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ABSTRACT. We study a fork-join network with a single class of jobs, which are forked into a fixed
number of parallel tasks upon arrival to be processed at the corresponding multi-server stations.
After service completion, each task will join a buffer associated with the service station waiting for
synchronization, called “unsynchronized queue”. The synchronization rule requires that all tasks
from the same job must be completed, referred to as “non-exchangeable synchronization”. Once
synchronized, jobs will leave the system immediately. Service times of the parallel tasks of each
job can be correlated and form a sequence of i.i.d. random vectors with a general continuous joint
distribution function. We study the joint dynamics of the queueing and service processes at all
stations and the associated unsynchronized queueing processes.

The main mathematical challenge lies in the “resequencing” of arrival orders after service
completion at each station. As in Lu and Pang (2015) for the infinite-server fork-join network model,
the dynamics of all the aforementioned processes can be represented via a multiparameter sequential
empirical process driven by the service vectors for the parallel tasks of each job. We consider the
system in the Halfin-Whitt regime, and prove a functional law of large number and a functional
central limit theorem for queueing and synchronization processes. In this regime, although the delay
for service at each station is asymptotically negligible, the delay for synchronization is of the same

order as the service times.

1. INTRODUCTION

We consider a fundamental fork-join network with a single class of jobs that will fork into a
fixed number of parallel tasks upon their arrival, and then join after service completion. Each
parallel task is processed at a multi-server station under the first-come-first-serve (FCFS) and
non-idling service discipline, and will join a buffer waiting for synchronization associated with the
station after service completion. This buffer is called “unsynchronized queue” or “waiting buffer for
synchronization”. Tasks are only synchronized if all the parallel tasks of the same job are completed,
called “non-exchangeable synchronization” (NES) [3, 60, 61, 33]. After synchronization, jobs will
leave the system immediately (the synchronization time is irrelevant in our model). Figure 1 depicts
such a network model. Unlike classical queueing models, there are two types of delays in this
fork-join network: delay for service and delay for synchronization. The objective of this paper is
to study the delay for synchronization when each service station is operating in the Halfin-Whitt
(Quality-and-Efficiencty-Driven, QED) regime [18]. In this regime, the job arrival rate and the
number of servers in each service station get large appropriately while fixing service time distributions
so that each station is asymptotically critically loaded, achieving both high quality (low delay) and
high efficiency (high utilization).

Fork-join networks with NES are used in many applications, including healthcare systems,
parallel computing, MapReducing scheduling (e.g., large-scale parallel Web search), disassembly and
reassembly systems in manufacturing and so on. In patient flows of hospitals [2, 3, 22, 60, 61], the
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FIGURE 1. A fundamental fork-join network with finite servers

treatment and discharge processes are typical examples of fork-join networks with NES: a patient
must have all test results ready before a doctor examination and these tests are conducted in different
units/laboratories and can never be mixed; a patient, after the discharge decision is made, must
wait for necessary procedures, pharmacy, transportation, etc., before being physically discharged.
In MapReduce scheduling [11, 31, 54, 57|, jobs are processed in two phases: in the map phase, a
large-scale data input (e.g., Web processing data) is distributed into individual computation nodes,
and each node processes one block of input data, and after the execution of all blocks of the same
data input, they will be joined as an output in the reduce phase. In addition, fork-join networks with
NES are also used in manufacturing and inventory systems [5, 6, 17, 27, 28, 40, 41, 49, 48, 53, 56],
military operations [26, 59] and law reinforcement [30].

The main mathematical challenge in analyzing the multi-server fork-join network with NES is the
resequencing of arrival orders after service completion at each service station due to the randomness
of service times. Exact analysis of this model is prohibitively difficult since it is necessary to track
the service completion times of all the parallel tasks of each job, which will require an infinite
dimensional state space. Many efforts have been made to study the resequencing problems in the
literature using the max-plus recursions [21, 4, 12]. Here we develop a completely new approach
to study the resequencing problem in the fork-join networks with NES asymptotically when each
station is operating in the Halfin-Whitt regime.

In [33], we have studied a fork-join network with NES as described above where each service
station is operating in the quality-driven (QD) regime (equivalent to having infinite numbers of
servers at each station asymptotically). The approach developed in [33] solves the resequencing
problem when the number of servers at each station is infinite (no delay for service). However,
it cannot be extended directly to resolve the resequencing problem when the number of servers
at each station is finite. As shown in [51, 50, 24, 25], the queueing process for service itself in
G/GI/N queues in the Halfin-Whitt regime already present substantial difficulties. In our model,
the delay for service also affects the resequencing of tasks after service completion at each station,
and as a consequence, the queueing processes for synchronization. This complexity requires further
development of the methodology in [33].

In this paper we aim to solve the resequencing problem when all service stations have multiple
servers, operating in the Halfin-Whitt regime. Since the service times for the parallel tasks for
a job are correlated, the service completion processes of the parallel tasks are dependent, which
causes a substantial amount of difficulties in the analysis of the resequencing of the parallel tasks
and the synchronization process, as well as the service dynamics at all parallel stations jointly. In
our approach, the key is a representation of the service processes, the unsynchronized queueing
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processes and the synchronized process via functionals of a multiparameter sequential empirical
process driven by the service vectors for the parallel tasks as well as the arrival process and the
initial quantities. With this representation, we first show a functional law of large numbers (FLLN),
Theorem 3.1, for these processes assuming that the system starts from empty when the arrival rate
is allowed to be time dependent. The fluid limit of the synchronized process is an integral of the
minimum of the fluid entering service processes at all stations with respect to the joint service time
distribution function. Numerical examples are provided to illustrate the fluid approximations in
§3.1. We then prove a functional central limit theorem (FCLT), Theorem 4.1, for these processes
when the arrival rate is constant in the Halfin-Whitt regime and when the number of parallel tasks
is equal to two, under some stationarity conditions on the initial quantities. The limits of the
diffusion-scaled processes are the unique solution to a set of stochastic integral equations driven by
the corresponding multiparameter Kiefer process, the arrival limit process and the limiting initial
quantities. One important term in the limits of the synchronized process and the unsynchronized
queues is an integral of the limit of the diffusion-scaled minimum of “entering service” processes at
both stations with respect to the joint service time distribution.

Our results show that when all service stations operate in the Halfin-Whitt regime and the arrival
rate is scaled as O(n), the numbers of tasks in the service stations and the numbers of tasks waiting
for synchronization are of the same order, O(n). This implies that waiting times for synchronization
are O(1), although waiting times for service are O(1/4/n). This is an extremely important insight
for the management of multi-server fork-join networks with NES in the Halfin-Whitt regime. An
intuitive interpretation is that in steady state, for jobs whose tasks are waiting in the associated
buffer(s) for synchronization, their other parallel tasks must be already in service with probability
one asymptotically. Therefore, in order to minimize the response time - the time duration from the
arrival time to synchronization, we conjecture that one must prioritize tasks in each service station
dynamically to reduce the waiting time for synchronization to a smaller order.

1.1. Literature review and comparisons. Many studies on fork-join networks with synchro-
nization constraints focus on service stations with a single server; see, e.g., [15, 16, 5, 6, 21, 4, 12,
27, 28, 40, 41, 49, 48, 53, 56] and references therein. We remark that in the single-server models
with FCFS discipline, the NES constraint is equivalent to the exchangeable synchronization (ES),
and thus, resequencing is not the mathematical challenge. A single-class single-server fork-join
network with feedback is recently studied in Atar et al. [3], where resequencing becomes the main
mathematical challenge due to task feedback. In the conventional heavy-traffic regime, they show
that the system dynamics under NES and ES constraints become asymptotically equivalent under a
dynamic priority routing policy.

Very limited work has been done for fork-join networks with multi-server service stations under
the NES constraint. Ko and Serfozo [27] studied a single-class multi-server fork-join model with
NES as depicted in Figure 1, where the arrival process is Poisson and service times are independent
exponential, but their focus is on obtaining approximations for the steady-state system response
time. In [10] an exact simulation algorithm is provided for the same Markovian model. Recently, in
[8], an exact sampling algorithm is developed to simulate the stationary distribution for a multi-
server fork-join model with NES that has renewal arrivals and i.i.d. service vectors. Zaied [60]
studied multiclass fork-join networks with NES, which have time-inhomogeneous Poisson arrivals
and infinite-server service stations, focusing on the calculation of mean offered load functions. In
addition to the work in [3], Zviran [61] also studied the fork-join network with NES in Figure 1 with
exponential service times under the conventional heavy-traffic regime, and proved that the system
dynamics under NES and ES are asymptotically equivalent under the FCFS discipline.

To the best of our knowledge, our work is the first to study (non-Markovian) multi-server fork-join
networks with NES in the Halfin-Whitt regime. As mentioned earlier, we have developed an approach
to study such networks in the QD regime in [33]. Specifically, we have shown that the service
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processes and the queueing processes for synchronization can be represented with a multiparameter
sequential empirical process driven by the service vectors for the parallel tasks of jobs, and as a
consequence, can be approximated by a multidimensional Gaussian process as a functional of the
corresponding multiparameter generalized Kiefer process driven by the service vectors. In [34]
and [35], we have further developed the model and methodology in [33]. We have studied the
infinite-server fork-join network model with NES, where both the arrival and service processes are
modulated by a finite-state continuous-time Markov chain in [34]. For the infinite-server fork-join
network model with NES, when the service vectors of the parallel tasks satisfy the strong-mixing
(-mixing) condition, a new approach has been developed to prove the weak convergence of the
aforementioned queueing processes in [35]. In that model, the service component of the limit process
is driven by a multiparameter generalized Kiefer process accounting for the sequential correlations
among the service vectors. In addition, we have also studied in the fork-join network model with
disruptive services, which results in an additional jump component in the limit process, requiring
the Skorohod M; topology for the weak convergence.

Our approach in this paper is based on the conjecture that the system dynamics (queueing,
service, waiting for synchronization, and synchronization) in the multi-server fork-join network
model with NES can be represented via the corresponding infinite-server model dynamics, which is
studied in [33]. However, to prove this conjecture, it requires novel methods to take into account
the multidimensionality and the dependence of the service dynamics at all the service stations.
Our approach is much relevant to the recent development in the study of G/GI/N queues in the
Halfin-Whitt regime. In particular, Reed [51] proved an FCLT for the diffusion-scaled process
counting the number of jobs in the G/GI/N queues in the Halfin-Whitt regime, under certain
conditions on the initial quantities. He developed a novel approach to represent the finite-server
model dynamics via the corresponding infinite-server model dynamics, generalizing the approach
for an infinite-server model developed by Krichagina and Puhalskii [29]. Puhalskii and Reed [50]
extended that approach to allow for more general initial conditions and non-critical loading, proving
the convergence of finite-dimensional distributions for the process counting the number of jobs in
the G/GI/N queues. Our work generalizes the methodology in Reed [51] for many-server queues to
the multi-server fork-join network model with NES in the Halfin-Whitt regime.

1.2. Notation. Throughout the paper, the following notation will be used. R and R, (R? and Ri,
respectively) denote sets of real and real non-negative numbers (d-dimensional vectors, respectively,
d > 2). Zy is the set of non-negative integers. N denotes the set of natural numbers. For
a,b € R, we denote a A b := min(a,b) and a V b := max(a,b). For z € R, let 2 := max{z,0} and
2~ := —min{z,0}. For any z € R, |x] is used to denote the largest integer less than or equal to
x. We use bold letter to denote a vector, e.g., x := (z1,...,2x) € R, 0 denotes the vector whose
components are all 0. For z,y € RY, we denote z <y, > y and > y in the componentwise sense,
and let Ay = (21 Ay, ...,on Ayn). We use 1(A) to denote the indicator function of a set A. The
abbreviation a.s. means almost surely. For any univariate distribution function F'(-), we denote
F¢(-)=1—F(-). For @ € R% and o € Ry, we call Ay(d) (resp. Ay (6)) is a d-grid of [0, ] % [0, cvo]
(resp. [0, a]), if Ag(d) (resp. Aq(0)) is a finite partition of [0, ;] x [0, ] (resp. [0, «]), where each
element of the partition is the rectangle [s1,t1) X [s2,t2) (resp. [s,t)), satisfying 0 < s < tg < oy
for k = 1,2 (resp. 0 < s < t), and ming—y 2(ty — sx) > 0 (resp. t —s > 6). For two real-valued
functions f and g, we write f(x) = O(g(z)) if limsup,_, . |f(x)/g(z)| < oc.

All random variables and processes are defined on a common probability space (2, F, P). For any
two complete separable metric spaces S; and Sa, we denote S1 X Sy as their product space, endowed
with the maximum metric, i.e., the maximum of two metrics on S; and Sy. S¥ is used to represent
k-fold product space of any complete and separable metric space S for k¥ € N. For a complete
separable metric space S, ID([0, 00), S) denotes the space of all S-valued cadlag functions on [0, 00),
and is endowed with the Skorohod J; topology (see, e.g., [7, 14, 58]). Denote D = D([0, c0), R).
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The space D([0,00),D), denoted as Dy, is endowed with the Skorohod J; topology, that is, both
inside and outside ID spaces are endowed with the Skorohod J; topology. For a complete separable
metric space S, the space D([0,00)2,S) is the space of all S-valued “continuous from above with
limits from below” functions on [0, 00)?, and is endowed with the same metric as defined by [19].
Dy = D([0,1]%,R) is denoted as the space of all “continuous from above with limits from below”
functions on the unit square [0,1]? in the sense of Neuhaus [39], and is endowed with the same
metric dp, as in [39]. Weak convergence of probability measures p,, to p will be denoted as p, = .

d
For a sequence of processes {X™ : n > 1} and a process X, we use notation X" =L X to denote the
convergence in finite-dimensional distributions of X" to X.

1.3. Organization of the paper. The paper is organized as follows. In §2, we provide a detailed
description of the model. In §3, we present the FLLN for the system dynamics, and provide
numerical examples in §3.1. The FLLN is proved in §5. We state the FCLT for the system dynamics
in §4 and provide its proof in §6. We make some concluding remarks in §7. Some additional proofs
are collected in the Appendix.

2. THE MULTI-SERVER FORK-JOIN NETWORK MODEL

In this section, we present a detailed description of our model. We consider a fork-join network
with a single class of jobs, and each job is forked into K (K > 1) parallel tasks. Each task is
processed in a service station with finite servers under the non-idling FCFS discipline. Namely, a
newly arriving task immediately gets served if there is an idle server in that station, and joins the
back of the queue otherwise, and the task waiting for the longest in the queue enters service as
soon as a server in that station becomes available. After service completion, each task will join a
waiting buffer for synchronization associated with each service station, and when all tasks of the
same job are completed, they will be synchronized and leave the system. Here we assume that the
synchronization process takes zero amount of time.

Let A := {A(t) : t > 0} be the arrival process of jobs after time 0. Let 7; be the arrival time of
the it job, i € N, that is, A(t) = max{i > 1:7; <t} for t > 0 and A(0) = 0. Let N, be the number
of servers at service station k, £k = 1,..., K. Each job brings in a K-dimensional service vector,
representing the service time at each service station, which can be correlated. Let 7 := (nt, ..., 77}() be
the service vector of the job that arrives at time 7;, i € N, where 7]}; is the service time at the k' service
station. We assume that the sequence {5’ : i > 1} is i.i.d., and let the joint distribution function
of 9 be F(z) = F(x1,...,xk) for x, > 0, k = 1,..., K. Let F¢(z) :== P(n} > z1,...,n% > zk), for
Z1,...,xx > 0. Their marginal distributions are Fi(-) with mean 1/u; € (0,00), for k = 1,..., K.
Let 72, := max{nt,...,n%} and F,(z) := P(n}, < z) = P(né < z,Vj) = F(zx,...,x) for x > 0.
(Throughout this paper, we use “m” to index quantities and processes associated with the maximum.)
We make a regularity assumption on the service time distributions for the parallel tasks. It is worth
noting that in [50] and [51], the service time distribution is allowed to be general for G/GI/N
queues. Here we require the continuity of the joint distribution function F', which is necessary for
Proposition 4.1 and the proof of the weak convergence in (6.76), and thus the weak convergence
in Theorems 3.1 and 4.1. As a consequence, all the limits in the fluid and diffusion scales are
continuous.

Assumption 1. The joint distribution function F(x) of the service time vector n°, i € N, is
continuous.

State Descriptors. Let Xy := {Xk(t) : t > 0} be the process counting the number of tasks at
the service station k, and Yy := {Yj(¢t) : t > 0} be the process counting the number of tasks in

the waiting buffer for synchronization (unsynchronized queue) after service completion at service
station k, k = 1,..., K. Denote X := (X1,..., Xg) and Y := (Y1,...,Yk). Let S :={S(¢) : t > 0}
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be the process counting the number of synchronized jobs by each time ¢ > 0. In addition, let
Qr = {Qx(t) : t > 0} and By, := {Bg(t) : k > 0} be the processes representing the queue length and
the number of tasks in service at station k, respectively, k = 1,..., K. Let Dy := {Dy(t) : t > 0} be
the cumulative service completion (departure) process at service station k, k = 1, ..., K. Denote
Q = (Ql, ...,QK), B = (Bl, ...,BK>, and D := (Dl, ,DK>

A Sequence of Systems. We consider a sequence of the above fork-join networks, indexed by
superscript n and let n — co. We assume that each service station is operating in the many-server
heavy-traffic asymptotic regimes, where the arrival rate of jobs and the number of servers get large
appropriately while the service time distributions are fixed. In establishing the FLLN, we allow
the arrival rate to be time-dependent. In establishing the FCLT, we will assume that each service
station is operating in the Halfin-Whitt (QED) regime, so that it is critically loaded with a constant
arrival rate (see Assumption 4 for the precise definition). For any process X, we use X" to represent
the associated process in the sequence of the fork-join networks.

Some Fundamental Flow Balance Equations. For each service station k, k = 1, ..., K, and for
each t > 0, we have the following flow conservation equations:

(2.1) X (t) = Bi(t) + Qi(1),

(2.2) Xp(t) = Xi(0) + A™(t) — Di(t),

(2.3) Yii(t) = Y (0) + Di(t) — S™(1).

