-t)",t), a.s. (6.25)

Given the convergence of VJ* to Vg in Dp, the joint convergence of (Xg;, Xg;) can be
proved similarly as in Lemma 6.4. By (6.24) and (6.25), similarly to (6.14) and (6.19), we
obtain

winr (6, T,T") = sup dY (Ve (g, r + ), V' (G, s + )
0,2 |r—s|<é, r,s€[0,T
< sup sup |%"(g,r+m) —%"(gj,s+$)|
|r—s|<é, r,s€[0,T] z€[0,T"]
< sup Vi (g,r) = V3" (5, s)| (6.26)
|r—s|<6, r,s€[0,27
and
WXSL,;((S,T,T,) = sup d?{(%n(( _T)+7T')7 AOn((' _8)+73'))
’ |r—s|<é, r,s€[0,T]
< sup sup Vgt ((z — )T, 7) = Vil ((z — s) T, 5)]

|r—s|<d, r,s€[0,T] 2€[0,T7]
< sup V5! (r,x) = Vg'(5,9)|. (6.27)
6
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We then need to show that for any € > 0,

lim P< sup Vo(g,7) — Vo(5,s)| > e> =0, (6.28)
6—0 |r—s|<6, r,5€[0,T]
lim P< sup sup ’%(’r‘, z) — Vo(s, x)| > e> =0. (6.29)
6—0 |r—s|<d, r,s€[0,T] z€[0,T7]

Thus, the convergence follows from Lemma 6.5 and a similar argument in Lemma 6.4. [

Remark 6.1. It is worth noting that the total variation conditions on the functions F}, and
G, in Assumptions 3 and 6, respectively, are only used in the proof of Lemma 6.2, and thus
in the proof of Lemma 6.3 for the convergences of the processes (Xglr, Xp, X&’f, X?e) As
already noted above, the total variation condition in (2.6) of Assumption 3 is not required
for the proof of the convergence of V™ = V in Dp in Theorem 5.1. As a consequence, in the
proofs of the processes (X;L’T, X;Le) in Lemma 6.4 and (Xg;, Xg;) in Lemma 6.6, those
total variation conditions in (2.6) and (2.9) of Assumptions 3 and 6 are not required. In
fact, in the proofs of Lemmas 6.4-6.6, we only require the functions F;(z) and G¢(x) to be
continuous in x for each ¢. O

We are now ready to complete the proof of Theorem 3.2.
Completing the Proof of Theorem 3.2. We first show the joint convergence
(Xo1. X035, X1, X)) = (X541, XG0, X7, X3) in (Dp)* as n— oo (6.30)
~VVe begin by defining an auxiliary process. Define the two-parameter process X;L =
{X5"(t,y) : t,y = 0} by
B [nA(®)]

X' (ty) = 7 Yo i) St+y—ul) = Fup(t+y—uf)), (6.31)
i=1

where u = A7!(L) for i = 1,...,[nA(t)], and A" is the inverse function of A. Note that,
comparing with the definition of X3 (t,y) in (6.7), we replace A™(t) by [nA(t)] and 7* by
u? in the definition of X,"" here. By a similar argument in Lemma 6.4, we have
Xy" = X5 in Dp as n— oo. (6.32)
Moreover, since in " and A" are independent, we obtain the joint convergence
(X777, X37) = (XT,X3) in (Dp)* as n— oo
Then, by Lemma 6.4 and (6.32), we obtain that for any ¢ > 0 and T, 7" > 0,
lim P| sup sup {Xg’r(t,y) —X’;’T(t,y)‘ >(| =0,
n—00 t€[0,T] ye[0,T”)
which completes the proof of the joint convergence
(X7, X3") = (X7,X3) in (Dp)* as n— oo.
Similarly, we obtain the joint convergence

(ng{,ng);»(XgJ,Xg@) in (Dp)? as n— .
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Since the initial quantities are mutually independent with new arrival processes and
service processes, we have proved the joint convergence in (6.30). By continuity of addition
in space Dp and continuous mapping theorem, we obtain that

X" = X" in Dp as n— oc.
Similarly, we also have X R

X" = X in Dp as n— oo.
In addition, by the joint convergence in Lemmas 6.3, 6.4 and 6.6 and by the above arguments,
we also obtain R R o

(X™, X™") = (X4, X") in (Dp)? as n — oo.

Recall that X"(t) = X™"(t,0) for each t > 0, we obtain that X" = X in D as n — ooc.
Recall that D™(t) = X™(0) — X™(¢t) + A™(t) for each ¢t > 0, we obtain that D™ = D in D as
n — 00.The proof of Theorem 3.2 is now complete. U

7. PROOF OF THEOREM 5.1

In this section we prove Theorem 5.1. We start with a lemma on the sample path
property of the limiting two-parameter process V. For each fixed ¢ > 0, we denote V”(t) =
{V"(t,az) :x > 0} and it is an element of D. Similarly, for each fixed ¢ > 0, we denote
V(t) = {V(t,x): x>0} and the following lemma shows that V (¢, z) has sample paths in C,
and thus in Cg, and also implies that for each ¢ > 0, V(t) is also an element of I (actually
C).

