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Abstract. We consider the ergodic risk-sensitive admission control problem for a Markovian multi-
server queueing system with abandonment, where costs are incurred for server idleness, customer
abandonment, and rejecting incoming arrivals. We first derive the Bellman optimality equation
for this problem and show that a threshold policy—one that rejects incoming arrivals whenever
the system-size exceeds a threshold—is optimal among all admissible control policies. We then
propose a policy iteration algorithm to identify the optimal threshold, where we prove, under certain
conditions on the problem’s parameters, that the algorithm will terminate at the optimal threshold
level. We also characterize the effect of risk-sensitivity on the optimal threshold, proving that this
threshold monotonically decreases with respect to the sensitivity parameter and converges to the
average-cost optimal threshold from below as the sensitivity parameter tends to zero.

1. Introduction

When designing customer service systems, it is important to maximize server utilization while
also keeping customer congestion and abandonment to a minimum. Given this trade-off, a crucial
question arises: is there an optimal way to choose how many people to let into the system?

One approach to address this problem is through admission control, where at any time a decision-
maker can decide how many customers can enter the system by rejecting incoming arrivals. In
settings where it is important to minimize customer abandonment, it may be advantageous to
expend effort to reject customers rather than risk them joining and increasing the queue just to
leave before service. On the other hand, rejecting incoming arrivals may also contribute to the total
time that the system is idle. There has been a large body of works that address the admission
control problem for queueing systems by formulating it as a Markov Decision Process (MDP) in
order to find an optimal admission control policy. However, all of these works optimize with respect
to an objective function that is risk-neutral (such as the finite-horizon, infinite-horizon discounted,
and long run average cost criteria). These cost criteria do not account for higher order moments of
the cumulative objective cost associated with the queueing process, which limits decision-makers
from considering factors that contribute to large fluctuations around the average behavior in the
queueing dynamics and associated costs (see [11, Sections 1 and 2]).

In this work, we consider the ergodic risk-sensitive admission control problem for an M/M/N+M
queueing system where there are costs associated with server idleness, customer abandonment, and
rejecting incoming arrivals. For the objective function, we use the ergodic risk-sensitive cost criterion,
which consists of an exponential utility function applied to the accrued cost in order to account for
all moments of the queueing process and to penalize large fluctuations of customer abandonment as
well as long idling periods. This cost criterion incorporates a risk-sensitivity parameter γ > 0, which
allows for flexibility in weighing the role of higher order moments of the system (see Remark 2.1
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for a more in depth discussion on this). It is known that as γ → 0, the optimal value of ergodic
risk-sensitive control problems converges to the optimal value of corresponding average cost problems.
For this reason, we frequently refer to the average cost setting as the risk-neutral setting.

Because we do not assume an upper bound on the system’s capacity size, the probability transition
rates are unbounded, which prevents us from analyzing the problem by constructing a uniformizing
chain. Instead, we frame our problem as the ergodic risk-sensitive control (ERSC) of a continuous-
time Markov chain taking values in a countable state space (see [9, 29]). We begin by presenting the
Bellman equation for our problem (which is multiplicative instead of additive), and prove that having
a solution pair to the multiplicative Bellman equation guarantees the optimality of a threshold-type
policy among all admissible control policies (see Theorem 2.1). We remark that this claim is not at
all immediate, and the multiplicative structure in the cost functional poses significant challenges.
Our methods greatly differ from those used in the average cost setting (where the authors proved
the optimality of a threshold policy among all stationary policies; see [16, Theorem 3.1]).