The non-idling condition implies that for each k =1,..., K and ¢t > 0,

(2.4) Bi(t) = Xp () ANy, Qp(t) = (Xp(t) — Np)™

In addition, we have the following flow balance equation, for each k, k' =1,..., K, k # k', and t > 0,
(255) Xp(t) + Y (t) = Xpi () + Y (t),

that is, the total numbers of tasks in each service station and its associated waiting buffer for
synchronization are equal at all time, and are equal to the total number of jobs in the system.

3. Fruip LiMmIT

In this section, we present the fluid limit for the fork-join network. We assume that the system
starts from empty and allow the arrival rate to be time-dependent.

Assumption 2. There exists a continuous nondecreasing deterministic real-valued function a(t) on
[0, 00) with a(0) = 0 such that

(3.1) AM(t) :=n"tAt) = a(t) in D as n— oo
We also make the following assumption on the numbers of servers.
Assumption 3. Fork=1,..., K, J\_f,? == N/n — N >0 asn — oo.

Under the empty initial condition, we can write the processes X'(t), Y/'(t), k =1,..., K, and
S™(t) as

A" (t)
(3.2) Xpt) =Y U +wp' 4, >1), t>0,
i=1
A™(t) A A
(3.3) Y'(t) = Z L+ w4+ ), <t, ' +wy' +nj, > t, for some k' £ k), >0,

i=1
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A" (t)
(3.4) SMt)= Y1 +wp 4y <t Vhk=1,..,K), t>0,
i=1
where wZ’i is the waiting time of the i*! arrival at station k, i € N.
In addition, for k = 1,..., K, let E}'(t) be the number of tasks that have entered service at station
k by time t, t > 0, and set £} := {E}'(t) : t > 0}. Denote E" := (E7, ..., E}.). For each service
station kK = 1,.., K, we also have the balance equation
(3.5) Eg(t) = A™(t) — Qp(t) = A™(t) — (X{(t) = N)™, t=0.
Define the fluid-scaled processes X" := n~1X" for X" = X", Y" S" E" Q",B",D". We now
state the FLLN for the fluid-scaled processes.

Theorem 3.1. Under Assumptions 1-3,

(3'6) (An7Xn7Yn7 Sn7En7Qn7Bn7Dn) i (a’7X.7Y7 S? E’ Q?B7D)

m ID)GKtQ as n — oo, where the limits are all deterministic continuous functions: a is the limit in
(3.1), (B,X,Y,S) is the unique solution to the following: fort >0 and k =1,..., K,
t t

(37) Xult) = [ Fi(t—s)da(s)+ [ (St = s) = Ny dB),
0 0
(3.8) Ex(t) = alt) — (Xe(t) — Np)™,
(3.9) S(t) = / / < min_{Ej(t — sk)}> dF (51, ..y SK),
0 0 \k=1,.,K
(3.10) V() = / Fu(t — s)da(s) — / (Xu(t — 5) — Np)HdFu(s) — S(2),
0 0

and the limits Q, B and D satisfy
(3.11) Qr(t) = (Xp(t) = Np)*,  Bi(t) = Xi(t) A Ni,  Di(t) = a(t) — Xp(t).
It is easy to check that for each k = 1,..., K, the limit X (t) also satisfies the following equation:

(3.12) Ku(t) = a(t) — /Ot Bi(t — s)dFy(s), 1> 0.

We remark that the fluid limit X}, for each k = 1,..., K depends only on the marginal distribution
Fy., while the fluid limits Y;, k = 1, ..., K, and S depend on the joint distribution F. Specifically,
each entering service fluid limit FE}(t) depends on the marginal distribution F},, and the fluid limit S
is a multivariate integral of the minimum of the entering service fluid limits with respect to the joint
distribution function F. Since Yj(t) = Dy(t) — S(t) = a(t) — Xg(t) — S(t) fort >0 and k = 1,..., K,
it is a functional of both Fj and F. However, as the FCLT (Theorem 4.1) below shows, the limits
for all these processes in the diffusion scale will depend on the joint distribution F.

When a(t) = fot A(s)ds and the service times are exponential (independent or dependent), where
A(+) is a positive function, for each k = 1,..., K, the fluid limit X}, in (3.7) and (3.12) becomes an
ordinary differential equation (ODE) [42], but the fluid limit Y} in (3.10) does not have an ODE
representation due to the dependence of the fluid limit S upon the minimum of the entering service
fluid limits of all the parallel stations.

When the arrival rate is constant and each service station is underloaded or critically loaded, we
give a corollary on the steady states of the fluid limits. The proof follows from a direct calculation
and is omitted. It is evident that correlation among service times of parallel tasks only affects the
steady state of Y but not that of X.
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Corollary 3.1. Under Assumptions 1-3, if the arrival rate is constant, a(t) = At, for A satisfying
0 < A Ny forallk=1,...,. K,

(X (1), Y (1),Q(t), B(t)) = (X(0),¥ (20),Q(00), B(x0)) as t — o0,

and

| =

(D(t),E(t),S(t)) = X:=(X\,..,\) as t— oo,
where
Xi(00) = Bi(00) = AE[m] = Mk,  Yi(o0) = A(Eny,] — Elmi]),  Qr(o0) = 0.

3.1. Numerical Examples. We give two numerical examples to show the effectiveness of fluid
approximations comparing with simulations, when K = 2. We let the arrival process be Poisson
with time-varying rate A(f) = 200 + 120sin(¢), ¢ > 0. The numbers of servers in stations 1 and 2
are N1 = 300 and Ny = 340, respectively. In the first numerical example, the service times of the
two parallel tasks are assumed to have a bivariate Marshall-Olkin exponential distribution [37]. A
bivariate Marshall-Olkin exponential distribution function F(z,y) for the random vector (11, n2)
can be written as F¢(z,y) := P(n > x,m2 > y) = exp(—pmx — p2y — pi2(z Vy)), z,y > 0, where
three parameters u1, uo, p12 are such that the two marginals are exponential with rates i + p12
and p2 + p12 and their correlation p = pia/(p1 + p2 + p12) € [0,1]. We denote MO(A1, A2, p)
for a bivariate Marshall-Olkin exponential distribution, where A1 and Ao are the rates for the
marginals, and p is the correlation parameter, for which the parameters p; = (A1 — pA2)/(1 + p),
w2 = (A2 — pA1)/(1 4+ p) and pi2 = (p(A1 + A2))/(1 + p). For our first numerical example, we set
the service times to be MO(1,0.9,p) such that the service times of the two parallel tasks have
exponential marginals with means 1 and 10/9 in stations 1 and 2, respectively, and their correlation
is p. The numerical results with p = 0 and p = 0.5 are provided in Figure 2, marked with “ind.” and
“corr.”, respectively. In the second numerical example, we let the service times of the two parallel
tasks have a bivariate Marshall-Olkin hyperexponential distribution [44], which is a mixture of two
independent bivariate Marshall-Olkin exponential distributions. Specifically, we take a mixture of
MO(4/5,1, p1) with probability 0.4 and MO(6/5,27/32, p2) with probability 0.6, such that the two
parallel service times have hyperexponential marginals with the same means as the first example.
By setting p1 = p2 = 0, we have two independent parallel service times, and by setting p; = 0.7 and
p2 = 521/1232, we get the correlation between the two parallel service times to be 0.5. In Figure 3,
we show the numerical results with p = 0 (“ind.”) and p = 0.5 (“corr.”). To calculate the simulated
values, we simulated the system up to time 20 with 500 independent replications starting with an
empty system. We make two remarks from numerical results. First, the fluid approximations match
very well with the simulated results. Second, the positive correlation among parallel service times
does not affect X}, but reduces Yy, for £ = 1,2. The maximum relative errors of the simulated
values and the corresponding numerical solutions of the fluid models over the time interval [0, 20]
are less than 3% in Figures 2 and 3.

4. FCLT 1IN THE HALFIN-WHITT REGIME

In this section, we study the fork-join network with NES in the Halfin-Whitt regime, which
requires that each service station operates in a critically loaded regime asymptotically. Specifically,
we assume the following. Let A" be the arrival rate of jobs such that A" := A" /n — X\ > 0 as n — 00,
and set N}’ := nNy, where N € N, and p}! := A\"/(upN}') for each k =1, ..., K.

Assumption 4. For each k =1,..., K, A\ = Nypy, and \/n(1 — p}t) = B > 0, as n — oo.
The arrival processes A" = {A"(t) : t > 0} satisfy an FCLT.
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FiGure 2. Comparison of fluid approximations with simulations when the service
times have the Marshall-Olkin bivariate exponential distributions with correlation
p =0 and p = 0.5. The figure shows the simulated values of X; and Y;, ¢ = 1,2, and
their corresponding fluid approximations (solid lines for p = 0.5 and dashed lines for
p = 0). The values for the X; are the same when p = 0 and p = 0.5, while the values
of Y; when p = 0.5 are smaller than those when p = 0.
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FiGURE 3. Comparison of fluid approximations with simulations when the service
times have the Marshall-Olkin bivariate hyperexponential distributions with corre-
lation p = 0 and p = 0.5 (solid lines for p = 0.5 and dashed lines for p = 0). The
figure shows the simulated values of X; and Y;, i = 1,2, and their corresponding
fluid approximations. The same observations can be made as in Figure 2.
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Assumption 5. There exists a stochastic process A with continuous sample paths satisfying

A™(t) — A A
:(\)/ﬁ:>A(t) in D as n— oc.

It follows from (4.1) that we have the associated FLLN:
(4.2) A"(t)= XM in D as n— oco.

(4.1) A(t) -

We now describe the non-empty initial conditions. Due to the complexity caused by initial
conditions, we focus on the case of K = 2, but our approach can be extended to K > 2. For
convenience, we use the notation k&’ to denote its counterpart, i.e., k' = 1 (k' = 2, respectively) if k = 2
(k =1, respectively), for k = 1,2. At time 0—, there are X}'(0) tasks at service station k, and Y}*(0)
tasks in its associated waiting buffer for synchronization, for £k = 1,2. Let X"(0) := (X7(0), X3(0))
and Y"(0) := (¥7"(0), Y5*(0)). Recall the flow balance equation (2.5). At time 0—,

(4.3) XT(0) + Y*(0) = X1 (0) + Y2(0), k=1,2,

which is equal to the number of jobs in the system. Note that X}'(0) > Y;7(0) for each k = 1,2,
since tasks in the waiting buffer associated with station &k’ for synchronization must be in station k,
either in service or in queue. Let B(0) := min(X}*(0), N7*) and Q7(0) := (X7(0) — N{*)* be the
number of tasks in service (busy servers) and the queue length at station k at time 0—, respectively,
k =1,2. We also assume that Y;7(0) < Bj(0) for k = 1,2. This is not a restrictive assumption,
because in the Halfin-Whitt regime, waiting times for service at each station are O(1/y/n) and
service times are O(1), and jobs that have completed tasks in one station and joined its waiting
buffer for synchronization have their associated tasks receiving service in the other station with
probability one asymptotically.

Let J™(0) := ming—; 2{B}(0) — Y;7(0)} be the number of jobs whose both tasks are in service
at time 0—. Then Z}'(0) := B}(0) — Y;7(0) — J"(0) represents the number of jobs in the system
at time 0— whose task k is in service but whose task k' is in queue waiting for service, k = 1, 2.
Let I™(0) := Q7(0) A Q5(0) be the number of jobs (if any) whose both tasks are in queue at their
service stations at time 0—. Then R} (0) := Q}(0) — I™(0) represents the number of jobs (if any)
whose task k is waiting in queue for service while whose task k" is in service, k = 1,2. (Note that
our assumption above implies that if a job is waiting in queue at station k, its parallel task can
be either in queue or in service at station k’.) By our definition, we can see that Z}'(0) = R}, (0),
k=1,2. Set R"(0) := (R}(0), R5(0)) and Z™(0) := (Z7'(0), Z5(0)). We also obtain a decomposition
for X7(0):

(4.4) X7(0) = BR(0) + QF(0) = Y2(0) + J™(0) + Z;2(0) + I™(0) + R(0), k=1,2.

We let {1[12’1 ci=1,...,QF(0)} be the sequence of remaining waiting times of the tasks in station

k at time 0—, k = 1,2. It is in the order of their positions in queue: u?Z’l is the remaining waiting

time of the task in the front of the queue while u?Z’QZ(O) is that for the task in the end of the queue

at station k at time 0—, k =1,2. Let {7} : i = 1,..., B}(0)} be the sequence of remaining service
times of the tasks in station %k at time O—, for k = 1,2. Let {172’@ ti=1,...,Q7(0)} be the sequence
of service times of the tasks in station k that are in queue at time 0—, k = 1,2. Without abuse of
notation, we use {7j0"* : i =1,.., Y2 (0)}, {7 :i=1,...,J%0)} and {77 : i =1,..., Z}(0)}, which
are partitioning subsets of {7 : i = 1,..., B(0)}, to represent the remaining service times of the
tasks in station k at time 0— corresponding to the quantities Y;7(0), J"(0) and Z}}(0), respectively,
k = 1,2. Similarly, we use'{@Z’i’I : 1 =1,..,1"(0)} and {ﬁ)z’i’R :i=1,...,R}(0)}, which are
partitioning subsets of {w;” : i = 1,...,Q7(0)}, to represent the remaining waiting times of the
tasks in station k at time 0— corresponding to the quantities I"(0) and R}}(0), respectively, k = 1,2.
Finally, we use {n,i’l ci=1,...,1"(0)} and {n,i’R :i=1,..., R}(0)}, which are partitioning subsets of



A FORK-JOIN NETWORK IN THE HALFIN-WHITT REGIME 11

{n,i’Q ci=1,...,QF(0)}, to represent the service times of the tasks in station k& corresponding to the
quantities I™(0) and R}(0) in queue at time 0—, respectively, k£ = 1,2. We assume that these initial
quantities are independent of the arrival process A™ and the service times of new arrivals after time
0.

We can now give a representation for the processes X™, Y™ and S™: for t > 0 and k =1, 2,

B (0) ' Qz(0) ' ' A™ (1) ' '
45)  Xp) = DY 1@ >t+ Y 1w +ap? >0+ > 1w > ),
=1 =1 =1
£(0) Y7 (0) o)
(46)  S"1) = D@ <o+ > 1@ <o+ > 1@ <))
=1 i=1 =1
73(0) . 73(0)
+§: (m” <tay™ gt <)+ Y @t e < <)
=1
An(1)

I, il ‘ i .
+Z Bttt < V5) 4 > 1wl 4 ) <1, 9),
=1

and
(4.7) V() = YP(0)+ XP(0)+ AM(E) - XE(t) — S™().

We use the convention that Z?:l = 0 throughout the paper.
We impose the following assumptions on the initial quantities.

Assumption 6. There exists (Y1(0),Y2(0)) € R2 such that
(X"(0),Y"(0)) := n " HX"™(0),Y™(0)) = (X(0),Y(0)) in R* as n— oo,

(0
where X (0) := (N1, No) and Y (0) := (Y1(0), Y(0 )) ) A )
There exist random vectors X (0) := (X1(0), X2(0)) € R2 and Y (0) := (¥1(0), Y2(0)) € R? such
that

(X"(0),Y"(0) := vn(X"(0) — X(0),Y"(0) =Y (0)) = (X(0),Y(0)) in R* as n— .
This assumption implies that the associated fluid-scaled initial quantities
(J"(0),2"(0),1"(0), R"(0)) := n™*(J"(0), 2"(0), I"(0), R"(0)) = (J(0), Z(0), 1(0), R(0))

in R% as n — oo, where

J(0) := Ny — Y5(0) = Ny — Y1(0), Z(0) := (Z1(0), Z2(0)) := (0,0), I(0) := 0, R(0) := (0,0).
Define the associated diffusion-scaled quantities (J"(0), Z n( 0),17(0), k n(O)) by
Jm(0) = — Z1(0) - b (0) : g RO)= =0 k=12

Then Assumption 6 implies that
(j”(O),Zn(O),f"(O),Rn(O)> = (j(O),Z(O),f(O),R(O)) in RS as n— oo,
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Let
1 t
Fie(t) = / F{(s)ds, t>0,
‘ E [7715 0 g
be the equilibrium distribution associated with Fy, k =1, 2.

Assumption 7. For k= 1,2, {5} : i € N} is a sequence of i.i.d. random variables with distribution
Fy.. and for each i € N, it and 7% are independent. {nz’Q 11 € N} is a sequence of i.i.d. random
variables with distribution Fy, for each i € N and k =1, 2. {(7711’], 77;’[) 1 € N} is a sequence of i.i.d.
random vectors with a joint distribution F(-,-). {(n}c’R, ﬁ;’,z) 1 € N} is a sequence of i.i.d. random
vectors with independent components, k =1, 2.

Note that in Assumption 6, we have assumed that the system starts from stationarity (in the
fluid-scale steady state). Here in Assumption 7, the remaining service times of the tasks in service
are assumed to have the associated equilibrium distributions, and they are also assumed to be
independent for the two tasks. For jobs with both tasks in queue, we assume that their service
vectors have a joint distribution F'(-,-), as the new arrivals. For jobs with one task in service and
the other in queue, we assume that the task in service has the associated equilibrium distribution,
the task in queue has the same marginal distributions as the new arrivals, and both tasks are
independent. ‘

Finally, we also make an assumption for the residual waiting times {QI)ZZ ci=1,...,Q0)},
k=1,2.

Assumption 8. The residual waiting times of the tasks in queue {QI)Z’z ci=1,...,Qp0)}, k=1,2,
converge to zero a.s. as m — 00.

We define the diffusion-scaled processes X := (X7, Xp), Y= (Y, Y3) and S™ by

8 Kp= OV gy HOTEO gy SO0,

t>0,
for k = 1,2, where

(4.9) Sn(t) := nSO(t) + A" /Ot/ot((t—sl)/\(t—SQ))dF(sl,sz),

(4.10) SO(t) := Y2(0) Fy e(t) + Y1(0) Fae(t) + J(0) F1e(t) Fae(t),

(4.11) Yi(t) == nY;(0) + X"t — S™(t).
From the balance equation for Y;* in (4.7), we can rewrite ?k” as
(4.12) YVr(t) = Y(0) + XP(0) + A™(t) — XP(t) — S™(t), t>0, k=12

Recall E}(t) is defined as the cumulative number of tasks entering service by time ¢ > 0 at station
k, k = 1,2, assuming the system starts empty in §3. Without abuse of notation, in §4 and §6 related
to the FCLT, we let E}'(t) be the number of new arrivals after time 0 whose task k has entered
service by time t > 0 at station k, k=1, 2.
Define the diffusion-scaled processes (En,Qn,Bn,Dn), E" .= (ET, E3), Qn = (Q7,Q%), B" .=
(B, By) and D" := (D}, Dg), by
. E}(t) — A"t A 5 . B _
Ep(t) = =", Qp(1) = (XE ()T, BE() = —(XE()™,
Vn
(4.13) DIMt) == X1(0) + A"

(- Xp(t), t>0, k=12
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For 51,59 > 0, let

En(s1,5) = —= ((FP(s1) A FE(52)) — \"(51 A 52))

Jn
(4.14) = (EP(s1) + (\"/v/n)(s1 = 51 A 82)) A (E5 (s2) + (A" /V/n) (s2 = 51 A\ 52)).