Lemma 7.1. Under Assumptions 1-2, the two-parameter Gaussian process V(t,x) 18 con-
tinuous, i.e., it has sample paths in Co, and thus in Cc.

Proof. Consider [0,T] x [0,T"]. Since the covariance function of V is continuous, by Lemma
4.2, it suffices to show that V (¢, z) € D([0,T] x [0, T"], R).

We apply Theorem 4.2. By (5.2), we have Var(V(t,0)) = Var(V(0,y)) =0 for 0 <t < T
and 0 < y < T'. Thus, condition (i) of Theorem 4.2 is satisfied. It is easy to see that
conditions (i) and (iii) are also satisfied since the covariance function of V is continuous. So
we focus on condition (iv). Recall that there are only two kinds of neighboring blocks in
[0,T] x [0, T'], we consider the first kind with B = (s,t] x (z,y] and C = (r,s] x (z,y] for
r < s<tand x < y. By Cauchy-Schwarz inequality, it suffices to show that there exists
some finite measure p with continuous marginals on [0, 7] x [0,7”] such that

E[V(B)) < u(B)?. (7.1)
By definition, the left hand side of (7.1) is
EHV(t,y) —Vi(s,y) = V(t,x)+ V(S,x)m
= 3(B[|V(t,y) — V(s,y) — V(t,2) + V(s,2)|*])”

=5 ([ (-0 - Rt )1 Rty -+ Rl - w]ir))

IN

(ﬂ / [Fuly ) - Fula - u)}dA<u>)2, (7.2)
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where the first equation holds since the kurtosis of any normal random variable is 3. It is
easy to verify that the measure p on [0, 7] x [0,7"] defined by

B) := \/§/ [Fu(y —u) — Fy(z —u)|dA(u), VB = (s,t] x (z,y] C[0,T]x[0,T"], (7.3)

is finite and has continuous marginals. Thus, the condition (7.1) is verified for the first kind
of neighboring blocks in [0,7] x [0,7"]. A similar argument also verifies it for the second
kind of neighboring blocks. This completes the proof. O

Lemma 7.2. Under Assumptions 1-2, for each t >0, V(t) = V(t) in D as n — co.

Proof. Tt suffices to prove the convergence in D[0,7"] for each T > 0. Fix ¢t > 0. We apply
Theorem 4.1 with S = R.
We first prove that the condition (4.1) holds, that is, the I-dimensional random variables

(V'(ty),1<j<l)= (V(t,y;),1 <j<l) in R as n— oo, (7.4)
for any 0 <y; < ...<y; <T" and [ > 1. We first consider the case when [ = 1 (removing
subscript 1 in y; for brevity below) and it is easy to generalize to [ > 1.

To show that V" (t,y) = V(t,y), by the continuity theorem (see, e.g., [8]), it suffices to
show that the characteristic function of V”(t, y), denoted by 7, (0), converges pointwisely to
that of V(t,y), denoted by ¢y, (), and ¢ ,() is continuous at # = 0. Recall the covariance
function of V in (5.2). For each t,y > 0, V(¢,y) is a normal random variable with mean
zero and variance fot F,(y —u)FS(y — u)dA(u). Thus we have

92

0100 = E [exp (1070.)) | = exp (- /OtFu<y—u>F5<y—u>dA<u>)7 (75)

and ¢y ,(0) is continuous at & = 0. For ¢}, (0), let A"(t) = o(A"(s),s <t) VN where N is
the collection of P-null sets, and we have

pry0) = E [eXP (i@V”(t,y))} =F [E [exp (19V” (t,y ) | A H

FT An (1)

= FE |E |exp 19— Z < )>y—1") — Ffzn(y—rf)) A" (t)
o[ (0 )

= E|E exp (19 1(ni(r") >y —7") — Fin(y — 77) >|«4"(t)
B v 1
A0

= B |I] |1 g Pl IF - )+ o) | (7.6)

=1

Recall that Fi(u) = F,(t —u) for u,t > 0 and Ff(u) = 1 — F}(u). Thus, for large enough n
(specified below), we have

|01y (0) = ey ()]

L B Ey () + o(n_l)} — exp <—922 /0 t Fy(u)ﬁ’yc(u)dA(u)>
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A" (t)

B \[TI [t Bt 5ot + o)

i=1

IN

An(t)

- I o (g BBy

=1
4 'E [eXp (_922 /0 t Fy(u)ﬁ'yc(u)dA"(u)>] ~ exp <—922 /0 t Fy(u)ﬁg(u)dA(u)N

v (~ BB ) = (1= LRG| +o)

S
™

t|e oo (-5 [ Bwiwiar)] -eo (-5 [ Bwimaw )]
< LB +ol)
+ 'E [exp (—922 /Ot Fy(u)ﬁ’i(u)dﬁn(u)>] — exp <—022 /Ot Fy(u)ﬁ’;(u)d/\(u)>‘
— 0, as n — oo. (7.7)

Here the first inequality is by subtracting and adding the same term and triangle inequality.
The second inequality is by Lemma 9.1. The third inequality is by Lemma 9.2 for large n
such that |%\ < 1. The final convergence to zero is implied by the facts that A = A in D,
the continuous mapping theorem and

{exp (-922 /Ot Fy(u)ﬁg(u)dm(u)> n> 1}

is uniformly integrable. Therefore, we have shown that for each fixed ¢ > 0 and y > 0,
Vi(t,y) = V(t,y) in R as n— oco.