Since it is unknown whether a solution pair of the multiplicative Bellman equation exists, we
turn our attention to solving for an optimal threshold within the class of threshold policies, with
the intention that this will enable us to construct a solution pair to the multiplicative Bellman
equation, and hence compute and optimal threshold (see Remark 2.3 for a discussion on this and a
summary of our approach in solving the multiplicative Bellman equation). As a result, we propose a
policy iteration-type algorithm (see Algorithm 1) that computes the ERSC cost corresponding to a
sequence of increasing threshold levels until a local minimum is found. Under the condition that the
cost per abandoned customer is greater than a ratio involving the cost per rejected customer and the
sensitivity parameter γ, we prove that the first local minimum of the sequence is a global minimum.
Using the fact that the first local minimum is indeed a global minimum, we show that this can be
used to construct a solution pair to the multiplicative Bellman equation, and thus show that the
first local minimum corresponds to an optimal threshold policy within the entire class of admissible
policies (see Theorem 2.2). This result, as well as the condition on the cost parameters described
above, can both be seen as generalizations of those from the associated risk-neutral setting in [16],
and our proofs involve establishing various analogous properties of the solution to multiplicative
Bellman equation. In the case that a local minimum is not found in the sequence, we prove in
Theorem 2.3 that the ERSC costs corresponding to the algorithm’s iterates converge to the optimal
cost. The multiplicative structure in the ERSC cost functional prevents us from using classical
techniques in average cost control in proving this, and so we instead make use of the stability of the
process to derive a suitable limit that solves the Bellman equation on the entirety of the state space.

We also address the following questions on how the risk-sensitivity relates with the admission
control problem:

1. How does the sensitivity parameter affect the optimal threshold size?
2. How does the risk-sensitive optimal threshold compare with the risk-neutral optimal

threshold?

We show that the optimal threshold is monotonically decreasing with respect to the sensitivity
parameter, and that the optimal threshold from the risk-sensitive setting converges to the optimal
threshold from the risk-neutral setting (from below) as the sensitivity parameter tends to 0 (see
Proposition 2.1 and Theorem 2.4). Our results indicate an important managerial result for capacity-
sizing in service systems: a decision-maker that is risk-sensitive should be more cautious towards
abandonment by lowering the admission threshold (but never intentionally idling servers). The
proof of threshold policy convergence involves embedding the set of all threshold policies within the
space of binary sequences, and then applying a compactness argument.

We also comment that the approximating diffusion control problem that arises in the Halfin-Whitt
many-server limit regime is a mathematically rich and practically relevant aspect of the risk-sensitive
admission control problem. Due to the novelty of the associated Hamilton-Jacobi-Bellman equation
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(which is multiplicative instead of additive and involves a Robin boundary condition), as well as the
technical challenges in proving asymptotic optimality for ERSC problems (see [2, 3]), we plan to
address the approximating diffusion control problem in a subsequent paper.

1.1. Literature review. Admission control in queueing systems is an area which has been exten-
sively studied since it was first proposed by Naor [21]. Here, the author investigated the problem for
an M/M/1 queue in which departing customers yield a fixed reward and there are costs associated
with customer congestion and rejecting potential arrivals, and considered both the self-optimization
problem (in which individual customers are maximizing their own profit) and the social-welfare
optimization problem (in which the system is seeking to maximize the long run average expected
profit). Knudsen [15] extended the model in [21] to multi-server systems which consider a more
general running cost. For a comprehensive survey of some of the early works studying admission
control without customer abandonment, we refer the reader to [25]. The admission control problem
has also been investigated for systems with multiple customer classes [1, 18] and time-varying
parameters [19, 33].

There have been a growing body of works addressing the admission control problem with an MDP
analysis for queues with customer abandonment. Koçağa and Ward [16] investigated the admission
control problem for a multi-server queue with abandonment when there are costs associated with
idling servers, customer abandonment, and rejecting incoming arrivals. Working under the average
cost criterion, the authors characterized the optimality of a threshold policy among all stationary
(and potentially random) policies, and proposed an iterative algorithm which is shown to compute
the optimal threshold level under the assumption that the cost per abandoned customer is greater
than the cost per arriving customer. We remark that the model and results in [16] directly inspired
the current paper. Ayhan [5] considered the admission control problem for a multi-server queue
with abandonment and a maximum capacity, and proved the optimality of a threshold policy under
the average reward criterion for the cases that rewards are either processed at the time of arrival or
at service completion. Wu and Ayhan [31] recently investigated the admission control problem for
a multiclass multi-server system with abandonment and a maximum buffer-size, and proved the
optimality of a double-threshold policy (where customers of a class are only admitted if the number
in the system falls within the pair of thresholds). Zayas-Cabán and Lewis [34] studied the admission
control problem for a non-stationary multi-server queue with two customer classes and customer
abandonment, and show the optimality of a threshold policy under the discounted cost criterion.