Before we present the FCLT for the fork-join network with NES in the Halfin-Whitt regime,
we provide some preliminaries for the limit processes. The limit processes will be functionals of a
generalized multiparameter Kiefer process, as a limit of the multiparameter sequential empirical
process driven by the service time vectors of new arrivals. Define the multiparameter sequential
empirical processes K™ := {K”(tl, to,x):t;1 > 0,t0 > 0,2 € ]R%_} by

L?’Ltlj A\ LntQJ

(4.15) K"(ty,to, ) =7 > (' <z) - Flx)).
=1

We prove the convergence of K™ in the space D([0, 00)2, ([0, 00)2, R)) endowed with a generalized
Skorohod J; topology defined in [19] in Proposition 4.1. This proposition generalizes Lemma 3.1 of
[29] to the multiparameter setting and Theorem 3.1 in [33], and its proof is provided in §6.1.

The processes K™ and their limit K are much relevant to the vast literature in empirical processes
and Gaussian random fields (see, e.g., [55] and [1]). It is worth noting that the time domain
(t1,t2) of the processes K™ and K are two-dimensional, unlike the standard sequential empirical
processes studied in the literature. This unique feature arises from the fork-join network model, in
order to provide representations for the system dynamics and characterize the limit processes (see
(4.26)—(4.27) in Theorem 4.1 and (5.7)). Sequential empirical processes have played an important
role in studying many-server queueing models, as first observed by Krichagina and Puhalskii [29],
and further developed in [51, 50, 38, 43, 45, 46, 47]. It is also worth noting that in these papers,
the weak convergence of the associated sequential empirical processes in the space ID([0, c0), D) with
the Skorohod J; topology is required as first observed in [29]. For the fork-join networks with NES,
the weak convergence in the space ([0, 00)?,D([0, 00)2,R)) in a generalized Skorohod .J; topology
is required in the proofs of the FCLT.

Proposition 4.1. Under Assumption 1,
(4.16) K"(ty,to,x) = K(t1,t2,2) in D([0,00)2,D([0,00)%,R)) as n— oo,

where K(tl,tg,m) is a continuous Gaussian random field, called a generalized multiparameter Kiefer

A~

process, with mean E[K (t1,t2,2)] =0 and covariance function

~ ~

(4.17) COU(K(Sl, 82,$),K(t1,t2,y)) = (81 NSy ANty A tQ)(F(iL‘ A y) — F(x)F(y)),
for sp,ty >0, k=1,2, and x,y € Ri.

We define the processes Wy := {Wj(t) : t > 0}, W,g = {W,j(t) :t >0} and W= {W(t) : t > 0}
as integral functionals of K: for t > 0, k=1,2,

t ot
(4.18) Wi(t) :== / / / 1(si + xp < t)dK(As1, Asa, ),
o Jo Jr2

t gt
(4.19) W (t) ::/// 1(sj +z; < t,Vj)dK(As1, As2, ),
o Jo Jr2
and

t t
(4.20) WE(H) = Wie(t) — W(t) = / / / sk + 2 < 1,50 + 2 > DR (As1, Asa, ),
0 Jo JR3
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where the integrals are defined in the sense of mean-square limits (see the precise definition in §6.2).

Proposition 4.2. The processes Wk, W,g and W are well-defined continuous Gaussian processes
with mean zero, and for 0 < s <t and k =1,2,

E[(Wi(t) — Wi(s))?] = )\/ (Fi(t —u) — Fi(s — u))(1 — Fy(t — u) + Fi(s —u))du,

BlOW (1) — W —/\/ / IAF((s — 51,5 — $2): (£ — 51, — 3))]
(4.21) [1—AF((s—s1,8— s2); (t — s1,t — s2))]d(s1 A s2),
E[(WE(t) — Wi(s)?] = E[(Wi(t) — Wi(s))?] + E[(W(t) — W(s))?]

—2)\// (t—s1,t—82) = Fopr(s — Spst — spr)
+ (Fi(t — si) — Fi(s — si))(F(s — s1,8 — s2) — F(t — s1,t — s2))]d(s1 A s2),

and covariance functions

Cov(Wi(t), Wi (1)) :)\/Ot/ot[F(t—sl,t—SQ)—Fk(t—sk)Fk/(t—sk/)]d(sl/\SQ),
Cov(Wi(t), W5 (1)) :A/O /0[Fk(t—sk)F(t—sl,t—SQ)—Fk(t—sk)Fk/(t—sk/)]d(sl/\SQ),
Cov(Wi(t), W (1)) :A/t /Ot[F(t—sl,t—SQ)—Fk(t—sk)F(t—sl,t—SQ)]d(sl/\SQ),

Con(WE () / / Pt — 51t — )2 — Fu(t — s) F(t — s1,¢ — 52)]d(s1 A 52),
where Fy, o (z,y) := P(n < z,ni, <y) for z,y € Ry, and
AF(z;y) = F(y1,y2) — F(z1,92) — F(y1,22) + F(z1,22), z,y€RY, z<y.

In addition, let U := {U(t) : t € R? } be a continuous two-parameter Gaussian process with mean
zero and covariance function:

(4.22) Cov(U(8),U(t)) = (Fre(s1 A1) Fae(sa Ata) — Fio(s1)Fae(s2)Fio(ty) Fae(ta)),
for s := (s1,52) € R% and ¢ := (t1,12) € R2. Define Uy, == {Ug(t) : t > 0}, for k = 1,2, by
(4.23) Ur(t) :==U(t,00), Us(t) :=U(co,t), t>0,

and without abuse of notation, we denote U(t) = U(t,t), t > 0. Note that the processes Wy, W,g

and W are independent with U, as well as Uk, k=1,2.
We are now ready to state the FCLT.

Theorem 4.1. Under Assumptions 1 and 4-8,
(4.24) (A“,X",Y”,S” E"Q"B".D ) N (A,X,Y,S,E,Q,B,b)

in DY as n — oo, where A is in (4.1), X, Y and S are the unique solutions to the following set of
stochastic integral equations: fort >0 and k=1, 2,

Xp(t) = XP(t) = NeBeFre(t) — J(0)2Uk(t) — Yir (0)/? Bo o (Fre(t))
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(4.25) + /0 t(f(k(t — $))TdEy(s) + /0 t FE(t — s)dA(s) — Wi(2),
Vi(t) = V2(t) + NiBiFe(t) — Yi(0) By o (Fi o (t)) + J(0)2(Uk(t) — U(t))
(4.26) — /Ot(f(k(t— )T dF(s) +/Ot Fi(t — s)dA(s) + WE(t) — U(t),

(4.27) S(t) = 5°(t) + V2(0)/* Bo 1 (F (1)) + Y1(0)? Bo o (Fae(t)) + J(0) /72U (t) + W(t) + ¥ (1),
and En, Qn, B" and D" are given as follows:
(4.28) Ep(t) = A(t) — (X,(t)",  Dy(t) = X5(0) + A(t) — Xu(t),

Qu(t) = (Xe(®) T, Br(t) = —(Xx(t))™,

where
(4.29) XP(t) = Xi(0)Fy o(t) + (Xi(0) T (FE(t) — Fi (1)),
2
(4.30) SO(t) = (Vi (0) Fie () + Zi (0) Fo(t) Fir () + J (0) Fi o (£) Fare () + 1(0) Fyn (2),
k=1

(4.31) V(t) := Y3(0) + X5 (0) Froe (t) + (Xi(0)) T (Fr(t) — Fie(t)) — S°(t),

the processes BQk = {B@O’k(t) 1t >0}, k=1,2, are independent standard Brownian bridges, the
process U is a continuous two-parameter Gaussian process defined above with the processes Uy and
U, deﬁned in (4.23), and the processes Wi, Wk and W are deﬁned in (4 18), (4.20) and (4.19),
and BO i is independent of U and Wy, Wk and W, and the process ¥ := {\If( ):t >0} defined by

(4.32) (1) ;:/ / E(t— 51,1 — 52)dF (51, 5),
0o Jo
18 a well-defined continuous process, where, for s1,s9 > 0,

(4.33) E(s1,82) = E1(51)1(s1 < 52) 4+ Ea(s2)1(s2 < 51) + (E1(s1) A Ea(s2))1(s1 = s9).

It is worth noting that we have generalized the methodology in Reed [51] for G/GI/N queues
to non-Markovian multi-server fork-join networks with NES. The limit processes are shown to be
of convolution type, driven by Gaussian random fields. We remark that the limit processes Xk,
k = 1,2, have the same structure as the unique solution to an integral convolution equation, as
shown in Reed [51], but are also different because they are both driven by the same generalized
multiparameter Kiefer process K defined in Proposition 4.1. These two limiting processes X,
k = 1,2, are correlated because of the correlated service times of the parallel tasks of each job,
which is captured by the process K, as well as the same arrival limit process A. In fact, these
two processes K and A as well as the limits associated with the initial quantities are the driving
stochastic components of all the limit processes in (4.25)—(4.28).

5. Proor or FLuID LiMIT

In this section, we prove Theorem 3.1. For conciseness, we only show the case when K = 2. The
argument can be easily generalized to the fork-join system with K > 2 parallel service stations. We
first give a representation for the fluid-scaled processes X', Y and S”. Recall that the systems are
assumed to start from empty in Theorem 3.1.
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Lemma 5.1. The processes X" in (3.2), Y" in (3.3) and S™ in (3.4) can be represented as

t t
(5.1) X,?(t):M,?(t)+/0 F,g(t_s)dAn(s)+/0 (XI(t—s) — NIYFdF(s), >0,

t t
(5.2) Y (t) = /O Fi(t — 5)dA™(s) —/0 (XP(t— 5) — NPYFdFu(s) — MI(E) — V(1)
_/Ot/ot (ET(t —s1) N ES(t — s2))dF(s1,s2), t>0,

t t
(53)  S()=V"()+ /0 /0 (B} (t— 1) A B3t — ) dF(s1,5), £ 30,

for k=1,2, where

A" (t)
(G4) M) = Y (e 4wl o> 1) - File— 7 —u])) . t20,
=1
A" (t)
(5.5) VP (t):= ) (1@” +wyt <t k=1,2) - F(t — 1" —w" t — 1" — wg’l)) , t>0.
i=1
Proof. The representation for X} in (5.1) follows from Proposition 2.1 in [51]. We first prove (5.3)
holds. By (3.4) and (5.5), we have

Ar(t)
S™(t) =V"(t) + Ft—1—w" t—1"—wy"), ¢>0.
i=1
Observe that, for ¢ > 0,

An(t)

Z F(t—r1'— w?’l,t -7 = wg’l)

i=1

A" (t)

t ot ,
= Z / / sk <t—1" —w,", k=1,2)dF(s1,s2)
i=1 Y0 J0
(&) ¢ ot ,
= Z / / 17 +wy" <t—sp, k=1,2)dF(s1,s2)
=1 70 70

t AN A
= / / Z 17 +wy" <t —sg, k=1,2)dF(s1,52)
0o Jo

_/Ot/ot (ET(t —s1) N E3(t — s2)) dF(s1, S2).

Thus, we have derived (5.3). Finally, (5.2) follows from (2.3), (5.1) and (5.3). O

By Theorem 4.1 in [51], we have the following lemma for the convergence of (X", E™).
Lemma 5.2. Under Assumptions 1-3,
(5.6) (X",E") = (X,E)

in D* as n — oo, where X and E are the unique solutions to (3.7) and (3.8), respectively.
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We next prove the convergence of S™. We observe that the process V" in (5.5) can be represented
as follows:

t ot
(5.7) v = [ [ [ sy < LR E (). By sa).m), 120,
o Jo Jr2
where the process K" := {K"(t1,t2,x) : t; > 0,1 > 0,z € R%r} is defined by
_ 1 .
(58) Kn(tl,tg,.’t) = 7Kn(t1,t2,$), t1,t2 € R+, S Ri,

\/ﬁ
where K™(t1,t9,x) is defined in (4.15). The integral in (5.7) is well-defined as a Stieltjes integral.
The following lemma follows directly from Proposition 4.1.
Lemma 5.3. Under Assumption 1,
K"=0 in D(0,00)%D([0,00)%R)) as n — oo.
Note that the processes K "(t1,t2,2) have the following decomposition: for ¢; > 0, t2 > 0 and

z € R%,
Kn(tlatan) = K?(tl,t2,$) + Kg(t17t27x)a

where
|_nt1J/\|_nt2j .
. 1 ; T2 1(n' > u)
. = — < — A
(5.9 Rilntae) = 3 (1<n <a)- [ TR dF(u)) ,
[nt1]A|nt2] .
_ 1 T2 1(n' > u) — F(u)
n -
(5.10) K3 (t1,ty,x) := - ;_1 (/0 /0 Fe(a) dF (u) ) .

We then decompose V" into two processes, G" := {G"(t) : t > 0} and H" := {H"(t) : t > 0} as
follows:

(5.11) VR(t) = H (1) + G (1), >0,
where
t t _ _ _
(5.12) H (1) ::n/ / / 1(s; + 1y < ,V])ART(EN(s1), B3 (s0),2), ¢ >0,
0 Jo JR?
t t ! _ _ _
(5.13) an(t) ::n/ / / 1(s; +a; < 4, V5)ARD (BN (51), B (s2),), ¢ > 0.
0 Jo JRZ

Define the fluid-scaled processes H":=n~'H" and G" := n~'G™. We next show the convergence
of the processes H" and G™.
Lemma 5.4. Under Assumptions 1-3,
(H",G™) = (0,0) in D* as n — oo.
We first prove the convergence H"™ = 0 in D as n — oo in Lemma 5.4. Let %Jm be the time at
which task j of job i enters service after time 0, i.e.,
7 =inf{t > 0: E7(t) > i}, j=1,2.
We denote F' to be the distribution function of max; (7°jn "ty 77;) conditional on 7' " and Ty e,

F(t) := F(t —#"",t — #2"") for t > 0. Note that F depends on n and i and we omit n and i below
for conciseness. Let F“:=1 — F. Define

5.14 H 1(1! oY AT AR dF 0
. (t) = <t—T7.,Yj)— t>
( ) ( ) (77] —_ Tj Y -]) /07 /0 FC (u) (u)7 - Y
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t1 (maxj(%}l’Z +1%) > u)

(5.15) H™!(t) := 1(n} <t — 7", Vj) — /0 Felw) dF(u), t>0,
and, for each k > 1,
ET(H)AER (HAK
(5.16) HMt):= Y HY(t), t=0.
=1

Denote H™' := {H™(t) : t > 0}, H™ := {H™(t) : t > 0} and H? := {H"(t) : t > 0}. Let
{€P .= 1" — 7|, i > 1} be the interarrival times between the (i — 1)'" and i*! jobs arriving to the

system. Define the filtration H" := {H}' : t > 0} by

W =0 (1(n;i < s — V) s < ti =1, BY (D) A Eg(t)) Vo (Es),s <t,Y5)
Vo(&i>1) VN,

where N includes all the null sets. It is easy to verify that H" is actually a filtration and satisfies

the usual conditions [23]. We first state the martingale property of H™* and H™" in Lemma 5.5,
whose proof can be found in §8.

(5.17)

Lemma 5.5. Under Assumptions 1-3, the processes H™ and H™ are H"™-martingales.
Next, we will show the process H™' is an martingale with respect to the filtration H".

Lemma 5.6. Under Assumptions 1-3, for each k > 1, the process H]' is an H"-square-integrable
martingale with predictable quadratic variation process

ERONEZON i \t=3")F piA-7DF q
HM)(t) = / / dF(u), > 0.
(Hy2) (1) ; ; ; Felu) (u)

Proof of Lemma 5.6. By the definition of H! in (5.16) and Lemma 5.5, H;! is H"-adapted and an
‘H"-martingale. Note that, for each ¢ > 0,

\H ()] < 1 /"i /né L ar)
™t <1+ u), a.s.
o Jo Fc(u)

By Lemma 4.3 in [33], we have E [|[H™(t)|?] < oo, for t > 0.

It is easy to check that the second terms (without the minus) on the RHS of (5.14) and (5.15)
are predictable with respect to the filtration H", and thus are compensators for the point process
{1(maxj=12(7"" +n%) < t) : t > 0}. By the uniqueness of Doob-Mayer decomposition (see, e.g.,
Theorem 4.10 in [23]) in the sense of indistinguishability, H™* and H™* are indistinguishable and
we can write

EP(H)AER (t) Ak

Ht)= > H™(t), t>0.
i=1
Thus, it suffices to prove the following two claims:

(i) The predictable quadratic variation process of H™' is given by

o t1 (maxj(?f’z + %) > u) .
i - | ’ aF(u).
0 Fe(u)
(i) The martingales H™' and H™/ are orthogonal for i # j, i.e., the product H™*H™/ is an
H"-martingale, or equivalently, the predictable quadratic covariation (H™! H™7)(t) = 0
for t > 0 (see Proposition 4.15 of Chapter I in Jacod and Shiryaev [20]).
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The proof of claim (i) follows a similar argument as part 2 of Lemma A.1 in [51]. We provide the
details here for completeness. Since the second term on the RHS of (5.15) is H"-predictable, by
Proposition 1 of Chapter 3.4 in Liptser and Shiryaev [32], the H"-predictable measure of the jumps

of the process {1(7;"" + 771 <tVj):t>0}is
dF (u)
Fe(u)

? — )

y™i([0,4,C) = {1 EC}/ <O<u<mjaX(Am+77]))

where C' is a Borel set in R, and thus, the predictable quadratic-variation process of H™ s (see,
e.g., Problem 11 of Chapter 4.1 in Liptser and Shiryaev [32])

(H™( // 2 (du, dx) — Y </Rx1/"”'({u},d:z:)>2

O<u<t

:/0 (0<u<m?X(A]m+n;)> (;1::((5)) _ Z <0<u<mjax( +TIJ)> (éf((;)))2

O<u<t

t1<maxj( +77]) >u) 5

/ J dF(u), t>0.
0 Fe(u)

This completes the proof of claim (i).