A straightforward generalization implies the convergence of finite dimensional distributions
of V"(t). Indeed, when [ > 1, consider (yi,...,4;) € Rl where 0 <y < ... <y <T'. We
need to show that for any (61, ...,6;) € R,

exp(ZGV tyz>

and the limit is continuous at (0, ...,0) € RL.
By definition, Zl» 1 0:V (t,y;) is a normal random variable with mean zero and variance

/<ZZ‘)9F yl/\yj_U)sz(yi\/yj—u)>d1\(u).

i=1 j=1

exp(ZHVtyl>] as n— o0

Thus we have

exp(ZﬁVtyzﬂ—exp( /(ZZMF yilNy;—u) Fy (yiVy; — ))d/\(u)>,

=1 j=1
(7.8)
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and it is continuous at (0, ...,0) € R! by bounded convergence theorem.
By definition,
! A™(t)

!
Z@Vn(t,yi) = *Z i f Z (e () *TE)*FT;’(M*TI?)]
i=1

i=1

An(t) /o
= —\/171 > (Zez‘[l(ﬁk(ﬂ?)S?Jz‘—Tl?)_Fﬂ?(yi_Tg)O'

k=1 \i=1
Thus, a direct calculation as in (7.6) shows that

exp(zav ty>]

An(t)

I
1 n C n -
=FE H 1= § E 0i6; Frn (yi Ny — 70 ) Fin (yi V iy — ) + o(n Dl (79)

k=1 i=1 j=1

The convergence of (7.9) to (7.8) can be shown in a similar way as in (7.7) by Lemmas
9.1-9.2.

We next show that the limit process V(t) = {V(t,y) : y > 0} for each ¢ > 0 satisfies
condition (4.2), that is,

VE,T)— VT —86) =0 as §— 0.
It suffices to show that
E [W(th} - V(T — 5)‘2} —0 as d—0.

This directly follows from the continuity of the covariance function of V.
We now verify condition (4.3) in Theorem 4.1. Define a function H': [0,7'] — R by

H'(y) = CH’t/o Fu(y —w)dA(u) for ye[0,77], (7.10)

where Cpr¢ is a large positive constant to be specified below. It is easy to see that H'(y) is
nondecreasing and continuous. Thus, it suffices to show that for 0 <z <y <2 < T,

P(|V™(t,z) = V™t )| A V(L y) — V" (t, 2)| =€) < é(Ht(z) — Ht(q:))Q. (7.11)

First we observe that for any K € N, nK = A™(1)}). On {A™(T) < nK = A™(1)'x)}, we
have t =t A1)} for t < T. Thus, A"(t) = A"(t A 1)} ) and Vr(t,z) = V't A T, T) on
{A™(T) < nK}.

Now, for K € N such that K > A(T) and € > 0,

PV (t,z) = V(L y) | AV (ty) — V't 2)| > €)
< P(A™(T) > nK)
P (A™(T) < 0k, [V (@) = V(1 y) | A V() = V7 (2,2)] = o)
< P(ANT) = K)
+€l4E [1([1”(11) < K)- |Vt z) = V()P [V (ty) — VR, z)ﬂ
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< P(AY(T) =z K)

+5i4 (E [W"(t ATl ) — VIt A TSK,y)H)lm

< (E[[0m @ nrme.y) — 0o A e, ) T) (7.12)
(7]l ")

where the last inequality is from Cauchy-Schwartz inequality and from the observation that

A A

V(t,z) = V(AT g, o) for t <T on {A™(T) < nK}.
Since A™(T) = A(T) as n — oo by Assumption 1, we have

P(AYT)>K) = P(AMT)>K)=0 as n— oo
for the chosen K > A(T'). Therefore, due to (7.12), (7.11) is implied by
n n n n 4 2
B[V (t ATk, o) =Vt AT )| '] < (H' (y) — H' (2))7 (7.13)
for 0 < x <y <T'. Now we calculate the left hand side of (7.13):
4]

B[Vt A, w) = V(¢ A, )]
m(t)AnK
B 2
Fuly — ) — Fule — w1 - Fuly — u) + Fu(x —u)]dA”<u>) }