In the context of single-server queues with abandonment, we mention the following articles. In
[8], the authors investigate a production-inventory control problem for a single server system with
abandonment. Working under the discounted cost criterion, the authors show the existence of
an optimal policy consisting of two thresholds (one for determining when production takes place,
and the other for determining when orders should be admitted). The authors in [17] investigated
a content delivery problem for a single server processing system where jobs may abandon while
waiting to be served, and the authors prove the optimality of a threshold policy under the average
cost criteria. In [7], both the self-optimization and social-welfare problem for a single server system
with abandonment were investigated, with the surprising result that the individual threshold joining
strategy is independent of the abandonment rate, and in particular it is equal to the threshold
strategy in a queue without abandonment.

There are also a number of works which consider an asymptotic analysis of the admission control
problem for queues with abandonment. Ward and Kumar [26] considered the admission control
problem for a single server queue with abandonment in heavy traffic. Working under the discounted
cost criterion, the authors explicitly solve for an optimal threshold policy in the approximating
diffusion control problem and use this to construct an asymptotically optimal policy for the original
system. Similarly, Ghosh and Weerasinghe [12] investigated the coupled service rate and admission
control problem for a single server queue with abandonment in heavy traffic. Koçağa and Ward [16],
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in addition to their MDP analysis of the admission control problem, solved the approximating
diffusion control problem that arises in the Halfin-Whitt many-server regime (under the average
cost criterion), and used the solution to construct an asymptotically optimal threshold policy.
Weerasinghe and Mandelbaum [27] also studied a closely related problem to [16] but under the
discounted cost criterion. Liu and Weerasinghe [20] investigated the admission control problem for a
double-ended queue with two customer classes and abandonments, where they solved for an optimal
threshold policy under the discounted cost criterion and proved its asymptotic optimality.

We remark that nearly all of the existing works on the admission control of queues optimize
with respect to risk-neutral cost criteria. To our knowledge, [24] is the first (and only) work which
investigated a version of the admission control problem with risk-sensitivity. Here, the authors
considered the problem of admitting packet transmissions in a stochastic wireless network with a
finite maximum buffer, where the system incurs a cost whenever it attempts to transmit a packet or
loses packets due to buffer overflow, and receives a reward for successful packet transmission. The
authors incorporated risk-sensitivity into the decision-making by using the ergodic risk-sensitive cost
criterion. Because the system has a finite maximum buffer, the authors approached the problem by
constructing a uniformizing chain, and proved that the optimal policy is of a threshold structure,
increasing with the transmission cost parameter, and can be explicitly solved for.

1.2. Organization of the paper. We introduce the necessary notation in the next subsection. In
Section 2, we introduce the risk-sensitive admission control problem and present our main results.
In Section 3, we provide numerical implementations to illustrate our main results. In Section 4, we
collect the proofs of our main results.

1.3. Notation. We use (Ω,F ,P) to denote the underlying abstract probability space with E as
the associated expectation. The set of nonnegative real numbers (integers) is denoted by R+ (Z+),
N stands for the set of natural numbers, and 1A(·) denotes the indicator function corresponding
to set A. The minimum (maximum) of two real numbers a and b is denoted by a ∧ b (a ∨ b), and
a± = (±a)∨ 0. We define S

.
= {0, 1, 2, . . . }, which we also refer to as the state space. For a function

W : S → (0,∞), we let O+(W ) denote the class of all strictly positive functions on S which are of
order W , i.e.,

O+(W ) =

{
f : S → (0,∞) : lim sup

i→∞

f(i)

W (i)
<∞

}
.