We now focus on the proof of claim (ii), i.e., the martingale property for H™*H™J. It is sufficient
to show, for s < t, j <1,

(5.18) L(FV 7t > s)E [H™ (1) H™ (t)|H?] = 0,
and
(5.19) 17"V 7' < s)E [H™ (t)H™ (t)|H2] = H™" (s)H™ (s).

We first prove (5.18). Note that %,1” is an H"-stopping time since o(E}(s),s < t) C H} for each
t >0, k =1,2. This implies 7;" v Ty " is also a stopping time with respect to H", and H i i 15

VT,
well-defined. We then have R
LEM V25> ) BIH™ () H™ (8)|HY] = 17V #" > )E [E [ani(t)ﬂw (t)\Hgn,iW,i} mg} .
1 2

Note that
B [ 0 H ([
=0 < A A <A B [HY O H (M)

+1(n] > A" =AY < A = B [H”’i<t)H"’] (t)I”HZ;,iw;,i}

1] < A=A > = B [H 6 H O H |
(5.20) (] > A=A g > = i) E [H”’i(t)H”’j(t)|7{ZF,¢V%;,¢} :
Since

1o <47 =3 <77 = 757)

and

(] < 0 —2 nd < 2 = 2 H™ (t) = 1(n] < #17 — 2 ) < 23 = 2 Y H™ (tA (771 V 757))



20 HONGYUAN LU AND GUODONG PANG

are H",, _,,-measurable, it follows that
T VT

1(77{ < 7:17%1' o 7:17%]"77% < A;%i - f‘gL’J)E [Hn z( )Hn’J( )|Hmz AQT”:|
= B 1] < 7" = 7Y nh < 70— a0 HY O H™ (0, |
= 0] <A A < A A H (B [HY (0 A;z] ,

and thus, the martingale property of H™* and Doob’s stopping theorem (see, e.g., Theorem 1.39 in
Chapter I of [23]) imply that

E [ani(t)mgf,iw;,i] =B [H G v )] =o.

Thus, the first term on the RHS of (5.20) is equal to 0. We now consider the second term on the
RHS of (5.20). It can be decomposed into two terms as follows:

L] > A #1007 = ) [H ) (0 ]
=10 < 7" - %;“)E [H"vi(t)H”ﬂ( o
— 1] <A =AY < A - 7B [H"ﬂ(t)H"J( M| -
We only need to show the first term on the RHS of the above is equal to 0. Since 1(77 pavt 30Ty
and 1(n} < 737" — 2" YH™I (t) = H™I (t A 73") are both H’}mwm -measurable,

L < 730 =3B [HM (OB (1) H . ]

1\/2

= B[t < 7 = AT O

1\/2

= 1 < A AR [T O]

VY
Since H™' is an H"-martingale, by Doob’s stopping theorem (see, e.g., Theorem 1.39 in Chapter I
of [23]),
B [H S O | = B [HM G v 7] = o0.

Thus, we obtain that the second term on the RHS of (5.20) is equal to 0. The proof that the third
term on the RHS of (5.20) is 0 is analogous to that for the second term, and is omitted. '

We now consider the last term on the RHS of (5.20). On the event {n] > 7/"' =7/, n} > 73°"' =73},
we have that task k£ of job j has ﬁnibhed service after task k of job ¢ arrives, and so the service time
vector of job j has no effect on Tk , the time at which tabk k of JOb z enters service, for k =1, 2.

Thus, 7/ and 7, " are independent on the event {7 > FL— > A Y for ko= 1,2.
More precisely, there exist random variables 7'1 " and 7'2 Wh1ch are Borel functlons of &, r=>1,7",

p>1p7£zp7éj,suchthat{n1 Am An’J,n2>T ’j} {771>7' ,772>7' ’]}
v'I’Ll

and {7, = ,k=1,2} on elther event. Thus, applylng Lemma 3.6 in [29] and using the fact
that n’ and 7)] are independent of 7,"" and 7, J , k=1,2, we have

Lt > 7= 2 O [ O

—1(771>7v'1m ,n2>f§” 737)

El(n{>ﬂ”” ,n2>%’“ A"’J)H“()HW()? i VK|

NN vnz ’
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where H™' denotes H™' with 7‘,? " substituted for %,? T for k = 1,2. Furthermore, since 7' is
independent of %,?”Z, 7’ and ?:’j, k=1,2, we have

B [10] > 7" = 7,0 > 30 — 8 0 A ) H ()|, 370, k|
(521) =FE [1(17{ > %{“' R Y ¢ T L i Vk} [Hn’i(t)ﬁ:’i,Vk‘ .

By the definition of H™ and the fact that 5 is independent of 7‘: ’i, k = 1,2, we note that

E[H™(t)|#",Vk] = 0, which implies that the RHS of (5.21) is 0, and thus (5.18) holds,

We will now focus on the proof of (5.19). The proof proceeds similarly to that in Lemma 5.5. Let
Rﬁc be either < or >, the relationship between two real numbers, for £ = 1,2, and [ = 4, j. We then
have a decomposition for (5.19) by

(7' V 7 < 8)E [H™ (t)H™ (t)|H?]
= > AREG =R = A 2 0.V LR (s — ), VR)VE [H™ (6 H™ (0 MS]
RYRYRYRS
where the summation zRi RLRIRE denotes the sum of all the cases for the relationships Rf,c, for
[ =14,j and k = 1,2. In order to prove (5.19), it is enough to check for each R}C and R{c, k=12
1 Ri(s — 71), s — 70 > 0,VE)L(pi RIL(s — 77), V) E [H™ (t) H™ ()| H?]
= 1(niRi(s — T ) s — %,2” > O,Vk)l(nkR] (s — %,?’]) VE)H™ (s)H™ (s).
Here we only focus on proving the following two equations:
1(771 s—17 ,17% > 85— ?;’i > 0)1(77j >s5—1 i > 772 s — Ty ’J)E [H”’(t)H”](t)|H?]
(5.22) = 1(771 <s— 7 a772 > _ﬂm > 0)1 (771 >s5—T P >0 772 <s5—T ’])H (S)Hn’j(5)>
and
1 > s— 7" > 0,55 > s — 7" > 0)
><1(771>s—71nj>0772>3 730 > 0) B [H™ (t)H™ (t)|H?]
=1(nj >s—#" >0 772>3—72’ > 0)
(5.23) X1(p) > s =" > 0,0 > s — 79 > 0)H™ (s)H™ (s),

and the proof of the other cases can be carried out similarly.
For (5.22), we first observe that

(i <s—#"my > s — 5" > 0)1n] > s =77 > 0,m) <5 %)
= |10k < s = A =10} < s — A b < 5 - )]
X (108 < s = 9) =10 < 5= 3w < s = 7]

< s ) Ao <5 — A < s — )L < s — )

Thus, we obtain
1) <s— " b > s — " > 0)1(n] > s — 7 > 0,0} < s —7")E [H™ (t)H™ (t)[H]]
=1(n} < s—#)10b < s — #)E [H™ () H™ (t)|H?]
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) <5 = U0 < s — 7B [HY (4 H™ ()]

[ <s—37m <s— A;’j)E [H™ () H™ (t)|H]
(5:24) 4+ 1(n} ) < s =710 < s A < s — A5 ) B [HY (6 H™ (8)[H7]
Since 1(771 <s _T1 )7 1(772 S s = TQJ); 1(771 <s _%nz)an( ) = 1(771 < s - %m)an( ) and

() < s — 7P H™(t) = 1(n}, < s — 75 ) H™J (s) are H"-measurable, we then have

L0t 20— 510 < 698 (KO O]
=107} < 5= H{)0 < 5 — D) (L < s — A H 0100 < 5 — 7T H (1) [z
= 1(p} <s—7")1(n} < s — 7 VH™ (s)H™ (5).

Similarly, we can obtain the corresponding results for the other terms on the RHS of (5.24), which
completes the proof of (5.22).
Next, we focus on the proof of (5.23). Since

{s =" 20,5 =" 2000 > s = 77 > s = 7} < (> = 7Y > 7 -3,
it follows as above that
{s=7"">0,s =7 >0, >s— " gl > 5 — 77}
—{s—F">0,s =" >0, >s— " g > 5 — 77}

and {7 = 7', ¥k} on either event. Hence,

1(ni>s—?f’i>077§>s—7°2n’i>0)

X 1(171 >s5—1 >0 7]2 > 5 — T "> 0)E [H“’i(t)H”’j(tﬂHZ]

=1(p} >s—F" > 0,n5 >5— 7" >0)

(5.25) X 1(y] > s — 77 > 0,1 > s — 737 > 0)E [H™ (t)H™ (t)|H?]

where n' and 7/ are independent of 7‘: " and 7, " for k = 1,2. Analogous to the proof of Lemma 5.5,
we have

HEN ) > s — 77" > 0,Vk} N {nl > s — 77 > 0,Vk}
Clol&r=1m"p=Lp#ip#j)Vali " 77, Vk) VN)
N{nt>s—7 Vm >0, Vk}ﬂ{nk > 5 — Aw > 0,Vk},
where N includes all null sets. Applylng (5.25) and Lemma 3.6 in [29], we have
1(ni > s = 7" 2 0,05 > s — 73" 2 0)
x 1] > s — 7 > 0,0y > s — 737 > 0)E [H™ (t)H™ (t)| ]
:1(77%>s—%1n’i>077§>s—7‘2”’i>0) (171>s—7' ’J>0772>s—7' 7> 0)

B[1of > s = 7 2 09 > 5 = 2 0OV E O 0l 7.9
(5.26) X

P(ni >s— it >0, > s — 7 > 0,VE|[FR 7 Vk;)
Recall that # and 9/ are independent of 7" " and T 7 for k = 1,2. We then obtain
E |:1(’I7k > S—%]?l > O,Vk) (nk > S—T n,J >0 Vk)an( )H’n,j( ) v:z An,j \V/k‘:|

(5.27) =E [1(77,1 > 5 — #> 0, k) H™ () |7 VR E[L(n) > s — #7 > 0, vk)H™ (1) Agvj,w{:} :
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and

P(n > s =50 = 00 > s — 7 = 0, VK7, 707, k)
(5.28) —pP (n;i >5—F > 0,Vk|7‘g’i,Vk> (nk > 5 — 3 > 0, Vk|# Vk‘)
By Lemma 3.6 of [29] and an analogous argument in the proof of Lemma 5.5, we have

E [1(77,3 >5—F > ONk)H”vi(t)h‘g’i,Vk}

1(n,i>s—7‘:’i20,Vk) : , :
P (> s = 7" = 0,VKI7, V)

=1(np > s — 7 "> 0,Vk)E [f[”z(t)]’}-[?] ,
and

E [1(% > 5 — #9 > 0, k) H™ (t) An’j,Vk}

1, > s — 77 > 0,Vk)
P(ni S—Tk’] > 0, VE|7, ™ Vk)

= l(nk >5— 1T 0 >0, VE)E[H™ (£)|H7].
Combining (5.26)-(5.28), and noting the fact that 7‘:1 = 7‘21, k =1,2, on the event
{s— %k’ > 0,7],C s —Tk’J Vk} = {s — Vm >0, nk s —%k’J,Vk},

as well as the martingale property of H™' and H™J, we obtain
l(n’i > 5 — 7:{1,1' >0 773 > 5 — %;’i > 0)1(77{ > 5 — ?{L’j > (),772 > 5 — T i > 0)F [H"’(t)H"J(tNHZ]

=1 > 5 — 7" 2 0,VR)E[H™ (t) HIL0m, > 5 — 77 > 0, k) E[H™ (1)| ]

=1(ni > s — %,Z” > 0,Vk)1 (nk > 5 — Tk’J >0 Vk)Hm( YH™ (),
which completes the proof of (5.23). Thus, we have shown Lemma 5.6 holds. ]

Proof of the convergence H™ = 0 in Lemma 5.4. Fix T > 0. For each ¢ > 0, by Lemma 5.6, we
have that for each xk € N,

P ( sup |H"(t)| > e) <P(ENT)NEZ(T)>k)+P < sup |H,(t)] > e) :
0<t<T 0<t<T

Lemma 5.2 implies that the processes (ET, E%) are stochastically bounded, and thus, for & sufficiently

large, the first term on the RHS of the inequality above goes to 0 as n — co. We only need to show

the second term converges to 0 as n — oo. By the Lenglart-Rebolledo inequality [32], it follows that

for any v > 0,

P< up [H2,(0)] > ) < 2P (E)T) > ).

0<t<T
Recall from Lemma 5.6 that

EY(DAEE TN g N3]+ e AT—750F
H! )N T) = = / / dF(u).
= X 0 P F @
Hence,
EY(T)NEZ(T)




24 HONGYUAN LU AND GUODONG PANG

Note that, by Fubini’s theorem,

(5.29) E =1.

/ni o] i)
u
o Jo Fc(u)

It follows by the FLLN that

771 772
nQZ/ / FC dF():>O in D as n— oo.

Thus, by Lemma 5.2, the continuous mapping theorem [7] and the random time change theorem
[7], we have

P{H)T)>v) =0 as n— oo,
which completes the proof. ]
Next, we will prove the convergence G = 0 in D as n — oo in Lemma 5.4. We follow a
similar argument in Lemma A.3 in [51] to prove the convergence of G, but generalize that to the

multiparameter setting. . B
We introduce a multiparameter process 7™ := {T™(t1,t2,x) : t1 > 0,15 > 0,2 € R2 } defined by

ET (t1)AE3 (t2)

(5.30) T (t1, o, ) := - > AW =z) - F(x)), t,t2>0, xR
=1

Following a similar argument as in Lemma 5.3, we obtain the following lemma.
Lemma 5.7. Under Assumptions 1-3,
T" =0 in D([0,00)%,D([0,00)%,R)) as n— oc.
We also define the mapping ¢ : D([0, 00)2,D([0, 00)?,R)) — D by

t—l’l,t—l‘g, )1( ( ) )
/ / Fe(a) F@),
[

for some € € (0,1) and for t > 0 and u € D([0,00)2,D([0,00)2,R)). The next lemma shows the
continuity property of this mapping.

Lemma 5.8. Suppose u,,u € D([0,00)%,D([0,00)2,R)) and u is continuous. If u, — u as n — oo,
then ¢(up) — ¢(u) as n — oo.

Proof. Since u is continuous, by the definition of ¢, ¢(u)(-) is also continuous in space D. To show
the continuity of the mapping ¢, it is sufficient to show that for 7" > 0,

sup |op(un)(t) — d(u)(t)] =0 as n — oo.
0<t<T

Denote the set A := {z € R% : F°(z) > €} and let C4 := J4dF(z) > 0 be a positive constant. Note
that

sup [o(un)(t) — d(u)(?)]

0<t<T
_ _ _ c >
= sup / / un t xla — 22,T ) U(t .’,Ul,t x2,T )) (F (.’ZJ) — E)dF($)
0<t<T )

< sup  |up(ti,te,x) —u(ty, t2,x) )dF( )
0<t1,t2<T

zcA
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Ca
< sup |un(t1,t2,x) —u(tl,t2,$)|7.
0<t1,t2<T €
zeA
The convergence of u, and the continuity of u imply that the RHS of the above inequality goes to 0
as n — 0o. Therefore, the continuity of the mapping ¢ follows. O

Proof of of the convergence G™ = 0 in Lemma 5.4. We first rewrite G™ in (5.13) as

//T t_xl’ —22%) k@), 0.

Fix € € (0,1). We decompose G™ as follows: for t 2 0,
G"(t) = G (t) + Gy (1),

ne Tnt_xla — T2, ) (FC( )>6)
o= || [T e

. Tnt—.fl, —X2,T ) (Fc( )<6)
—/0/0 Fe() dF ().

where

Now it suffices to prove the following two claims:
(i) G7(t) = 0in D as n — oo;
(ii) For each § > 0 and T > 0, lime_,o limp—so0 P (supgc;<7 |G5 ()| > 6) = 0.
By Lemmas 5.7 and 5.8, we can conclude (i) holds. We now focus on proving (ii). Without abuse
of notation, we denote T"(t,z) := T™(t,t,z) for t > 0 and = € RZ. Recall the definition of T in
(5.30). We obtain, for any x > 0,

P ( sup |Gy (t)] > 5)
0<t<T

< P(EMT) > KT, Vi) + P (/Ot /Ot W sup [T (b1, b, 3)|dF () > 5)

0<t1,t2<kT

< P(EMT) > wT,Vi

< ~ -
+P!// I sup [tz - s [Tt 1) | dF(@) > 6
z‘) 0<ty <ty <wT 0<ta<ty <kT

< P(EN(T) > T, Vi) + 2P (/0 /0 W s [F(t.0)|dF (@) > g) .

For x sufficiently large, by Lemma 5.2, we have the first term on the RHS of the above inequality
converges to 0 as n — oo. For the second term, we proceed as that in Lemma 6.5 in [33] and can
show this term also goes to 0 when n — oo and € — 0, which completes the proof. ([l

\—/\/

Proof of Theorem 3.1. By Lemma 5.2, and the balance equations in (2.1), (2.2) and (2.4), we obtain
the joint convergence of (A", X", E" Q B" D")= (a,X,E,Q,B,D) as n — oo where the limits
are given in (3.1), (3.7), (3.8) and (3.11).

Now to show the weak convergence of S™, by (5.3), it is sufficient to show

(5.31) V*=0 in D as n— oo,

532 // t—81 /\E2(t—82>>dF S1, 82 =>// t—Sl /\EQ(t—SQ))dF(Sl,SQ)
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in D as n — co. By the decomposition of V" in (5.11), Lemma 5.4 and the continuous mapping
theorem [7], we can conclude (5.31) holds.
To prove (5.32), we define a mapping 1 : D> — D by

t ot
(a1, x2)(t) ::/O/0(xl(t—sl)/\wg(t—SQ))dF(sl,SQ), x1,22 € D and ¢ > 0.