A
1 n n n n n
= E[’\/ﬁ Z L(ni(m") € (@ =7y — 7)) = Frn(y — ') + Frn(x — 77")
i=1

-

AT e

S

1
B L ) € =y =) = Pty =)+ Pyt =)
i=1
3 A™(t)AnK
n ny12 n a2
—an[ 2 [Frly=mi) = Foplo =] [1—F7p<y—n>+FTr<x—n>]}

i=1

< 3E K/OMTSK [Fu(y —u) — Fu(z — u)]dﬁn(u)ﬂ +o(1/n)

< 3E KK A /Ot [Fu(y —u) — Fu(z — u)]dA”(u)ﬂ +o(1/n). (7.14)

Since A" = A in D as n — oo by Assumption 1, it is easy to see that for each t > 0, as
n — oo,

K/\/O [Fu(y—u)—Fu(x—u)}dAn(u);»KA/O [Fuly —u) — Fu(z —w)]dA(w) in R

Since {(K/\fg [Fu(y—u) —Fu(:zc—u)]dfl”(u))2 :n > 1} is uniformly integrable, by Theorem
3.5 in [4], as n — oo, we have
t 2
E [(K A / [Fu(y —u) — Fu(z — u)]dA”(u)) ]
0

2

— (K A /Ot [Fu(y —u) — Fu(z — u)]dA(u)>
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= (/Ot [Fuly —u) = Fu(x - U)}dA(U)>2,

because of the fact that K > A(T"). Thus by choosing Cy+ > 0 large enough, we have proved
(7.13). The proof is complete. O

Now we are ready to prove Theorem 5.1.
Proof of Theorem 5.1. Consider [0, T]x[0,T"]. To prove this, it suffices to verify the following
three conditions by Theorem 4.1 with & = D.
(i) forany 0 <t; <to <.. <t <T and k > 1,
(V™ (t1), .o, VR (tr)) = (V(t1), ..., V(tx)) in D* as n— oo, (7.15)
(ii)
dn(V(T),V(T'=6)) =0 in R as §—0, (7.16)
(iii) forr < s <t <T and n > 1,

p (dJl (V™ (r), V™(s)) Ady, (V™(s), V() > e) < %(H(t) — H(r))?, (7.17)

for some nondecreasing and continuous function H on [0, 7.
To prove (7.15), we show that for any 0 <t; <ty < .. <t, and k > 1,

(V™ (t1), ., V(1)) = (V(t1), ., V() in (D0, T'])* as n— oo (7.18)

Lemma 7.2 implies that the sequence {V™(t) : n > 1} is tight for each ¢ € [0, 7], and thus,
(V™(t1), V™ (t2), ..., V" (tx)) is also tight for 0 <ty < ta < ... <t <T. Then it suffices to
show the finite dimensional distributions of (f/” (t1),V™(t),..., V™ (tx)) converge to those

of (V(t1)7\7(t2),...,17(tk)). It suffices to show that for any 0 < y; < ... < y; < T" and
{0 eR:i=1,..,k,j=1,..,1},

exp ZZQUV (ti, y5) — F |exp ZZ@ (ti, y5) as n — oo,

i=1 j=1 i=1 j=1
and the limit function is continuous. The proof is essentially the same in Lemma 7.2 in the
case k = 1. We only highlight the minor difference in calculating the expectations in the

case k > 1. We can write
k !

ko1
Zzeijvn(ti,yj) = ZZ "(t1,y5) ZZ%W”U%%)—V”(thyj)]

4+t Z Z gij [V”(tk,yj) — Vn(tk—lyyj)]'

Observe that the expression above is the summation of conditionally independent terms,
V™ (tm, ) — V™(tm_1,-) for 1 <m < k. The expectation can then be easily calculated. We
omit the details here for brevity.

Condition (7.16) is simply implied by the fact that V € C¢ proved in Lemma 7.1.

Now we focus on (7.17). For K € N such that K > A(T) and € > 0,

P(dy, (V™(r), V™(s)) Ady, (V(5), V(1)) > e)
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< p ( sup }Vn(ra y) - Vn(s’y)’ A sup ’Vn(svy) - Vn(tay)} > E)
yE[O,T’} yG[O,T’]
< P(AMT) > nK)
+P <A"(T) <nK, sup |[V"(r,y) = V"(s,y)| A sup [V"(s,y) = V"(t,y)| > 6)
yE[O,T’} yE[O,T’]
< P(AYT) > K)
1 _ ~ ~ ~ ~
+5 B [1ANT) S K) - sup [V(ry) = V"(s,9)|*- sup [V"(s,9) = v"<t,y>\2]
€ yE[O,T/] yE[O,T’}
< P(AMT) > K)

1/2
sup ‘V”(t AT, @) — V"(s A Toes :c)‘4
z€[0,77]

1
— | FE
w(
><<E

where the last inequality is from Cauchy-Schwartz inequality and noting that V(t,:n) =

V(AT e, x) for t <T on {A™(T) < nK}.
Since A™(T') = A(T) as n — oo by Assumption 1, we have