2. Model and Results

2.1. Queue dynamics and the admission control problem. We consider M/M/N +M queues
with admission control. Both the queue dynamics and sources of the running cost in our admission
control problem are modeled in the same way as in the risk-neutral setting [16]. We first discuss
the dynamics of the system when there is no admission control. We denote the arrival rate, service
rate (for each individual server), and abandonment rate by λ, µ, and θ, respectively. The number
of customers in the system at time t can be represented by the initial number of customers, plus
the number who have arrived, subtracted by the number who have departed from service and the
number who have abandoned. Letting X(t) represent the number of customers in the system at
time t and X0 the initial number of customers in the system, we have that

X(t) = X0 + Pa(λt)− Ps

(
µ

∫ t

0
(N ∧X(s)) ds

)
− Pr

(
θ

∫ t

0
(X(s)−N)+ ds

)
. (2.1)

where Pa, Ps and Pr are unit-rate Poisson processes that are mutually independent, for arrival,
service and abandonment/reneging, respectively. We now describe an admission control policy
and the dynamics of the controlled system. For any t ≥ 0, let Ut ∈ {0, 1} denote the decision at
time t on whether to accept (Ut = 0) or reject (Ut = 1) an incoming arrival. Note that admission
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control decisions are only implemented at the arrival times of customers. We define an admission
control policy as a process U = {Ut}t≥0 which is adapted to the filtration σ

(
Xs, Us : s ≤ t

)
for all

t ≥ 0, augmented to include all null sets. A control policy U is Markov if Ut = v(t,X(t)) for some
v : R+ × S → {0, 1}. U is referred to as a stationary policy if v is independent of t. We let U denote
the set of all admission control policies, and Usm denote the set of all stationary Markov control
policies. Furthermore, v ∈ Usm is said to be a threshold policy that regulates at level ℓ ∈ S if

v(i) =

{
0, i ≤ ℓ− 1,

1, i ≥ ℓ .
(2.2)

In other words, ℓ is the threshold for the number of customers in the system for when the system
will begin to reject arrivals. Let Uthresh denote the set of all threshold control policies. Note that
any stationary policy is equivalent to a threshold policy when the system starts empty. However, in
our analysis we do not assume the system starts empty. Furthermore, it is worth noting that the
controlled process corresponding to a threshold level ℓ acts as an M/M/N/ℓ+M queue.

Under a control policy U , note that
∫ t
0 Us dPa(λs) counts the number of rejected customers up to

time t. As a result, the number of customers in the system under a control policy U is given by

X(t) = X0 + Pa(λt)− Ps

(
µ

∫ t

0
(N ∧X(s)) ds

)
− Pr

(
θ

∫ t

0
(X(s)−N)+ ds

)
−
∫ t

0
Us Pa(λs) . (2.3)

From (2.1) and (2.3), we can characterize the controlled transition rate matrix. Let q(i, j, u)
denote the transition rate of X(t) going from state i to state j under control u ∈ {0, 1}. Let
µ(n) = µ(n ∧N) + θ(n−N)+ represent the state dependent death rate. Then for n ∈ S, we have
that

q(n,m, 0) =


λ, m = n+ 1,

µ(n), m = n− 1,

−(λ+ µ(n)), m = n,

0, otherwise,

q(n,m, 1) =


0, m = n+ 1,

µ(n), m = n− 1,

−µ(n), m = n,

0, otherwise.

(2.4)

We now discuss our running cost model. Let hI > 0 represent the cost per unit of time for each
server that is idling, κ > 0 the cost of rejecting an arriving customer, and a > 0 the cost of each
abandoned customer. We define the instantaneous idling and abandonment cost if there are i
customers in the system as

h(i)
.
= hI(N − i)+ + aθ(i−N)+ . (2.5)

The running cost per unit of time is given by c : S × {0, 1} → R+, where

c(i, u)
.
=

{
h(i), u = 0,

h(i) + λκ, u = 1 .
(2.6)

Given an admissible control policy U and an initial state x0 ∈ S, the corresponding cost functional
for the ergodic risk-sensitive control (ERSC) problem, with a sensitivity parameter γ > 0, is given
by

Eγx0
(U)