By the weak convergence of E", it suffices to show the mapping v is continuous at all continuity
points in D? and thus, applying the continuous mapping theorem [7], we can conclude the convergence
in (5.32). We now prove the continuity property of the mapping . Suppose z7,z5 € D satisfy

(21, 25) = (z1,22) in D? as n— oo,

where x; is continuous in D for j = 1,2. Recall that we endow the product metric space with the
maximum metric of each component space. Since z; is continuous, by the definition of ¥, ¥ (21, z2)(-)
is also continuous in . To show the continuity of the mapping, it is sufficient to show that for
T >0,

sup [(f, 25)(t) — Y(z1,22)(t)| = 0, as n — oo.
0<t<T

Note the fact that for a,b € R,
(5.33) a/\b:%(a—kb—m—b]).
Now, for the fixed T > 0,

S (T, 23) () — P21, 22) ()]

t ot
= sup / / [T (t —s1) Nx5(t — s2) — z1(t — s1) A xa(t — s2)]dF (1, 52)
0<t<T |JO JO
t ot
< sup / / |2 (t — s1) Ny (t — s2) — x1(t — 1) A xa(t — s2)|dF (s1, $2)
o<t<T J0o JO
< Fn(T) sup |27(s1) Axy(s2) —x1(s1) A xa(s2)]
0<s1,52<T
F(T)

== sup o (s1) + @ (s) — [} (s1) — a5 (s2)]
0<s1,52<T

— (z1(s1) + 22(52) — |z1(51) — 22(82)])

2
(5.34) =— (Z sup [a7'(s) — zi(s)| +  sup Hw’f(81>—x’£(82)!—!$1(81)—$2(82)|\>~

i—1 0<s<T 0<s1,52<T

2

sup_[[af(s1) — 2B (s2)] — |w1(s1) —wa(s2)l| < Y sup |af(s) —ai(s)],
0<s1,52<T 1 0<s<T

we further obtain through (5.34),
2

sup [¢(af,25)(t) — (w1, 22)(t)] < Fn(T) D sup |af(s) — wi(s)].
0<t<T 5 0<s<T
The convergence of 2 and x5 and the continuity of 1 and x2 imply the RHS of the above inequalty
converges to 0 as n — oo, which completes the proof of the continuity of the mapping .
Finally, the proof of the convergence of Y follows from the balance equation (2.3) and the

continuous mapping theorem [7]. The uniqueness of all these processes follows from the uniqueness
of Xp, k=1,2. ]
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6. Proor or FCLT

In this section, we prove Theorem 4.1. We start by proving Propositions 4.1 and 4.2 in §§6.1 and
6.2, respectively. We then give some preliminary results in §6.3. We prove the convergence of the
processes W”, W,? and W,? “in §6.4, k = 1,2. The convergence of the initial quantities is proved in
86.5. We complete the proof of Theorem 4.1 in §6.6.

6.1. Proof of Proposition 4.1. We first define a multiparameter sequential empirical process
Um := {U"(t1,ta,x) : t1 > 0,t3 > 0,z € [0,1]?} by
1 Lntﬂ/\tntgj
6.1 U™(ty,t2,2) = — 16" <z)— H(z)), t1,t2>0, z€[0,1)%
(6.1) (12)ﬁ;((€_) (@), ti,t2> 0,1]

where {€%:= (£1,¢€0) 14 € N} is a sequence of i.i.d. random vectors with joint distribution function
H(-) and uniform marginals over [0,1]. Define F : R2 — [0,1]* with F(z) = (Fi(z1), Fo(z2)). By
Sklar’s theorem [52], for any multivariate distribution function F', there exists a unique multivariate
distribution function H (called “copula”) with uniform marginals on [0, 1] such that F(z) = H(F(z))
when the marginal distribution functions Fy, k = 1,2, are continuous. Then, we can write

K”(tl,tg,x):[?”(tl,tg,F(:v)), t1,12 €R+, Z‘GR%F.
To prove Proposition 4.1, it suffices to show that
(6.2) U™(t1,t2,2) = Ulty, to,x) in D(0,00)2,Dy) as n — oo,

where U(t, ) is a continuous Gaussian random field with mean E[U (t1,t2,2)] = 0 and covariance
function

9] 9]

COU(U(Sl,SQ,.’B), U(tl,tg,y)) = (81 N s9 Nty /\tg)(H(.’I} /\y) — H(x)H(y))

We proceed by proving that the finite-dimensional distributions of un converge weakly to those
of U, and {U™ : n > 1} is tight. Denote U™(t1,t3) := U™(t1,t2,-) for t1,t2 € [0,00). Without
abuse of notation, we let U"(t) := U"(¢t,t,-) for ¢ > 0. In order to show the convergence of the
finite-dimensional distributions of U " it suffices to prove for any [ € N and t* := (t’f, t’g), where
th tk € [0,00) and k = 1, ..., 1,

6.3 U™ 68, ., U™, ) = (U@, ), .., U@, ¢) in D) as n— .
1542 1042 152 1> %2 2
By the definition of U ™ it is equivalent to prove
(6.4) (UMt AL, . U AE) = (U AL, .., U# ALY) in Dy as n— oo,

which follows directly from Theorem 3.1 of [33].
Now, we focus on the tightness of U". From Corollary 4.2 of [19], it is equivalent to show that

there exists a sequence {a! := (a},a}) € R2 :1 > 1} satisfying miny, O‘i; — 00 as [ — oo such that

(i) for each a! and every e > 0 there exists a compact set M . C Dy such that
P(U"(t1,t2) € My, Yt € [0,)] x [0,0d]) >1—¢, n>1;
(ii) for each I > 1,
lim lim sup P(wgl((j‘") >€) =0,
0—=0 n—oo

where

ol (1 .
") := inf - (B),
“ (U7 Ar(8) BeA (@) U (B)

and wy,, (B) 1= supg se g dp, (U (51, 52), U™ (t1,12)), and dp, is the metric in space Ds.
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Recall from Theorem 3.1 of [33] that the processes U" := {U(t,z) :== U(t,t,x) : t >0 and z €
[0,1]2} are tight in D([0,00),Ds). Let U™(t) := U™(t,-) for t > 0. From Corollary 4.1 of [19] we
have that there exists a sequence {a}, € Ry : 1 > 1} satisfying o, — oo as [ — oo such that

(") for each o) and every € > 0 there exists a compact set M; . C Dy such that

P(U™t) € My, Vt€[0,ab]) >1—¢, n>1;
(i’) for each I > 1,
al .
lim lim sup P(w;°(U") > €) =0,

0—=0 n—oo
where

o
20(U™) == inf - (B),
ws' (") Afg(é) BGHAliZ((cS) win(B)
and wpy, (B) := sup, e p do, (U (s), U™(1)).
We set @ = (o), o)) for [ > 0. By the definition of U™ in (6.1), we see that conditions (i’) and (ii”)
imply (i) and (ii) hold, respectively. Therefore, the tightness of U™ holds, which completes the proof
of Proposition 4.1. O

6.2. Proof of Proposition 4.2. Here we only focus on the process W, and the other processes
can be analyzed similarly. We first show W is well-defined.

We introduce some notations here. For a set J, let | 7| be the cardinality of J. Let jkl and
J#_,, be the partition of A := {1,..., N}, where N is a positive integer, 7! N JZ_, = @, |T} =k
and |J% .| = N — k. Let ® : RN — R. For z,y,2 € RV, define 75 TNk (z;y) == D(2), where
zj =uwxj for j € jkl and z; = y; for j € J]%,_k. Then, we define

N
(6.5) Ad(z;y) ==Y (-1)F 3 o7k TRk (3 ).

k=0 JL.J2_, partitions of A

In the rest of the paper, we will use AK™ and AK as defined in (6.5) when N = 4. Notation AF is
defined as (6.5) when N = 2.

By the definition of mean-square integrals, we have
lim E[(W(t) - WO@)? =0, t>0,
l—00
where

t t
(6.6) WO = [ [ [ 106nsmaks ). 120
0 Jo JRZ

with

Il
l l L l l .
(6.7) lg )(31,52,1:) = ZZ[I(Si—l <s1 < 85,85 < sz < s;) 1wy <t —s5,Y5)], >0,
i=1 j=1
and 0 = s} < s} < ... < sl =t satisfying max;<;</[s! —s!_;| = 0asl — co. We call {st:0<i<1I}
is a partition of [0,t]. Define W(®)(¢) and its associated partition {s!: 0 < i < £} of [0,] similarly,
t > 0. To show W is well-defined, it suffices to prove

(6.8) lim E[(WO@#) —WwO@w)2 =0, t>0.

[, 0—00

Without loss of generality, we assume that the partition {s{:0 < i < ¢} of [0,¢] is finer than the
partition {s:0 <i <1{}. By (6.6), for t > 0,

W) — W)
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! l
:ZZ Z Z AR(()‘ Sp— 17)‘811 1t t_s) ()\3 )\Sg,t_Sf,,t—Sg)).
i=1 j=1

prsk 1<s[<s qs 1<s"<§
By the definition of K, we can easily obtain that for 0 < s7 <t1,0<s9 <ty and 0 <z <y,
(6.9) E[(AK((s1,52,%); (t1,t2,9)))%] = [(t1 — 51) A (t2 — 52)]AF (m;9)(1 — AF(z3)),
and for 0 <&} <t,0<s, <t),0<2’' <y t; <s| and ta < sb,
(610) [AK((SL 82,.’1,'); (th t27 y))Ak«s/lv 8/27"1’./); (ﬂl? t/27y/))] =0.
By (6.9) and (6.10), we have, for ¢t > 0,
E(WO ) - W ()]

l l
=22 > S sk —sho) A(sh - sty

=1 j=1 pisl_ <sl<slq: s 1<s§§s]

x AF((t— st t— sj); (t— sp,t - sg))(l — AF((t—st,t—sb);(t— sf;,t —sH)

l l
IS S Al b)) A (st~ sy)]

=1 j=1 p:sé71<sfj§sé q:s§.71<s§§s§.

X AF((t — skt —sh); (t— sh,t — b))

IN

l l

<Y D (s = st A(sh = SE_)JAF((E = st t = s4); (E = sty t = 551))
i=1 j=1

< o L_ g

_fg%lrg%k[(s si—1) A (85— s5.1)]

Since maxj<;<;(st — sl ;) — 0 as I — oo, we have proved (6.8), which implies that the process W is

well-defined.

Recall from (4.16) that K is Gaussian with mean 0. Then, for a fixed ¢ > 0, W®)(¢) is normally
distributed with mean 0. By the definition of w, w converges to W in probability as [ — oco.
Recall the fact that if a sequence of normally distributed random variables in probability converges
to a random variable, the limit is also a normal random variable (see e.g., Lemma 4.9.4 of [32]).
Thus, W (t) is normally distributed, ¢ > 0, which implies the process W is Gaussian.

Next, we will show (4.21) holds. By the definition of the process W, we see

(6.11) E[(W(t) = W(5))*] = lim B[(WU(t) - WO(s))?),

where we assume the same partition {s!: 0 < i <1} of [0,#] is applied for W®(¢) and W"(s) for
0 < s <t. By (6.6), it is easy to see that

W) - ZZAK shogyshoys—shs—shy(shsh e —sht—sb), 12520,
i=1 j=1

where we set K(sl,SQ,xl,mg) =0if 1 < 0 or z2 < 0. Thus, together with (6.9) and (6.10), we
obtain

l
E[(WO(t) = WD()?) = 30D Msi = si1) A (s — 5 )IAF((s — sf s — s); (¢ = s, — s)

1
X ( —AF((S—S%,S—Sé);(t—Sé,t—Sé-))), t>s>0.
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By Lebesgue’s theorem, we have

l—o0

lim E[((W®(t) — wW(s )\// [AF((s — s1,5 — s2); (t — s1,t — s2))
X (1 —AF((s—s1,8—82); (t — s1,t — $2)))]d(s1 A s2), t>s>0,

which by (6.11) implies that (4.21) holds.

We now prove the process W is continuous. Note that (4.21) indicates W is continuous in
probability. To show the process W has continuous sample paths a.s., by Lemma 4.9.6 of [32], it is
sufficent to prove that for any partition {sl: 0 < i <1} of [0,1],

l
(6.12) lim limsup P (Z(W(si) —W(st 1))? > L) = 0.

L=oo 500 i—1

By Markov inequality and (4.21), we note that

l
P (Z(W(Sﬁ) ~W(si1)? > L)

=1
1< )
< 7 O ElW(sh) = W(st 1))
=1
A ! t gt l l l l
L z; 0o Jo [AF((si—y — 51,81 = 52); (51 — 51,8 — 52))

(1= AF((s}_q — 51,811 — 52); (5] — 51,5} — 52)))]d(51 A 82)

Z/ / [AF((st_ | — 51,8t | —s9); (st — 51,88 — 52))]d(s1 A s2)

‘ >

<

/\h

Therefore, we see (6.12) holds, which implies that W is a continuous process. By an analogous
approach proving (4.21), we can also show the covariance functions among Wk, Wk, k=1,2, and

W. We omit the details here for brevity. O

6.3. Preliminaries. In this section, we will establish some preliminary results in order to prove
Theorem 4.1. We first give representations for the processes X " Y™ and S™. Define the empirical
processes driven by the residual service times {7, : i > 1}, for k = 1,2, by

(6.13) U (2) == —= (L7 < 2) = Frel), 220,

and define the empirical process driven by the residual service vector {n®/ : i > 1} as follows:

n(J™(
(6.14) 0 (@) = \}ﬁ Z 7 < @) = Flo(1) Fae(2a)), >0,

Without abuse of notation, we write U"(t) = U™(t,t) for t > 0. Let UP(t) := U™(t,00) and
U3 (t) == U"(o00,t), t > 0.
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Lemma 6.1. The processes Xn, Y" and 5" defined in (4.8) have the following representations: for
t>0andk=1,2,

(6.15) Xp(t) = X 0(8) = Niv/n(1 = pf) Fio(£) = U (1) = U (8) = Vi(8)

TR + /0 FE( = 9)dA"(s) + [ (K(t = s aPu(s),

Vi) = YO (8) = U (8) + Nev/n(1 = p) Fre(t) + U (8) = U™ (t) — /0 (X7 (t — )" dFy(s)

(6.16) VO = VmO@) + WO () — M™O(t) — I () + /t Fi(t — s)dA™(s),

0
(6.17) S(t) = 8™0(t) + UMY (t) + UZY () + U™(t) 4+ V™O(8) + MO(t) + W™(t) + W"(¢),
where

(6.18) Xp0(t) = XPO)FEo(6) + (X (0)F (FE(1) — Fi (1),

~

(6.19) S™0(t) := Y3 (0) Fre(t) + Y{'(0) Fae(t) + 25 (0) Fy(8) Fa,e(t) + Z7(0) e (8) Fa(t)
+ jn(O)FI,e(t)FQ,e(t) + In(O)Fm(t)a

(6.20) Vi (t) = Yi(0) + XP(0) Fre(t) + (XP(0) T (Fi(t) — Fre(t)) — S™°(8),
A1)
in 1 n n,i i n n,i
(6.21) Wi (t) = N ; (A" +wy” +mp S 8) = Fi(t — 7" —wy.™)),
;A" ' ' '
(6.22) W(t) := N> A + Wl ) V) = F(t— 1" — w]” t — 7" — wy™)),
(6.23) We(t) == Wi(t) — W™ (2),
;A ' '
(6.24) U (t) == 7 Z F(t — 10 —w}' t — 7 — wh™)
/ / t—sl t*SQ))dF(Sl,SQ)
1 Z’!L(O
(6.25) M™0(t) =752 Z (FLe(t)Fo(t — iy — Fy () Fy (1))
ZS(O)

1n Z Fi(t - w;”R VFpe(t) — Fi(t)Fae(t))

(o

jﬁ > (Pl = 03— B ()

N
T3
o

(6.26) — Fle(t))

%\H

.
Il



32 HONGYUAN LU AND GUODONG PANG

1
o= DA <) - Bt - ap),
i=1
Z7(0)
nO L . 77 R "nyi’R
621) VW)= = > AT < tapt 4" <0 - BB - o3t
=1

(@ 4™ < tiy? <t) - Pi(t — ap ) Re(t))

+

:‘H
- N
N3
lM@

o= @ <) - F(e - o - aht).

Proof. From the system dynamic equation of X}'(t) in (4.5) and the decomposition of X}'(0) in
(4.4), we obtain, for £k =1,2, and t > 0,

Y75(0) z7(0)
Xp(t) — Ny = (" > 1) — FE () + (1(77 >t) — Fi (1))
i=1 =1
Jm(0) . Qr (0) ‘ ‘
+ A > - Fe )+ Y At +p? > ) — et — )
i=1 =1
A" (t) . A
+ YA wpt > ) = Fo(t— 77— wp?)) + Vi (0) Fe ()
=1
Q5 (0) ‘
+ ZP(0)FE () + J*(O)F (t) + Y F(t —ap")
=1
A™(t)

+ Y Fg(t -1 —wpt) - N

Qr(0)
= U (t) = VaOp (1) — VaWi () + BRO)FE () + > Fi(t — i)
=1
Z3(0) Q7 (0)
~1,7 c ~ 70,0 i, c ~ 10,0
+ 3 AT >0 - F )+ > @ +ap® > ) — Fet— aph)
=1 i=1
A"(t) . An(t)
+ Y (Ft— T —wp') = F(t— 1) + Y Fi(t—1") — Nj.
i=1 =1
‘We then have
Q7 (0)
XP(t) = Ni' = —/n(U2Y (8) + UR(t) + W) + V0 (t) + B (0)FE . (t) Z FE(t — ;)
An(t)

(6.28) + Z (Fg(t ) — FE(t— 1)) +/O FE(t — s)dA™(s) — NJ*, ¢ > 0.



A FORK-JOIN NETWORK IN THE HALFIN-WHITT REGIME 33

Note that, by Propostion 2.1 of [51], we have, for t > 0 and k = 1,2,

A™(t)
> (FEt =7 —wpt) — FE(t— ")
=1

, Q7 (0) ‘
- /0 (XP(t - 5) = NPYFdF(s) — 3 (Fe(t — @) — FE(1)).

i=1
Thus, following from (6.28), we obtain, for ¢ > 0,

t

Xp(t) = N = =v/n(U" (1) + U7 (8) + Wi () + Vi (1) + /0 (XE (= 5) = Ni) " dEy(s)

(6.29) + Qr(0)Fi(t) + Br(0)Fi . (¢) — Ny +/0 Fii(t — 5)dA™(s).