P(AMT)>K) 5 P(AT)>K)=0 as n—
for the chosen K > A(T'). Therefore, due to (7.19), (7.17) is implied by

1/2
sup |V”(s/\7‘,’fK,x) —V"(TATSK,QCHZL , (7.19)
z€[0,77]

E

sup |VP(t A T, ) — V(s A Tl x)\‘*] < (H(t)— H(s))?, (7.20)
x€[0,T"]

for 0 < s <t < T and some nondecreasing and continuous function H on [0, 7.
Now we prove (7.20). Define

th[f/”} () =Vt AT, x) = V(s ATk, x),

for 0 < s <t<T and x € [0,7']. We apply Proposition 4.1 to obtain an upper bound for
the supremum norm of Z¢,[V"|(x). By definition, we first obtain for 0 <z <y < T,

E (|22 V")(y) = Z2 V") (@)

= B[Vt Ariy) = Vs Ao y) = VAT, 2) + V(s A i, o) 1]

. A" (H)AnK !
= an[ i:A%AnK“WZ‘) €@ y—7l) = Fep(y — ") + Prp(x = 7]") }
- K/: [Fuly =) = Fule — )] [1 = Fuly — u) + Fu(z - “”d[‘n(“)ﬂ

A () AnK

1
B Y ) € Gty = ) = Py = 1) + Fo - )
i=A"(s)AnK
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3 A" (t)AnK
n2E[ > [Frly—) ~ Fpa =) [L= Foply = ') + Frpw — 7))
i=An(s)AnK
INT i 3 2
([ i)

< 3E KK A /: [Fu(y —u) — Fu(z — u)]dfl”(u))Q] +o(1/n). (7.21)

By the similar argument in Lemma 7.2, we have as n — oo,
E [(K A /: [Fuly — ) — Fu - u)]d/l”(u)) T
5 (K A /: [Fuly —u) — Fu( u)}dA(u))2
- ([ 10 R - olanw)
< (t-9nw-a+ [Rly—w - Fuo - u>]dA<u>)2.

Thus, we know that there exists a constant C' > 0 such that for each n > 1,

E[|22,007](y) - 22 V") (@)[*] (7.22)
t 2
< C? <(t —s)AN(y—x)+ / [Fu(y —u) — Fy(x — u)}dA(u)) = C2(ds7t(x,y))4.

where ds ¢(x,y) is the semimetric on [0, T"] given in Definition 5.1. Therefore, by Proposition
4.1, it is easy to see that (7.20) (thus (7.17)) holds with

H(t) = KY2(t + A(t)),

which is a nondecreasing and continuous function, and K > 0 is a large enough constant.
Now, the proof is complete. ]

8. DISCUSSIONS

8.1. Application of Proposition 4.1 to the processes X; and X;’ Proposition 5.1
gives a useful upper bound for E[supye[ovrp] V(t, y) — V(s, y)‘p] when p = 2,4 by applying
the moment bounds resulting from the method of chaining, where the upper bound is of the
form H(t) — H(s) for some nondecreasing and continuous function H. As a consequence, the
convergence criterion in Theorem 4.1 becomes very convenient to prove the weak convergence
of the processes V", and thus the processes X5 and X3¢ by the relationships in (6.11)

and (6.12). In this section, we provide similar upper bounds for Xg and X§ by applying
Proposition 4.1. As we see below, additional conditions are required on the cumulative
arrival rate function A(t) or the conditional distribution function F,(z) in order to obtain
such useful moment bounds. Thus, to prove Theorem 3.2, these additional conditions are
required if we were to prove the convergences of X3 and X3¢ directly by applying the
convergence criteria in Theorem 4.1 with these moment bounds. It is worth noting that the
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approach to prove the convergence of X™€ and X™" via the convergence of V™ requires the
minimal conditions on the system primitives. Although not used in the proof of Theorem
3.2, these bounds may be of independent interest. We state the following two propositions
and their proofs can be found in Appendix.

Proposition 8.1. Under Assumptions 1-2, if A is Lipschitz continuous with Lipschitz
constant L > 0, the two-parameter Gaussian process X5(t,y) has the following upper bound
forp=2,4:

E| sup \Xsu,y)—X;(w)rp}
y€[0,17]
p/2

T
< K. <2L(t —s)+ / [Fu(t —u) — Fu(s — u)]dA(u)) , (8.1)
0
for some constant Ko >0 and 0 < s <t <T.

Proposition 8.2. Under Assumptions 1-2, if F,,(-—u) is Lipschitz continuous with Lipschitz
constant L(u) such that Ly = fOT L(u)dA(u) < 400 for each T > 0, the two-parameter
Gaussian process Xg(t, y) has the following upper bound for p = 2,4:

E[ sup 1X5<t,y>—f<5<s,y>|p]
y€[0,17]

/2
<K, ((t VA (= )Y 4 (t— )+ A(t) — A(s))p . (82)
for some constant K, >0 and 0 < s <t <T.