.
= lim sup

T→∞

1

γT
logEU

x0

[
exp

(
γ

∫ T

0
c(X(t), U(t)) dt

)]
, (2.7)

where EU
x0

denotes the expectation when the underlying control policy is U and X0 = x0. The
objective of the risk-sensitive admission control problem is to minimize (2.7) over all control policies
and initial states, i.e., to find the optimal value

ργ
.
= inf

x0∈S
inf
U∈U
Eγx0

(U) (2.8)

and to characterize optimal control policies.
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Remark 2.1. In the long-run average cost formulation of the admission control problem (see [16,
Section 2]), the cost functional corresponding to an admissible policy U and initial state x0 is given
by

Eavgx0
(U)

.
= lim sup

T→∞

1

T
EU
x0

[ ∫ T

0
c(X(t), U(t)) dt

]
, (2.9)

and the objective is to solve the following problem:

ρavg := inf
x0∈S

inf
U∈U
Eavgx0

(U) . (2.10)

We now discuss the difference between the two cost formulations (2.7) and (2.9). For small γ,
applying Taylor’s formula to the exponential in (2.7), and then again to the natural logarithm, we
have

1

γ
logEU

x0

[
exp

(
γ

∫ T

0
c(X(t), U(t)) dt

)]
= EU

x0

[ ∫ T

0
c(X(t), U(t)) dt

]
+

γ

2
EU
x0

[(∫ T

0
c(X(t), U(t)) dt

)2]
+O(γ2) . (2.11)

This shows how the sensitivity parameter γ controls the weight of the higher order moments of the
cumulative cost in the objective functional (2.7), and thus adds risk-sensitivity to the optimization
problem in (2.8). Moreover, taking γ → 0 in (2.11), one can see that the risk-sensitive cost
functional (2.7) approaches the average cost functional (2.9) (see Theorem 2.4). Hence, we refer to
the average cost formulation in (2.9) as “risk-neutral.”

We also comment that the choice of using the exponential in our cost formulation can be seen as
using a certain type of utility function in the objective function (instead of just the expected value),
which has origins in economics as a means of modeling individuals’ risk-preferences and valuations
in uncertain environments (see [32, Section 1] for a more thorough discussion on this). We make
the choice of using an exponential utility function since it is amenable to dynamic programming
arguments (see the discussion in [9, Section 1]).

2.2. Solving for the optimal policy. The starting point in our analysis is characterizing optimal
policies. In particular, we provide a condition demonstrating how within the space of all admissible
control policies, there exists a threshold policy which is optimal. This requires the following condition
on the risk-sensitivity parameter.

Assumption 2.1. Define γ
.
= 1

2a . The risk-sensitivity parameter γ satisfies

γ < γ .

Assumption 2.1 is important in the sense that it ensures the running cost from (2.6)—which is
also unbounded—does not grow “too fast” with respect to the process X(t). This can be viewed as
an explicit characterization of the “small cost” condition, which is commonly employed in studying
the ERSC problem for processes which take values in an unbounded space (see [9]). In particular,
the small cost condition is used in conjunction with the uniform stability condition of the controlled
process {X(t)}, which is shown to be satisfied in the following lemma. Note that we define a function
g : S → R to be norm-like if for any ε > 0, the level set {i ∈ S : g(i) ≤ ε} is finite or empty.

Lemma 2.1. There exist a norm-like and increasing function V : S → [1,∞), a constant Ĉ, a finite
set K ⊆ S, and a norm-like function g, all independent of the sensitivity parameter γ, such that the
following holds:

max
u∈{0,1}

∑
j∈S
V(j)q(i, j, u) ≤ Ĉ1K(i)− g(i)V(i), ∀i ∈ S . (2.12)

Moreover, g(i)− γmaxu∈{0,1} c(i, u) is norm-like under Assumption 2.1.
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Remark 2.2. Lemma 2.1 takes the form of a Lyapunov stability condition, which is commonly
employed in analyzing the ERSC problem for unbounded processes; see [10, Assumption 3.4] for the
general form of this condition in the context of continuous-time Markov chains and [9, Sections
2 and 3] for the appropriate variants in the context of discrete-time Markov chains and diffusion
processes. Furthermore, Lemma 2.1 ensures that the ERSC cost functional in (2.7) is uniformly
bounded over all admissible control policies and initial states (see the proof of [10, Lemma 3.10]).