Notice that, for t > 0 and k=1, 2,

t

(6.30) Qr(0)Fi(t) + Br(0)F (1) — Nt + | Fi(t — s)dA"(s)

= Qr(0)Fi(t) + (X (0) — Q(0) Fy. . (t) — Ny
o [ FE(— s)a(An(s) — Ans) 4 A7 / "FE(t - s)ds
0 0

— QRO)(FE(t) — FEL(1)) + (XP(0) — NEYFE()
— NP1 = o) Fiet) + Vi /0 Fe(t — 8)dA™(s).

Plugging (6.30) into (6.29), and dividing v/n on both sides of (6.29), we then obtain (6.15) holds.

Next, to derive the representation of S'”, we center each term in (4.6) by its mean conditional on
arrival times, residual waiting times and waiting times, and by some algebraic manipulations, we
obtain, for ¢ > 0,

S™(t) — S™(t) = (Y3'(0) — n¥2(0)) Fie(t) + (Y{"(0) — nY1(0)) Foe(t) + Z5 (0) F1 (£) Fac(t)
+ Z7(0) Fre(t) Fa(t) + (J7'(0) = nJ (0)) A (J3(0) — 1 (0)) Fi,e(t) Fae(t)
I (0) Fn(t) + Vi (7Y (1) + 03 (8) + T7(8) + V™0(1)

FW () + MO(¢) + \if”(t)) .

S—

Dividing 1/n on both sides of the previous equation, we then have (6.17).

To show the representation of Yk", k =1,2, by (4.7) and the definition of ffk" in (4.11), we have,
for t > 0,

Y (t) = Y () = (Y37 (0) — n¥i(0)) + (X} (0) = Ng) + (A"(t) — A™)
(6.31) — (Xg () = Ni) = (S(t) = 5™(1))-
Dividing y/n on both sides of (6.31), and plugging (6.15) and (6.17), we obtain (6.16). O

Let E,? = n_lE,?, k =1,2. The weak convergence of E,?, k = 1,2, is established in Lemma 6.2.
Lemma 6.2. Under Assumptions 1 and 4-8,
(EP,E}) = (a,a) in D? as n — oo,

where a(t) = At, t > 0, is the fluid limit of the arrival process.
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Proof. Note that, for k=1, 2,
AM(E) — (XP(0) - NPT < BR(t) S A™1), £20, as.
Thus, for each T'> 0 and € > 0,

P < sup |Ep(t) —a(t)| > e) <P < sup |A™(t) —a(t)| > 6) +P ( sup |ER(t) — A"(t)| > 6)
0<t<T 0<t<T 2 0<t<T 2
(6.32) <P < sup |A™(t) —a(t)| > 6) +P ( sup [(Xp(t) — N1 > €> .

0<t<T 2 0<t<T 2

From Assumptions 4 and 5, we first see that the first term on the RHS of (6.32) goes to 0 as n — oo.
Also, by Assumption 6 and Corollary 5.1 of [51], we have X' = Ny, in D as n — oo, which implies
that (X7(t) — N)™ = 0in D as n — oo. Thus, the second term on the RHS of (6.32) converges to
0 as n — oo. Hence, we obtain that for k = 1, 2, E’,? = a in D as n — oco. Since a is a deterministic
function in Ry, by Theorem 11.4.5 of [58] we see that Lemma 6.2 holds. O

Lemma 6.2 directly implies the stochastic boundedness of the processes E‘};, k = 1,2, which is
stated below.

Lemma 6.3. For each k =1,2, and T > 0, there exists a k > 0 such that
P(EXNT)>k) =0 as n— oo.

6.4. Convergence of W", W* and W"C It follows from the definitions of W in (6.22), W7 in
(6.21), W™ in (6.23) and EP', k = 1,2, that

(6.33) ///R (s; 42, < t,V5)dR™ (B (51), B} (s2),), ¢ 0,
(6.34) o) :/0 /O /R sk + 2x < O)AR™(EN(s1), E2(s2).3), 1> 0,
and

(6.35) We(t) = Wik(t) — W (t)

/// (si+ty <ty 5w+t > t)dK™ (BT (s1), B (s2),x), t> 0.
RQ

The integrals above are well-defined as Stieltjes integrals for functions of bounded variation as
integrators. We will first prove the tightness of these processes. Here we focus on showing the
tightness of W", as the tightness of W;* and W,? “ k =1,2, follows from a similar argument.

Note that

K"(ty,to, @) = KMty to, @) + Kty to,x), t1,t2 >0, z € R?,
where for t1,t0 > 0, x € Ri and i = 1,2,
(6.36) Kzn(tl,tz,l‘) = \/ER?(tl,tQ,x),

and K7 (t1,ts, ) are defined in (5.9) and (5.10). We then decompose W into two processes,
"= {G"(t): t >0} and H" := {H"(t) : t > 0} as follows:

(6.37) Wn(t) = H™(t) + G™(t), >0,

where

t t
(6.38) A () :—/ / / 1(s; + 25 < ,¥)) KT (B (s1), B} (s2),2), 1t >0,
0 0 R+
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t prt
(6.39) G (1) = /0 /O /R 1(s; +a; < t,Y5)dKP(E}(s1), B (s2),2), t>0.
+

Set H™ := {H™(t) : t > 0} and G" := {G"(t) : t > 0}. We prove the tightness property for H"
and G" in the next lemma.

Lemma 6.4. Under Assumptions 1 and 4-8, the sequences {H™ : n. > 1} and {G™ : n > 1} are
tight.

Before proving the lemma, we present some preliminary results. We use the notation %jm to be

the time at which task j of job 7 enters service after time 0—, i.e., %;” = inf{t > 0: E}(t) > i},

j = 1,2. Recall the definition of the processes H™(t) in (5.14), t > 0. We define the filtration

H" :={H} :t >0} by

a0 M TG00 5) Ve (10 €5 - 78 S 1= 1 B0 A B ()
Vo(E}(s),s <t,Vj)Va(&,i>1) VN,

where N includes all the null sets. Note that here we include the initial quantities in the filtration
H" = {H} : t > 0} in (5.17). It is easy to verify that H" is a filtration and satisfies the usual
conditions [23].

Define

EP(E)AED () A

(6.41) 70 ::\/17? S HY(
i=1

for k € Nand t > 0. Set H" := {H"(t) : t > 0}. We first state the martingale property of H" in
Lemma 6.5. The proof is identical to that of Lemma 5.6, so we omit the details here for brevity.

Lemma 6.5. Under Assumptions 1 and 4-8, for each k > 1, the process I:I,? is an H"™-square-
integrable martingale with the predictable quadratic variation process

LAES (t) Ak

A 1 P niA(E—F" A=
n _ _ > 0.
(D) () = - Z / / TP @), 120

Define a multiparameter process 1™ := {T”(tl, to,x) 1 t1 > 0,1y > 0,2 € R2} by

ET(t1)AE3 (t2)

(6.42) T (ty, to, ) == 7 z; (1(n’ > z) — F(x)), t1,ta >0, z € R

We then obtain the convergence of the processes T following from a similar argument as Proposition
4.1.

Lemma 6.6. Under Assumptions 1 and 4-8,
T =T in D([0,00)%,D([0,00)%,R)) as n — oo,

where T(t1,t2,2) is a continuous Gaussian random field with mean function E[T(t1,ts,2)] = 0 and
covariance function

Cov(T(t1,t2,2), T(s1, 52,9)) = [(t1 A t2) A (51 A 82)](F(z Vy) — F(z)F(y)),
forti,s; >0,i=1,2, and z,y € R2.
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We can then rewrite G™ in (6.39)

//T t_xl’ —72%) k@), >0,

We are now ready to prove Lemma 6.4.

Proof of Lemma 6.4. We first prove the tightness of {ﬁ "1. We follow the argument of Lemma 3.7
of [29] by using Aldous’ sufficient condition (see, e.g., [7]) to verify the tightness of {H™ : n > 1}.
This requires us to check for L > 0 and € > 0,

(6.43) lim limsup P ( sup \f[”(t)| > /2;) =0,
R—00 m—o0o 0<t<L
and
(6.44) lim limsup sup P | sup |H"(7 +1t) — H"(t)| > €| =0,
6=0 n—oo reCp 0<t<6

where C} is the set of all H"-stopping times bounded by L, where the filtration H" is defined in
(6.40). Since the proofs of (6.43) and (6.44) are analogous, we only verify (6.44) here. Fix T > 0.
For each € > 0 and k € N, by Lemma 6.5, we have

P < sup |H™(r +1t) — H"(7)| > e> < P(EMT)AEY(T) > k)

0<t<T
sup (T + 1) H'gn(T)’ >el.
0<t<T

Lemma 6.3 implies that for « sufficiently large, the first term on the RHS of the inequality above
goes to 0 as n — oo. Next, we only need to show the second term converges to 0 as n — oco. By the
Lenglart-Rebolledo inequality [32], it follows that for any v > 0,

( sup |[I2, (7 + ) = Hi(7)| > e> < 5+ P (L) (7 +T) = (A7) > 7).
0<t<T €
Note from Lemma 6.5 that
- . 1 AE2 noong 1
()7 +T) = (L)) < - su / | i@
N s<L,|t— s|<T,_ Ep(s /\E” (u)

It follows (5.29) and the FLLN that
1 Lnt]

Z/ / ()=t in D as n— .

This convergence being uniform in ¢ on bounded intervals together with Lemma 6.2 implies that
En( t)/\E

lim limsup P | / g / e () > 0
im lim sup — sup =0,
T—0 n—oo n 5§L7|t—s\§T s)/\E" FC

from which we obtain

P((ﬁ:n)(T+T)—(I:I;‘n)(T)>7)—>O as n — oo,

which completes the proof of the tightness of {ﬁ nl.
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Next, we will prove the tightness of {G”} For e > 0 and ¢t > 0, we decompose G" as
G"(t) = G (t) + Gy (8),

ne Tnt_xlv — T2, ) (Fc( )>€)
o= || [ T e

e T”t—xl, —x9,x)1(F(x) < €)
G / / Fe(@) dF ().

To show the tightness of {G"}, by Lemma 3.32 of Chapter VI in [29], it suffices to prove the
following:

(i) {G7:n > 1} is tight;
(ii) For each 6 > 0 and T' > 0, lim_, lim;,_yoc P (SUPogth IGYe(t)] > 5) =0.

The rest of the proof proceeds analogously as in Lemma 6.6 of [33] and Lemma 3.4 of [29] by
applying Lemma 6.6. We omit the details here for brevity. O

where

To proceed with the proof for the convergence of W", W,? and W,: “ k=1,2, we need to show
the convergence of the finite-dimensional distributions of W™, W,? and W,? “ k = 1,2. Recall
Lemma 5.2 of [29]. For x1,22 > 0 and y := (y1,y2) € R%, let xi(z1,72,y), i € N, be real-valued
bounded Borel functions such that E[x;(z1,72,7%)] = 0. Define the processes ¢ := {¢7(t) : t > 0}
and () == {(C2)(t) : t = 0}, k € N, by

EP()AER (t)Ak EP (AR (H)Ak
(6.45) Gy= > (LA and (D)= Y xR,
=1 =1

where y; (21, 12) := E[(xi(71,22,1m%))?]. We also set the o-fields .Ft = U(T{”,%;“,n 1<i< [t])VN
and Fp := o (7] Vg ) A (7 PHONE L G ETONE O (s OAB®) i > 1)V, and define
the filtrations F™ := {F}* : t > 0} and F" := {F}* : t > 0}, where A includes all the null sets. We
can then show the following results.

Lemma 6.7. (i) 7 Am v i';”, i=1,2,..., are F"-stopping times, and the following inclusions
hold: i, . 5 | GPC T, where G = o(BO {7 VA > ).t > 0,B € FP);
T

(ii) The process E” NEY = {E}(t) NEF(t) : t > 0} is F"-predicatable;
(7i7) The processes C", k=1,2,..., are F"-square-integrable martingales with the processes (Cl')
as predictable quadratic-variation processes.

Proof. The proof follows from a similar argument as the proof of Lemma 5.2 of [29]. u
Now, we are ready to prove the convergence of wn, joint with Wy and W[;, k=1,2.
Lemma 6.8. Under Assumptions 1 and 4-8,
(W, W, Wi Wae W) = (W, Wo, WE,Ws, W) in D° as n — oo,
where Wy, ch and W are defined in (4.18), (4.20) and (4.19), k = 1,2, respectively.

Proof. Lemma 6.4 imply the tightness of W™, And a similar argument can also be used to show the
tightness of W}, W"°, k = 1,2. Define the processes W := {W"(t) : t > 0}, W[ := {W}(t) : t > 0}
and W, := {W"C( ):t>0}, k=1,2, by

t t
(6.46) W(e) :—/// 1(s; +a; < £,¥))dK™(\s1, Asa,@), £ 20,
0 Jo JRZ
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t t
(6.47) o) ::/ / / sk + ax < AR (\s1, Aso,@), £>0, k=12,
R
and
(6.48) it / / / (sk+ 7k < 1,500 + 2w > DAR™ (st A8, 3), 1> 0.
R2

Tightness of W", W}' and W,? “, k =1,2, can be proved similarly.
It remains to establish their joint convergence in finite-dimensional distributions. For that, let

l l
(649) an(l) Z ZAKH((E?(Si—l)v 7721(85'—1)70); (E?(Sg)> 73(82)7t - ngt - Sé‘))a
=1 j=1
(6.50)
l l
7m,(1 o mn n n n
W) =SS T ARD (B (sy), E(sh_1),00: (B (s, B5(sh), t — sht —sb)), k=12,
i=1 j=1
and
(6.51) WGy = wrOw) —wmO@), k=12,

where 0 = s} < s} < ... < s} =t and max;<;</[s! —sl_;| = 0 as | — oo, and f(ﬁ)(tl,tg,a:) =
K"(tl,tg,ml, ) and K(2)(t1,t2,$) = K’”(tl,tg,oo,xg) for t1,t9 € R+ and & € Ri
We also define in analogy, for ¢t > 0,

wO(t) ZZAK ((Ash_p, Ash_1,0); (Ash, A, t — skt — sh)),

i=1 j=1

l l
ZZ K(k )‘Sz 1’)‘8] 1)0);()‘827)‘53’715_Sévt_sé‘))v k:1727

(6.52) woel) =Wl - wOw), k=12,
l l
wm (l) Z Z AK” )\sz 1> )\3] 1,0); ()\sé, )\sé,t — sﬁ,t — sé-)),
i=1 j=1
Wk ZZAK(k) z 17)‘53 1a0>;()‘5§7)‘5§‘at*Sfli’tisé'))’ k:172>
i=1 j=1
and
(6.53) WOy = WOy —w»Or), k=1,2,

where K(l)(tl,tg,.’r) = K(tl,tg,xl, ) and K( )(tl,tg, ) = K(tl,tg,oo,:cg) for t1,ty € Ry and
Te R2 Set W" O = (WO @) -t > oy, weD {W" Oyt >0}, W= (W) : t >0},
we® = (e ) t>0}, k=12 wnl .= {W” )(t) : t >0} and WO .= {WO(@) : t >0}
Since W() converges to W as | — oo in probability by definition, in order to show the joint

convergence in finite dimensional distributions it is sufficient to show the following conditions:

(a) (7O @ yime® me® gy 4 g0 5 o0 ied oy asn o oo
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(b) For v > 0 and ¢t > 0,
(6.54) lim limsup P(|[W™W(t) — W"(t)| > v) = 0,

=00 n—oo

lim limsup P(|[W™W(t) — W"(t)| > v) = 0,

=00 n—yoo

lim limsup P((W D (1) - W) > ) =0, k=1,2,

=00 n—oo

lim limsup P(|1¥; U@ —Wre) > ) =0, k=1,2

=00 n—oo

hm lim sup P(|W," C’(l)( ) —WrM)| >v) =0, k=12

=00 n—oco

(c) For T >0 and € > 0,

lim P( sup WO (t) — w0 ()] > 6) =0,

lim P ( sup (W) — WOy > e> =0, k=12,

n—oo 0<t<T

lim P( sup (W@ @) — WD @) > e) =0, k=12

First, we focus on the proof of (a). For any ¢ ;, taj tp = 0, c14, c2j and ¢, € R and positive integers
I, I and I3, for i = 1,.... 01, j =1,...;,1o and p = 1,. -, I3, since the distribution function F' is
continuous by Assumptlon 1, by the Weak convergence of K " to K as n — 0o and the continuity of
K we 1mmed1ately see that, as n — oo,

chm D (tr) +ZW" Ot :»ZZC,“ ) (t.2) +Zch(l )

k=11=1 p=1 k=11=1 p=1

By the Cramér-Wold theorem (see, e.g., Theorem 3.95 of [13]), we see

(W{L’a)a W;’(l)7 Wy ié (Wl(l), WQ(I),W(I)) as n — oo.

By (6.52) and (6.53), together with the continuous mapping theorem [7], we conclude that (a) holds.

We will next prove (b). For brevity, we here only provide the proof for (6.54), as other proofs
follow similarly. For the points 0 = s} < s} < ... < sf = t satisfying maxj<;<; st — st ;| — 0 as
[ — 00, let

1 l
i(x1, T2,y ZZl Spo1 <1 <8 )1(32—_1<3:2§s§-)

X (1(t—sp<y1 St—xl,t—sé <yo <t —x9)
— AF((t —sh,t — sb); (t — 21, — 22))).
Then it is easy to verify that

Xi(21,22) = E[(Xi(ﬂcla 22,1"))?]

_ZZ p1<$1<5)1(8§»,1<x2§5§)

p=1 j=1

x AF((t — si,,t - sé-); (t —x1,t —x2))(1 — AF((t — si,,t — sé-); (t —x1,t —x2))).
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Recall from (6.45), by (6.33) and (6.49), for x € N,

1 . N
(6.55) ﬁgg(t) =Wnt)— WD) on {EP()AERL) <k}
Hence, we have
1 1 EFONEZ®) 11
Gt = DN s <A < shshy < 7 < s
=1 p=1 j5=1
X AF((t — s b — sj) (t—sp_1,t 32-,1))
1 1o
= > D UER(s,) — BR (s, 1) A (B (sh) — B3 (s5_1))]
p=1 j=1
XAF((t—S;,t—Sé-);(t ;i) 17t 55 1))
< sup sup [(E7(s,) — EY(s,_1)) A (E5(sh) — E5(s5_1))].