8.2. Comments on the new methodology for G;/GI/oco queues. We make the follow-
ing comments on the application of our new methodology for G;/GI /oo queues.

(i) Assumption 2 can be relaxed to allow the service time distribution function F' to be
general, without any continuity condition. From the proofs of Lemmas 7.1-7.2 (see equations
(7.3) and (7.10)), we see that the marginal continuity of p and the continuity of H! are
evidently satisfied in the i.i.d. case with any general c.d.f. F. Similarly, Assumption 5 can
be relaxed to allow the remaining service time distribution G to be general without any
continuity condition.

(ii) The upper bound in Proposition 8.1 holds for any general distribution function F,
while the upper bound in Proposition 8.2 holds for any Lipschitz continuous distribution
function F.

9. APPENDIX

In this section, we collect some auxiliary results that are used in the proofs, and proofs of
Lemmas 4.2 and 6.2, and Propositions 8.1-8.2. We first state two technical lemmas, whose
proofs can be found in [8].

Lemma 9.1. Let 21, ..., 2, and wq, ..., wy, be complex numbers of modulus less than 1. Then

n n n
Hzi—Hwi S E \zi—wi\.
=1 =1 =1

Lemma 9.2. If b is a complex number with |b| < 1, then |e® — (1 +b)| < [b|%.
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Proof of Lemma 4.2. By Theorem 2 in [13], for each t € R?, there exists a deterministic
function «(t) such that

P <lir?jllp X(s)=X(t) + %a(t), lirsn_ztan(s) = X(t) — ;a(t)> =1. (9.1)

(9.1) yields that
limsup | X (u) — X (v)| = a(t), a.s.

u,v—t
Since X (t) € Dg, this further implies that
[ Xo,(t) = Xo, ()] = a(t), as., (9.2)

where | X, (t) — Xg, (t)| is the maximum over all the six possible differences of X over any
two quadrants of the four quadrants at t.

Let to € R3. Then the difference Xo,(to) — Xo, (to) is a mean zero Gaussian random
variable. However, by (9.2), it equals either +a(tp) or —a(tg), which is impossible for a
mean zero Gaussian random variable unless a(tg) = 0. Thus, ¢¢ is a continuity point of X,
and the sample paths of X are in Cy a.s. ]

Proof of Lemma 6.2. Since z € C, the convergence of 2" — z in (D, J;) is equivalent to the
convergence under the supremum norm. That is, for any 7' > 0, we have ||2" — z||p =
supgefo,r) 2" (®) — 2(z)| — 0 as n — oo.

It is easy to check that ¢"(z), 9" (2), ¢°(z),¢°(2) € Cc (and Cy), for which it requires the
continuity of Fy(x) and G¢(x) in x for each ¢ in Assumptions 2 and 5, respectively. It suffices
to prove the convergence in the supremum norm. The proofs for ¢"(z), ¢°(2), 1¢(z) follow
from similar arguments. We only prove the convergence 9" (z,) — 9" (z) in the supremum
norm, that is, for any 7,7 > 0,

sup sup |¢"(2")(t,y) — ¢ (2)(t,y)| > 0 as n— oo (9.3)
t€[0,T] y€[0,77]
By integration by parts and the fact that Fyy,(s) = Fs(t +y —s) < 1 for all s,t,y > 0, we
have

sup sup |47 (2")(t,y) — ¥"(2)(t,y))|

te[0,T] ye[0,17]
t t
= swp sup | [ (1= g ()" () — [ (1 Fray(5))d(s)
t€[0,7] ye[0,77] 1 Jo 0
< sup [2"(t) = z(8)| + [2"(0) — 2(0)]
t€[0,T]
t ~
+ sup sup / [2"(s) — 2(8)]dFyqy(s)
t€[0,T] y<[0,77] 10
< "=zl + 12" = zllr+ 12" —zlr sup VI (Fy) =0 as n— oo.

tel0,T+1"]

The convergence follows from the assumption of z" — 2z and Assumption 3.
We next prove the convergence of ¢"(z,) — ¢"(z) in the supremum norm, that is, for any
7,7 > 0,
sup  sup |¢"(z")(t,y) — ¢"(2)(t,y)| = 0 as n — . (9.4)
t€[0,T] y€[0,T7]
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By integration by parts and the fact that Gy(s) = G4(t) < 1 for all s,¢ > 0, we obtain
sup  sup [¢"(2")(t,y) — ¢"(2)(t, y))|

te[0,T] ye[0,17]
— s sup | [ (1= Gy ()" (s) [ Guay(9)da(s)

te[0,T] ye[0,7] |Jo 0

] - y ~

= sup sup / (1 — Giqy(s))dz"(s) — / (1 — Giqy(s))dz(s)

t€[0,T] y€[0,77] 1/0 0
< [2"(®) = 2(H)] +12"(0) = 2(0)]

Y ~
+osup sup | [7n() = 2G5
te[0,T] y€[0, 7] 1J0

< 2" =zllg + 2" = zllg + 12" 2l sup  VJ(Gy).

t€[0,7+717]

All the three terms converges to zero as n — oo, under Assumption 6. This completes the
proof. ]

We next prove Proposition 8.1. We need the following definition and lemma. Recall that L
is the Lipschitz constant of A, and note that A(¢) = 0 for ¢ < 0. Also recall Fi(u) = F,(t —u)
for t,u > 0 and F,(z) =0 for u >0, z < 0.