1<p<l1<j<l

Then, by Lemma 6.7 with the Lenglart-Rebolledo inequality (see, e.g., [32]), we have that for any
mEN,’y>0ande>0

P(W™O(t) = W™(t)| > 7) < P(E}(t) A B3 (t) > nk) + P(n 2|2 (t)] > 7)
< P(ED(t) A ED(t) > 8) + %
+P (1311)121 13;12[[(5?(82) — ET(sl, 1)) A (B3 (sh) — E¥(sh_1))] > 6) :

By Lemma 6.2 and the fact that max;<;<;|st — s._;| = 0 as | — oo, we have both terms on the
RHS of the above inequality vanish, i.e.,
lim limsup P(ET(t) A ES(t) > k) = 0,

R—=00 n—oo

lim lim sup P ( sup sup [(E{L(sé) — E’f(sfn_l)) A (Eg(sé) - E;L(Sé_l))] > 6) =0,

=00 n—oo 1<p<11<;5<l

which completes of the proof of (b). It is quite straightforward to see that (c) also holds, since K is
continuous.
In summary, we have shown that

(Vi g, W W W, W, W W, T, )
(6.56) = (Wl,Wg, Wi, Wa, WE, WS, WE, WS, W, W) in DY as n— .
Thus Lemma 6.8 has been proved. O

6.5. Convergence of the Initial Quantities. In this section, we prove the weak convergence of
the initial quantities. We first define £, := {£™°(¢) : t > 0}, k = 1,2, by

Q;0)
~ 1 ~
(6.57) () = NG Y 1@t > 1), t>0, and EP(0) = 0.
=1

Let M™0 := {M™O(t) : t > 0}, where M™O(t) for t > 0 is defined in (6.25).
Lemma 6.9. Under Assumptions 1 and 4-8,
(EPe &0, M™) = (0,0,0) in D? as n— oo
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Proof. By the definition of é’,?’e, k =1,2, it is sufficient to show that for € > 0 and 0 < T} < Tb,

lim P < sup

n—oo T1<t<T

é,f’e(t)‘ > e> —0.

Recall that in the sequence {uN)n’i ci=1,...,Qr0)}, @Z’l represents the residual waiting time of the

task in the front of the queue and w, Q’“( ) represents that of the task in the end of the queue at
station k at time 0—, k = 1,2. Under the non-idling FCFS discipline, k = 1, 2,

~n,Q%(0)

n,2 <. fw, ,  Qa.S.

(6.58) wpt < op
We thus obtain, for k =1, 2,

P(am o] o) < (o, ron o))
(k1@ > 1)| > o)
= P (|Qro1 (@ > Tl)‘ > ey Y > )
(6.59) <p ( o) T1> .

Assumption 8 implies that the RHS of (6.59) converges to 0 as n — oo, which completes the proof
of the convergence of (£, £5°).
0 0
Define M := {M;"(t) : t > 0} by

Z1(0)
1 k
MO(t) = = Z Fioo(t) Frr(t — @) — Fro()Fu(t), ¢>0, k=1,2,
=1
and
Y 7y 77[ 7y 7‘71
MO (1) : f Z WPt — oyt — F(t)).

To show M™0 = 0, by the definition of M™ in (6.25), Theorem 11.4.5 of [58] and the continuous
mapping theorem [7], it suffices to show that for k = 1,2, 3,

M,?’O:O in D as n— .

Here we only provide the proof for the weak convergence of M:? 0 for brevity, as the proofs for Mln 0
and M0 are similar,
Denote @5 := maxj_1 2 W) Tfor 1=1,---,I"(0). By (6.58), we first obtain, for each ¢t > 0,

1 O

(6.60) O] < NG Z (Fpn(t) — Fop(t — @5)) < I(0)(Fp(t) — Ep(t — @O0 1)),
i=1

Note the fact that, under Assumption 8, the sequence of {wp;"' : 1 =1,...,I"(0)} converges to 0
a.5. as n — 00, and F,,, is uniformly continuous by Assumption 1 and Theorem 1 of [36]. Together
with (6.60), it is easy to see, when n is sufficiently large, for each t > 0, |M§l’0(t)] < I"(0)y", a.s.,
where {7y" : n > 1} is a sequence of random variables converging to 0 a.s. as n — oo. Moreover, we
have that supg<;<r ]Mg’o(t)\ < I™(0)y™ for each T' > 0 a.s. Since I™(0) = I(0) in R as n — oo, we
have that f”(O)’y" = 0 in R as n — oo. Therefore, we obtain that Mg’o = 0in D as n — oo. This
completes the proof of the Lemma. O
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Lemma 6.10. Under Assumptions 1 and 4-8,
(Vln’o, ‘A/Qn’o,f/”’o) = (0,0,0) in D3 as n— oo.

Proof. We start with the proof of the convergence of an,o for k =1,2. By Theorem 11.4.5 in [58]
and the continuous mapping theorem in [7], it suffices to show that for k = 1,2,

Z3(0)
JR ;
(6.61) = (177 <t) = Fre() =0 in D as n— oo,
=1
and
1 %O o A
(6.62) — N @+ <t) - Ft-ap) =0 in D as n - oo
\/ﬁ =1
We first prove (6.61) holds. Let
Ui (t) Ly (1(727 <t) = Fre(t)), t>0
k == 1 — — ke 9 - Y,
\/’ﬁ =1

and U := {UP(t) : t > 0}. By Lemma 3.1 of [29] and Assumption 6, we obtain
(UR(t), Z1(0)) = (Bok(Fre(),0) in DxR as n— oo.

Thus, the random time change theorem [7] implies (6.61) holds.

Before proving (6.62), we let EZ’Q (t) be the cumulative number of initial jobs whose task k
is in queue waiting for service at time 0—, and has entered service by time t > 0, k = 1,2. Set
BP9 = {E?(t) 1 t > 0} and B9 := E;"?/n. Note that, for k = 1,2, 0 < E;"?(t) < Q}(0) for
t >0, a.s. By Assumption 6 we easily see that Q}(0) = 0 in R as n — oo, which implies that for
k=12,

EIZL’Q:>O in D as n— oo.

For k=1,2, let
[ns]
Vk (s,z):= \Fz ’Q<:c — Fi(x)), s,z2>0.

We can rewrite the second term on the RHS of sz Y in (6.26) by

f Z B 1@ < 6) = Fy(t — ™) / / s+ 2 < OAVPEM(s),x), t> 0.
From Proposition 5.1 in [51], we see that

t gt t ot
/ / 1(s +x < t)dVi(s,z) = / / 1(s+z <t)dVi(s,z) in D as n— oo,
0o Jo 0o Jo
where Vi, = {Vi(t,z) : t > 0,2 > 0} is a standard Kiefer process, and the integral limit above is

defined in the mean-square limit sense, similar to those in §6.2. Furthermore, analogous to Lemma
6.8, we obtain

// (s 4z < t)dV(E ’Q()x):o in D as n— oo,

which implies (6.62) holds.
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In the rest of the proof, we will show the convergence V0 = 0. It suffices to show each term
in (6.27) weakly converges to 0. Since the first two terms in (6.27) are symmetric, without loss of
generality, we here only show

23(0)
NG > <ty 4y <t) - R Rt —w5") =0 in D as n— oo
n

=1

We prove the convergence by showing the upper and lower bounds in (6.63) and (6.64), respectively,
converge to zero. Note that

1

1 Z7(0)

\/ﬁ =1
1 i ) ) . . . .
D e T . )

VoI
A ‘
(6.63) o > (Fre(t — w5 ) — Fie(t), t>0, as.
=1

We first show the RHS of (6.63) weakly converges to 0 as n — oco. By Theorem 11.4.5 in [58], it
suffices to show the two terms on the RHS of (6.63) weakly converge to 0 as n — oo separately. We
first consider the first term on the RHS of (6.63).

Denote

(17 < @y 4 ng" < 1) = BBt - a3t

[nt]
1 i i
K"(t,z) := 7n E (77 < a1, ny" < 22) — Fie(an)Fo(as)), t>0, zeR%,
i=1

and K" := {K"(t,z) : t > 0,2 € R2}. Let EZ’Z(t) be the cumulative number of initial jobs whose
task k is in queue waiting for service at time 0—, and has entered service by time ¢t > 0, but whose
task & is in service at time 0—. Set E;"” := {E{"?(t) : t > 0} and Ep»” := E}»” /n. Note that, for
k=1,2,0< EZ’Z(t) < Z}(0) for t > 0, a.s. By Assumption 6 we easily see that Z'(0) = 0 in R
as n — oo, which implies that for k =1, 2,

E;:’Z:>0 in D as n— .
We rewrite the first term on the RHS of (6.63) by
| 4o

—= 2 (@ i < nay " <) = B — apt B -0yt
=1

t ~ —
= [ [ 164w < 00dR (EL (9).)
0 Jr2

By Theorem 3.3 in [33], we obtain that
t t
/ / 1(s +z; <t,Vj)dK"(s,x) :/ / 1(s+z; <t,Vj)dK(s,z) in D as n— oo,
0 JRZ 0 JR3

where K := {f( (t,z) :t >0,z € R} is a generalized Kiefer process with mean 0, and the covariance
structure, for s,t € Ry and x,y € Ri,

Cov(K(s,x), K(t,y)) = (s At) (Fie(x1 Ay1)Fa(za Ay2) — Fre(x1) Fo(22) Fio(y1) Fa(y2))
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and the integral limit above is defined in the mean-square limit sense, similar to those in §6.2.
Furthermore, analogous to Lemma 6.8, we obtain

t
// l(s—I—fnj§t,Vj)dK”(Eg’Z(S),w):>O in D as n— oco.
R2

Thus, the first term on the RHS of (6.63) weakly converges to 0 as n — oo. The weak convergence
of the second term on the RHS of (6.63) is similar to the proof of the convergence M™° = 0 in
Lemma 6.9, and we omit the details here for brevity.
On the other hand, we also have
L ao o |
72 (Mﬁzsuw?ﬂ+%ﬁsﬂ—Fm®Ba—w?ﬁD

i <t < 1) - R FR()

:‘H i
P1
/N
]—l

6.64 (Fy(t) — Fa(t — o™ " t>0, a.s.
(6.64) nz h(t o ( ), t>0, as

Following an analogous argument to show the terms on the RHS of (6.63) weakly converge to 0, we
can also show the RHS of (6.64) weakly converges to 0.

Now, we are ready to prove the convergence V™0 = 0. It suffices to show that for 7" > 0 and
€>0,

Z7(0)
1 n in i
lim P | sup |—= Y (L7 < t,@y™" 415" < 1) = Fre(t)Falt — @) > € | =0,
n—ro0 0<t<T | V1 ; (1( 2 T2 ) () Fa( 5 )
Note that

Pl sup Tn Z ”Z < t,wy" +n2R <t)— F1(t)Fa(t — n’Z’R)) > €

0<t<T —
z"<o>
<P | o [ 20 (167 < i <0 - R o)
AT |
+to= ) (Ba(t) — Ba(t - W) > e
=1
27(0) |

r OiltlET ‘ Vvn ZZ; (1( oy iy <ty gy <) — Fue(t — wy ) Fa(t - ~;,Z,R)>

Z7(0)
HEZFb @) — B ()] > e

=1

By the fact that the terms on the RHS of (6.64) and (6.63) weakly converge to 0, we obtain that
the RHS of the above inequality goes to 0 as n — oc.
Next, we will focus on proving that the third term in (6.27) weakly converges to 0 as n — oco. Let

Eg’l(t) be the cumulative number of initial jobs, whose task k has entered service by time ¢ > 0,
but whose both tasks are in queue waiting for service at time 0—. Set EZ’I = {EZI(t) :t >0}
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and E,Z’I = E,Z’I/n7 k =1,2. Note that, for k=1,2, 0 < E,?’I(t) < I™(0) for t > 0, a.s. Since by
Assumption 6 I"(0) = 0 in R as n — oo, we have, for k = 1,2,
(6.65) EZ’I =0 in D as n— oo.

Let
Lntlj AN LntzJ

V™ (ty, ta,x) i= NG > Ay’ <3V - F@), t.ta>0, z€R3.

We can rewrite the third term on the RHS of V™0 in (6.27) by
I”(O
R R )

SI-

—_

/ / /}R2 (sj + x5 <,V AV(E! (s1), By’ (s9), ), ¢>0.

Analogous to Lemma 6.8, together with (6.65), we can see that the term on the RHS of the previous
equation weakly converges to 0 as n — oo, which further implies the weak convergence of the third
term on the RHS of V™ in (6.27) to 0. Thus, we have completed the proof of Lemma 6.10. 0

Lemma 6.11. Under Assumptions 1 and 4-8, we have
(O (0, T3 (0, V700, V30 (0), V0 0), 5170(8), U™ 8))
= (V2(0)"* Bo 1 (F1.e(1), Y1(0) 2 Boa(Fa.o(1),0,0,0,0,7(0) /20 (1))
in DS x ]P)([O, o?)Z,R) as n — oo, where the processes Bo,k = {Bmk(t) 1t >0}, k=1,2, and the
process U := {U(t) : t € R2} are defined in Theorem 4.1.

Proof. For k =1,2, let
(6.66)
[nY, (0)]

[nJ(0)]
nY () = f Z 1A <) = Fo(t), U"(t) 3:\/15 ; (1@ <t) = Fre(ty) Fae(ts)).

h

Set UMY = {U,?’Y(t) ¢ >0}, k=1,2,and U" := {U"(t) : t € R2}.
By Lemma 3.1 of [29] and Assumption 6, with the random time change theorem [7], since U o Y
k=1,2, and U™ are independent by definition, we first obtain

UMY (1) = Vi (0) 2 Bog(Fre(t) in D as n— oo,
U" = JO)V2U in D([0,00)%R) as n— oo,
and
(T (£), U5 (1), U™ () = (Ya(0)"* Boa (Fue (1)), V1(0)* Boa(Fa e (1)), J(0) 20 (2))

in D? x D([0,0)%,R) as n — oo. In order to prove the convergence of ﬁg’y, U™, joint with 0£’Y,
U™, k= 1,2, it suffices to check, for each T > 0 and v >0,

lim P ( sup |OY (£) — UMY ()] > 7> =0, k=12,

n—oo 0<¢t<T

n—o0 0<t1,t2<T

lim P ( sup |U™(t) — U™(t)| > 7) =0.
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The above equations are evident as Bo,k; (Fre(-)) and U are all continuous, k = 1,2. Thus, we have
(07 (1), 03 (0,07 (0,03 (1), 0" @), U™ 8))
= (%2(0)"* Boa(Fe(t)), Y1(0)"? Boa(Foe(1)), 2(0)'/* B (F1.o(1)),
(6.67) Y1(0)' /2 Boa(Fo.e (1)), J(0) 20 1), J(0) /20 1))

in D* x D?([0,00)2, R) as n — oo. Further, by Lemma 6.10, together with Theorem 11.4.5 of [58],
we obtain

(T (1), 05 (0,017 (8), 03 (8), 0 (8), V3" (0), V0 (0), A0 (2), 0™ (2), U™ (1))
= (Y2(0) 2 Boa (Fe (1) Ta(0)* Boa(Fo. (1)), Ya(0)* Bo. (F1.e(1)),
Y1(0)"% Boa(Fa.e(1)),0,0,0,0,J(0)/*0(t), J(0) U 1))

in D® x D?([0,00)2,R) as n — oo, which completes the proof of Lemma 6.11. O

We can now conclude the weak convergence of the processes associated with the initial quantities
~ 1,0 n,0

X7 = (X0 X0, YT = (v, v0) and 570 in (4.29)(4.31).
Lemma 6.12. Under Assumptions 1 and 4-8,
(6.68) ()A(n’o,f/n’o,gn’o) = (XO,YO,S'O) in D° as n— oo,

where X° = (X0, X9), v’ .= (Y0, YP) and S° are defined in Theorem 4.1.

6.6. Completing the Proof of Theorem 4.1. In this section, we complete the proof of Theorem
4.1. We first provide the following lemmas for the proof.

Lemma 6.13. Under Assumptions 1 and 4-8,
A Y 51,0 an Crn rn rn n n o,
(An(t),X (t)aY (t)7S 7O(t)"/ VO(t)aM VO(t)aU (t)>W (O?Nk\/ﬁ(l _pk)Fk7€(t)7Vk O(t)a

n,0

O (0, OF (0, W), Wie(t), k=1,2)

= (4. X°@.¥"(1), (1), 0,0, 7(0) /20 (1), W (£), N Fre 1), 0,

Vi (002 By 1 (Fro (), J(0) /20 (), Wi (£), WE(H), k=1, 2)
in D?? as n — oo, where all the limiting processes are defined in Theorem 4.1.
Proof. Let
(6.69) UR(t) := U™(t,00), UMt):=U"(c0,t), t>0,

where U™ is defined in (6.66). Set U? := {UP(t) : t € Ry} and Uy := {U}(t) : t € Ry}. Without
abuse of notation, we let U™(t) = U™(t,t), t > 0. Recall ﬁg’y is defined in (6.66), k = 1, 2.
First, by Lemmas 6.11, 6.12 and 6.8, we obtain the convergence

(Are), X" ), 7" (), 50(8), U7 (8), W™ (1), N1 = i) Fie )
O (0, 02 (0), Wi (), Wee(e),  k=1,2)
= (A0, X" (0,7 (1), 5°(), J(0)' T (0), W (1), NeBeFio 1),

Vi (0)/2 Bo e (Fie (1)), T(0) /Ui (1), Wi (), Wi (1), b =1,2)
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1,0 A . .
in D as n — oo, since (Xn (t),Y 7(t),5™°(t)) and the other component processes in the prelimit
above are independent of each other.