Definition 9.1. For each 0 < s <t < T and T’ > 0, define a semimetric d§; on [0,7"] by

t—x S—T - 1/2
(L(y —x)+ ft—y Fy(u)dA(u) — fs_y Fs(u)dA(u)> , if y—xz<t—s,

(26t~ 5)+ i (Fuluw) Fs(u))dA(u))l/z, it y—a>tos,
(9.5)

dS s (z,y) ==

for 0 <z <y < T, and by symmetry, for 0 <y <z < T,
dg,t(%y) = dg,t(ya ). (9.6)

It is easy to check that dS,(z,y) defined in (9.5)-(9.6) is indeed a semimetric on [0, 7"]
for any 7" > 0.

Lemma 9.3. For each 0 < s < t < T and T" > 0, the diameter of [0,T"] under the
semimetric d (v, y) is

T 1/2
dr) =, 0.7) < (20 -9+ [ (Al - Fa)iw) @)
0
and the covering number satisfies (4.22).

Proof. 1t is easy to check that d§;(0,7") > d§ (=, y) for each pair of (x,y) € [0,T] x [0,T"],
which gives the diameter in (9.7). To find the upper bound of the diameter, when 7" > t — s,
the upper bound in (9.7) holds with equality by the second line of the definition in (9.5).

When T < t — s, by the first line of the definition in (9.5), we obtain

0T = (LT/JF/tiT/E(“)dA(u)— / S F's(u)dA(u)>1/2

T
t s

) ) 1/2
(L(t —s)+ Fy(u)dA(u) — Fs(u)dA(u)>
s=T" s=T"

IN
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- (L(t—s)—l— / tFt(u)dA(u)—i— / ) [Ft(u)—Fs(u)]dA(u)>1/2

-7
1/2

< (te-9sme—9+ " (Filw) - F(u)da))

— (2L(t — )+ /OT (Fy(u) — FS(U))dA(U)>1/2,

which is the upper bound in (9.7).

To find the upper bound for the covering number, we observe that for each z € [0,T"],
the semimetric dg ;(z,y), as a function of y, is nonincreasing on [0, z] and nondecreasing on
[x,T’] (behaves like Euclidean metric). This completes the proof. O

Proof of Proposition 8.1. We only need to verify that the Gaussian process X;(t, y) satisfies
(4.21) with p = 2, 4. Tt is evident that X§(¢,0) = 0 a.s. for each t € [0,T] (its variance
Var(X5(t,0)) = 0 from (3.10)). Then the conclusion follows from (9.7) and (4.23).

We now verify the condition (4.21) for X§(t,y) with p = 2. By (3.10), we obtain

)

(t=y)V(s—z) _ _
—2/ Fs(u)Ff(u)dA(u). (9.8)

t—y
When t —y > s — x, that is, y — x < t — s, the right hand side of (9.8) becomes

E (Xg(tv y) - X;(Svy)) - (Xg(t,.l‘) - X;(va))

_ / BB w)dAw) + [ Fuu) F(u)dA ()
t—y s—y

R () Fe(u)dA(u) + / By () P (u)dA (u) — 0

< [ Buydrw) + / T Be(u)dA (u)

t—y s—y
— A(s—2)—Als—y) + /t_ Fi(u)dA (u) — /_ Fu(u)dA (u)

Ly —=x 7m15tudAu — SixﬁsudAu. 9.9
< Ly—a)+ [ R - [ Rwdaw) 99)

When t —y < s — z, that is, y — z > t — s, the right hand side of (9.8) becomes

/t B () P (u)dA (u) + / T () P (u)dA (u) — 2 / T B () P () dA ()

-y -y t—y

- /t o Fy(u)dA(u) — /t t_x(Ft<U))2dA<u)

-y -y

[ Rwdst) - [ RwPasw -2 [ A daw
t—x ST
_ /t FwdAw) — | Fy(u)dA(u)

-y 5=y
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+2 / T B (u)dA (u) — / T (Fy(u))2dA (u) — / T (Fu(u))2dA ()

=Y

—y .
< /ti_x F’t(u)d/\( ) _ i_m Fs(u)dA(u) + A(t _ y) o A(S . y)
- /tsm [Fi(u) = Fu(w)]"dA(w) - /x(ﬁt(u))2d/\(u)
t—a s—x
L(t—s Fy(u)dA(u) — Fo(u)dA(u). ‘
< L{t )+/t_y (u)dA(u) /S_y (u)dA(u) (9.10)

Note that (9.9) and (9.10) show some symmetry. However, (9.10) does not fit our purpose
here. The reason is that if we define dS ;(, y) as the square root of (9.10) when y —z >t —s,
it can be shown that it is a semimetric, but the diameter under this semimetric seems
impossible to calculate and thus it is hard to obtain a convenient covering number. That is
also the motivation for the definition of dg, in (9.5). Thus, we need to derive the following
upper bound on (9.10). (9.10) can be written as

_ t—x t—y

L(t—s)+ /:_x [Fy(u) — ﬁ's(u)]dA(u) + / Fy(u)dA(u) — Fo(u)dA(u)

—y s—x s—y

T ~ ~
< L(t—s)+/0 [Fy(u) — Fy(u)|dA(u) + A(t — z) — A(s — 2)

T
< oLt s)+ /O [Fy(ur) — Fy(u)] dA(w). (9.11)

Combining the two cases above, we see that X§(t,y) satisfies (4.21) with p = 2 and C = 1.

To verify (4.21) with p = 4, we note that (Xg(t,y) - X;(s,y)) - (Xze(t,x) — X5(s, x)) is
a normal random variable. Recall that the kurtosis for a normal random variable is 3. So
we obtain

B || (X5(ty) - X5(s,9)) — (X5(t,2) = K5 (5,2))[* |

— 3 (B[|(%5t0) - Xs(s.) - (K5(t.2) - X3(s.2)[])’

e 4

< 3(dy(xy)" 9.12)
Thus, we see that X§(¢,y) satisfies (4.21) with p = 4 and C' = 3. This completes the
proof. O

Proof of Proposition 8.2. We apply Proposition 5.1, (4.19) in Theorem 4.3 and the fact that
X5 (t,y) has the same distribution with V'(¢,t+ y). We only consider the case when p = 2
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since a similar argument follows for p = 4.

T o 2
E | sup |X3(t,y) — X5(s,y)|

y€[0,17]

= FE| sup ‘V(t,t%—y)—V(s,s—i—y)‘2
y€[0,17]

< 2E| sup ‘V(t,t +y)— Vs, t+ y)‘2 +2E | sup ‘V(s,t +y)—V(s,s+ y)|2
_yE[O,T’] y€[0,77]

< 2F sup ‘f/(t,y) - V(s,y)’2 +2E | sup ’V(s,y) - V(s,x)}Q . (9.13)
| yE(0,T+T7] lz—y|<t—s

By Proposition 5.1, the first term is upper bounded by
Ki(t— s+ (A(t) — A(s))), (9.14)

for some constant K7 > 0.

Now we consider the second term in (9.13). Recall the definition of the semimetric ds¢(x, y)
in Definition 5.1. We first observe that under the additional assumption on Fy,(x — u), we
have

s 1/2
dos(y,x) = (s Ay —x)+ /0 [Fu(y —u) — Fy(x — u)}dA(u))

1/2

IN

(y =2+ Lr(y —=))
< (L + DYy —a)'2
Therefore, the second term in (9.13) is bounded by

sup ’f/(s,y) - V(s,x)f] . (9.15)
do,s(y,2) <((Lr+1)(t—s))/?

It is straightforward to verify that
- - 2 2
E[[V(s,9) = V(s,2)[*] < Cv(dos(y, )
for some Cy > 0. By (4.19) in Theorem 4.3, we have that for any ¢,d > 0,

2K

2

¢
sup W(s,y)—f/(s,x)\?] < Ky </ (N(e/2,d075))1/2de+6N(§/2,d075)> ,
d(),s(-777:l/)§(s 0
(9.16)

2F

for some Ky > 0.
Taking 0 = ((Lp + 1)(¢t — s))1/2 and ¢ = 6%/2 in (9.16), we obtain

2F sup ‘V(Say) —V(S,CC)|2

do,s(z.y) <((Lr+1)(t—s))!/2

§1/2 ' 12\ 2
0
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51/2 ' 1/2\ 1/2 / 1/2
s(0,T s(0,
< d() (0 )+6 > d6+(5'd07(0T)+5
€ 51/2

2

< K ( do,s(0,T) + 81/2)1/2 2514 1 (do o0, ') +6"/2) - 5/2)

< ( do,s (0,7") + 8172) - 6Y/2 4+ 2(do, (0, T") + 81/2)* - )

< sV 4 (t — 5)1/?). (9.17)

for some large enough K since dos(0,77) + 61/2 is upper bounded by T + A(T) and
312 < (Ly+ 1)t —s)) .
Combining this upper bound with (9.14), we obtain that

~ 2 2
E| sup |X5(t,y) — X5(s,y)]

y€[0,17]
< Ky(t—s+ (A) — A(s) + Ky ((t — VA (- 5)1/2)
< K, ((t )Y (b — )Y (t—s) + A(t) — A(s)) (9.18)
for some constant K, > 0. This completes the proof. g
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