Then, by (6.56) and the maximum topology we endow on the product space, we obtain that in

the above weak convergence W7, U"(-), UIZ’Y, ur, V~V,?C and W/, k = 1,2, can be replaced by wn,
un(-), ﬁg’y, (A],?, W;C and W,?, k = 1,2. Recall from Lemma 6.11 that Vk"’o, k=12, V™0 and
M"Y weakly converge to 0 as n — co. Following from Theorem 11.4.5 of [58], we have completed
the proof of Lemma 6.13. O

Let T" be a continuous distribution function on Ry and let a € R. For each z € D, we define the
mapping ¢f : D — D by ¢f(z) = z for x € D, where z € D is a solution to the following

(6.70) 2(t) = z(t) + /Ot(z(t —s)+a)tdl'(s), t>0.

The existence and uniqueness of the solution to (6.70) are proved in Proposition 3.1 of [51]. We also
define the mapping ¢ : D — D3 by

(6.71) (w1, 22, 23) = (¢ (21), O, (22),23), (w1, w2, 23) € DP.

Recall that we endow the product metric space with the maximum metric of each component metric
space. Since the mappings qb%l and qﬁ%Q are both continuous in D, we immediately have the following.

Lemma 6.14. The mapping ¥ defined in (6.71) is continuous in (D3, .J7).

Recall the definition of £7(-,-) in (4.14). We then give a representation for U™ := {¥"(t) : t > 0}
where W™ (t), t > 0, is defined in (6.24).

Lemma 6.15. The process {U"(t) : t > 0} has the following representation:

t t
(6.72) \i/n(t)://én(t—sl,t—SQ)dF(Sl,Sg), t>0.
0 JO

Proof. Note that by the definition of E}', k = 1,2, for ¢t > 0,
IZ// j<t—T1 —w ' V§)dF (s1, s2)

_\/\/%/Ot/ot (kmi&{t—sk}> dF(s1,s2)

t ot ‘
/ / l(Tl-n—i—U};l’z St—Sj,\V/j)dF(Sl,SQ)
0 JO

- j/%/t/t <min{t—s;€}> dF (51, s2)
f/ / (mln{Ek t—sk)}> dF (51, s2) / / <m1n{t—sk}) dF (51, s2)
:/O /0 E™M(t — 51,1 — 59)dF (51, 59).

Proof of Theorem 4.1. First, by Lemma 6.13 and the continuous mapping theorem [7], we have

(A1), X3(0) = Niv/n(1 = o) Fie () = 0 = O (1) = O (0) = W), k=1,2)

ATL

—~

t)

ik

=1

0
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= (A1), X2(t) = NiBeFie(t) = Yo (0)* Bo(Fie(1)) = () 0(t) = Wi(t), ki =1,2)
in D as n — o0o. Define the mapping g : D3 — D5 by

(6.73) 9(@1, 22, 23) = (g1(21), g2(22), 93(21), ga(w3), g5(21)), (w1, w2, x3) € D?,

where g1(21) := 21, g2(22) := 72, ga(x3) := w3,

ga(a1) () = /0 FE(-— 8)dai(s), and  ga(a)() = / F§(- — s)d(s).

0

By Lemma A.9 in [51] and the metric we endow on the product metric space, it is easy to see the
mapping g is continuous. Thus, by the continuous mapping theorem [7], we see that

(A(0), X 00) = New/n(1 = g Fiet) = V0(8) = O3 (1) = DR (1) = Wi(o),

/Ot Fe(t — $)dA™(s), k= 1,2)

= (A1), () = NP (t) = Yo (0)* Bo(Fi (1) = T(0) 20 t) = Wi(2),

/Ot F(t —s)dA(s), k= 1,2)

in D® as n — oo, which by the continuous mapping theorem [7] again implies that

A A

(Ar(t), X(t) = Niv/n(1 = o) Fie () = V200 = OF Y (6) = O (8)
t
A0 +/ Fi(t— )dA™(s), k=1.2)
0
4 50 > 1/2 A 7 \1/2
= (A(t), Xk (t) — NkBka,e(t) — Yk/(O) Bo,k(Fk@(t)) — J(O) Uk(t)
t
— W) +/ Fet — s)dA(s), k= 1,2)
0
in D3 as n — oco. Thus, by applying the continuous mapping theorem for the mapping v defined in
(6.71), we obtain
(6.74) (A”,X?,X;‘) = (A,Xl,Xg) in D as n— oo,
where, for k =1, 2,
¢ 0 (%0 (VY20 v 1/2 p
Xi(-) = ¢, (ch(') — NiBrFre() = J(0) 7"Uk(-) = Y (0) " Bo(Fe(:))
)+ [ R )
0

which implies X}, is the unique solution to (4.25) by the definition of d)OFk in (6.70).
Now, by the definition of E}', k = 1,2, we have the balanced equation: for ¢ > 0,

Q% (0)
Ep(t)+ Y 1@y <t) = (Xp(0) = NP + A" (1) — (X[ (8) = Ni)™
i=1
Recall the definition of £° in (6.57). We further have

~

Ep(t) = A"(t) + (1) — (Xp())*,
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where the processes EQ, k = 1,2, are defined in (4.13). By Lemmas 6.13 and 6.9, Theorem 11.4.5 of
[58] and (6.74), we obtain

(X" (0), A", X7, X3, €, %) = (X(0), A, X1, X2,0,0) in R2xD® as n— oc.
Together with the continuous mapping theorem [7], we immediately obtain
(6.75) (E? ED) = (E1,Ey) in D? as n— oo,

where the processes Ej, k = 1,2, are defined in (4.28).
By the definition of £7(-,-) in (4.14) and the joint weak convergence of (E7, EY), we easily obtain
the weak convergence of £"(t1,t2) for each fixed ¢t > 0:

én(tl,t2)2>é(t1,t2) in R as n— oo,

where £(-,-) is defined in (4.33).
Before we establish the weak convergence of S™, we first show the convergence of ¥™:

(6.76) U"=T in D as n— oo

We first note that by the continuity of F' and the definition of ¥ in (4.32), ¥ has continuous
sample paths. In order to prove (6.76), it suffices to show that for any 7' > 0 and € > 0,

lim P ( sup |[U"(t) — W(t)| > e) = 0.

n—o0 0<t<T

Note that, by Lemma 6.15,

P ( sup |[U"(t) — (1) > e)
0<t<T

(Sup |/ / E”t—sl,t—SQ) é(t—sl,t—SQ)]dF(sl,SQ)>e>
0<t<T

(Fm sup |<§’”(51, S9) — 3(81,82)| > e)
0<s1,52<T
<P ( sup "(s1,82) — 5(51,52)| > e)
0<sl,52<T
<P ( sup "(s1,82) — 5(81,52)| > e/2>
0<sl<32<T
(6.77) +P ( sup  |EM(s1, 89) — E(s1, 59)| > 6/2) .
0<s2<5:<T

In the rest of the proof, we only focus on the first term on the RHS of (6.77), as the way to deal
with the second term is similar. By the definition of £"(-,-) in (4.14) and £(+,-) in (4.33), we present
an upper bound for the first term

P sup  |E7(s1,85) — E(s1,80) > ¢/2 | < af +af,
0<s51<s52<T
where af and af are defined as follows:

a?:=P< swp|(Bf(s1) — B (s1)1(s1 < 52)

0<s51<52<T
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+ (mir12 EM(sp) — kfnllnz Ek(sk)> 1(s1 = s2)

) )

> e/2> ,

ay =P <é’"(31,32) = E{‘(sl)l(sl < s2)+ (E?(sl) A EQ(Sg))l(sl =59), 0< 51 <9< T) .
By (6.75) and the definition of £(-,-) in (4.14), we immediately see that o — 0 as n — co. By
(5.33), we obtain that

af =P ( sup ‘(E{”(sl) — F1(51))1(s1 < s2)
0<s1,52<T

2
5001 = 52)[ S (BRs8) — Buls)) — |BL(s1) — B3 (s2)] + |Bu(s) — Bi(s) ]
k=1

> 6/2)

By (6.75) and the fact that E), has continuous sample paths, k = 1,2, we obtain that for the fixed e,

gp<4 sup |E7(s) — Ey(s)| +2 sup |E(s) — Ea(s)| >e>.
0<s<T 0<s<T

P ( sup |ER(s) — Eg(s)| > e/8> =0, k=1,2,
0<s<T
which implies that of — 0 as n — oco. Therefore, we have shown (6.76) holds.

Now, we are ready to prove the weak convergence of 5”. By (6.76), (6.74), (6.75) and Lemma
6.13, we have

(6.78) (X"(0),7"(0), A1), X7(8), X5 (1), 07 (1), U3 (1),
07 (8), V™0 (8), M0 (0), W™ (8), 9" (1), B3 (1), B3(1))
= (X(0),¥(0), A@®), X1(t), Xa(t), Va(0)"* Boa(Fi.e(1)), V1(0) ' Boa(Fo.e (1)),
(6.79) J0)20(1),0,0,W(1), 9(1), By (1), Ba(t))

in R* x D'? as n — oco. By the representation of S™ in (6.17) and the continuous mapping theorem
[7], we immediately see

(6.80) (X"(0),Y"(0), A", X', X3, 8" B2 ) = (X(0),Y(0), A, X1, X5, S, By, E»)

in R* x D% as n — co, where the process S is defined in (4.27).
Recall the representations of Qf, B and D} in (4.13) and Y} in (4.12), k = 1,2. The continuous
mapping theorem [7] and (6.80) imply (4.24) holds. The uniqueness of these processes follows from

A~

the uniqueness of X, k=1, 2. O

7. CONCLUDING REMARKS

In this paper we have developed a methodology to study the multi-server fork-join networks with
the NES constraints in the Halfin—-Whitt regime. The fluid limits are proved for the networks with
an empty initial condition, in which each job is split into K > 2 parallel tasks, and the arrival rate
can be time-varying. In the diffusion scale, we have restricted to the networks with a stationary
initial condition, in which each job is split into K = 2 parallel tasks, and the arrival rate is constant.
It is clear from the analysis that arbitrary initial conditions cause substantial difficulties even in
order to provide a concise representation of the system dynamics when K > 2. We have generalized
the methodology in [51] for G/GI/N queues to the fork-join networks in the Halfin-Whitt regime
with K = 2. In this framework, we require that the system starts from stationarity at time 0.
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Notably in [50], for the G/GI/N queues, the initial conditions have been relaxed to be arbitrary,
but only the finite-dimensional distribution convergence is proved. On the other hand, for G;/GI/N
queues with any arbitrary initial conditions, Kaspi and Ramanan [24, 25] have established the FLLN
and FCLT for the measure-valued processes that keep track of the amount of service each job has
received in the many-server heavy-traffic regimes. In future work it may be worth investigating if
the measure-valued processes approach can be used or developed to study multi-server fork-join
networks. In particular, it will be interesting to establish an FCLT when K > 2 and the system
starts from empty at time 0.

8. APPENDIX: PROOF OF LEMMA 5.5

We first prove the martingale property of H ™t By the definition of H™ in (6.41) and the
construction of the filtration H"™ in (5.17), H™" is H"-adapted. Note that, for each ¢t > 0,

nl 771 n2
|[H™ (t)] < 1+/ / FC (u), a.s.

By Lemma 4.3 in [33], we have E[[H™ 4(t)]] < oo, for t > 0. We next show the martingale property
of H™", i.e., for s < t,

E[H™'(t)|H!] = H™(s).

It suffices to show, for s < t,

(8.1) (A V 7t > s)E [H™ (t)|H] = 0,
and
(8.2) (7" VAt < ) B [H™ (1)) = H™(s).

We first prove (8. 1) By the construction of H" in (5.17), An’i is an H"™-stopping time, j = 1,2,
is well-defined.

A’VLZ

which implies 71" V 75"" is also an H"-stopping time. Thus, the o-field H"

nz AM,T

2
Hence,

AV & > OB [HYOH] =161V 57 > 9B B [H O 0| 1]

Then, we claim that

(8.3) B [HY (0] = Ep[(Hni(o)y ” W)] N

where the last equality follows from (5.14) and the independence of n° and %]M, j =1,2. In order to
prove the first equality in (8.3), by Lemma 3.6 in [29], we only need to show

(8:4) Hlay s N{0' > 01 C (ol’r = Lr #40) V(7 j = 1,2) Vo(gp = 1) VA ) {n’ > 0},
T VT2

It is enough to check (8.4) for sets which generate Hlli,ani- By the definition of H}’, t > 0, in

1 Vg
(5.17), we note that (use, e.g., the argument in Appendix A.2 of Brémaud [9])

Hfln iy = o(7" 1=1,2,1(n] <sA(F" VR =7 V),s > 0,7 =1, EY(7"") A By (77"))
Vo(r>1) VN,



52 HONGYUAN LU AND GUODONG PANG

where A includes all the null sets. Then, for [ = i,i +1,..., p = 1,2, ..., 51,82,...,8 > 0 and
Borel sets By, .., By, Ct,...,C}, C%,...,C? and Gy, ..., Gy, since E ( {”) A EQ(””) > 1 > i, then
%;LT—%]T” r=i+1,..,1, 7 =12, we have that

(ﬁ{@?EBr}) {El(ﬂm)/\EQ( )>l} (h{An’TGCj,j—1,2}>

l
(ﬂ (%<5r (A v A =) ]—12 )m{n >0}

l
_ (ﬂ{gﬁ}eB&)m( N {%;‘vi:@"ﬁ' ) ( ”’TeCﬁ,j:1,2}>
r=1 r=i+1
l i—1
N (ﬂ {@W €Cl,j= 1,2}) N (ﬂ 1 (n}" < s AR VAP G = 1,2) € GT> N > 0},

r=1i r=1
when 0 € G, i <r <, and the LHS is () otherwise. We show that the event on the RHS of the
previous equation is in (o(n",r > 1,r # i) V o(7",j =1,2) Va(&,r>1) VAN))N{n' >0} It
is enough to prove that this holds for the event ﬂr i1 {A" * = %n Vit N {n’ > 0}. We then can

proceed just as Lemma A.1 in [51], and we omit the details here. Thus we have proved (8.1) holds.
Next, we will show (8.2). The LHS of (8.2) has the following decomposition:

(7' V 7t < 8)E [H™ (t)|HY]
=1(n) <s— 7" VI E [H (0)|HI] +1(nf < s — 71" m5 > s — 757 > 0)E [H™(£)[M}]
F1() > s — A >0, < s — 7 ) E [H™ (1) H?]
(85) 1y >s -7 >0,Y5)E [H" (t)|[H] .

We start with the first term on the RHS of (8.5). Since 1(17§ < s — 7" Vj) s H? measurable, by
(5.14) we have that

1(n} < s — #7VH) HY () = 10 < s — 77, Vj)
i i [RAGTE AT
e ’vj)/o /0 Fogu) 1F @)
Thus, we obtain

L(nj < s — 77" Vj) B [H™(8)|H!]

iy . y MA(s—#")F A= i
<s— 1 < s — 2™ g
=1(nf <s— 7" Vj) = 1(nj < s — 7", ])/0 /0 Fe(a) (u)

(8.6) = 1(7]] < g— 7 v])an( ).
For the second term of the RHS of (8.5), we first observe that

L < s — 7" ms > s — 73" 2 0)E [H™ (1)|H!]
(8.7) = 1(ni <s—F")E [HY (0)[HY] = 1(n) < s — 7], V5)E [H™ (£)[H7] .
Since 1(n} < s —71"") is H"-measurable, we have, by the definition of H™ in (5.14),
(8.5) Lk < 5 — #4)B [HP(0)[HD) = 105} < 5 — 71 (s).
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Combining (8.6), (8.7) and (8.8), we obtain
(8.9) 1(f < s—7" s > s =" 2 O)E [H™()|HL] = 1(nf < s =" 05 > s =7, > 0)H™(s).
Similar to (8.9), we can show for the third term on the RHS of (8. 5)

1y > s =7 2 0,5 < s — 75" E [HY ()|HL] = 1 > s — 77 > 0,y < s — 73" ) H™(s),

and the details of its proof are omitted for brevity.
To complete the proof of (8.2), we only need to prove the following equation for the last term on
the RHS of (8.5)

(8.10) L(n} > s — 7" > 0,Y))E [H™ (#)[HI] = 1(n} > s — 71" > 0,Y5) H™(s).

Observe that on the event that both tasks of job ¢ have not completed service by time s, i.e., the
event {77; > 8 — %;m > 0,Vj}, we have that 5 is independent of the entering-service processes EA’]",
j =1,2, up to time s. Also, since 5’ is independent of 5! for [ # i, we obtain that, on the event
{77; > 5 — An’i >0,Yj}, by the deﬁnitions of H™ in (5.17) and H™' in (5.14), H™(t) is dependent
on HY} for t > s only through 5’ and 7' , 7 =1,2. More precisely, let E”( ), u > 0, be the number
of tasks having entered service in statlon j by time v that would have occured if tasks of the job

with service vector 5° remained in service forever, j = 1,2. Then, E~]"(u) is a Borel function of
"or>1,9°, p>1, p#i, on the one hand, and coincides with E”( ) for u < s on the event

{n >s -7 > 0,Vj}, on the other hand. Analogous to (8.4), we can see by the definition of H"
’H?ﬂ {nj > s =" >0V} C (o€ r=1) VomP,p > 1p#i)Va(7",Vj) VN)
N {77; > 5 — %n’i >0,Vj},

where N includes all the null sets. Since 1("73 >s—2M >0 ,Vj) is H2-measurable, by Lemma 3.6
of [29], we have

L(n) >s — 7" > 0,Y))E [H™ ()| M}]
E[ () > s — 77 V4 H™ (8) |77,V

P(nj > 5 — A;” )
where 0/0 = 0. Evaluating the RHS of the above using (5.14), we have proved (8.10) holds. Thus,
we have proved the martingale property of H™". .

We next prove the martingale property of H™'. By the definition of H}' in (5.15) and the

construction of the filtration H" in (5.17), H™' is H"-adapted. Note that, for each t > 0,
o oo]_<man( —1—7]J)>u) .
i< [ A ()
0 Fe(u)

By Fubini’s theorem, we have E[|1L~I”Z(t)|] < 00, for t > 0. We next show the martingale property
of H™ i.e., for s < t,

=1(n) >s— ””>0V])

)

a.s.

E[ﬁm(tﬂ’l—[?] = ﬁ”’i(s).
It suffices to show

(8.11) (v 7t > s)E[H™(t)|HE] =0
and
(8.12) 1 Vit < $)B[H™ ()M = H™Y (s).

The proofs of (8.11) and (8.12) follow the same argument as the proof of (8.1) and (8.2), respectively,
and the details are omitted here. This completes the proof. O
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