Theorem 2.1. Let Assumption 2.1 hold, and suppose there exists a pair (ρ∗, V ∗) ∈ R+ ×O+
(
Vδ

)
for some δ ∈ (0, 1), which satisfies the Bellman equation:

γρ∗V ∗(i) = min
u∈{0,1}

[
γc(i, u)V ∗(i) +

∑
j∈S

V ∗(j)q(i, j, u)

]
, ∀i ∈ S . (2.13)

Then ρ∗ = ργ, the optimal cost given in (2.8). Furthermore, there exists a threshold policy which is
optimal among all admissible control policies U, and the optimal threshold corresponds to the first
state in S where the minimum in (2.13) is attained at u = 1.

Remark 2.3. The primary reason we do not a priori have the existence of a solution pair to (2.13)
stems from the structure of the admission control problem, since the implementation of admission
control causes the state space to be truncated, which essentially means that the process is no longer
globally irreducible on all of S. In particular, the Dirichlet eigenvalue approach given in [10, Section
3] (where one computes an eigenpair of the Bellman operator in (2.13) on an exhausting sequence of
finite subsets of S and then takes a limit of the corresponding eigenpairs) does not appear to extend
well to the admission control setting. The effect of exercising admission control in the Bellman
operation causes the Dirichlet eigenfunctions to not be strictly positive (at some fixed point), which
prevents one from taking a suitable limit of the pairs as the Dirichlet subsets increase to S. In [13],
the authors are able to prove the existence of a solution pair to the multiplicative Bellman equation
without the global irreducibility condition, but they require a stronger Lyapunov stability condition
than the one in Lemma 2.1 since they require that K = {i0} for some i0 ∈ S.

Although the existence of a solution pair to (2.13) is not known a priori, we emphasize that
Theorem 2.1 states that the Bellman optimality condition (which characterizes an optimal threshold)
holds if there exists a solution pair (ρ∗, V ∗) which solve the multiplicative Bellman equation in (2.13).
In Theorems 2.2 and 2.3, we provide conditions which allow us to explicitly construct a solution
pair to the multiplicative Bellman equation. For that purpose, we rewrite the multiplicative Bellman
equation in a form more amenable to the admission control problem and that is equivalent to
Theorem 2.1 in Lemma 2.2.

We remark that in the risk-neutral setting of this problem, one also does not a priori have of the
existence of a solution to the average cost Bellman equation. Hence, the authors instead work with
the iterates of the n-terminating problem, and provide conditions which allows for the construction
of a solution pair to the additive Bellman equation and thus characterize an optimal threshold policy
(see [16, Theorems 3.2 and 3.3]).

Remark 2.4. In the risk-neutral setting [16], the Bellman optimality condition takes the following
form: there exists a pair (ρavg, Vavg), where ρavg ≥ 0 and Vavg : S → R, which solves the additive
Bellman equation

ρavg = min
u∈{0,1}

[
c(i, u) +

∑
j∈S

Vavg(j)q(i, j, u)

]
, ∀i ∈ S . (2.14)

From here, we see that the risk-sensitive Bellman equation in (2.13) is structurally different from
the risk-neutral version, as the risk-sensitive value function V ∗ is multiplied to both the running
cost and optimal value terms (in addition to appearing in the generator term). In comparison, the
risk-neutral value function Vavg only appears in the generator term. Furthermore, it is clear that
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multiplying V ∗ by a positive constant does not affect (2.13), while adding a constant to Vavg does not
affect (2.14). It is for these reasons that the risk-sensitive Bellman equation is commonly referred to
as the “multiplicative Bellman equation,” while the risk-neutral Bellman equation is referred to as
the “additive Bellman equation.” We additionally comment that the multiplicative form of (2.13)
allows for the interpretation of V ∗ as a strictly positive eigenvector of the Bellman operator on the
right side, and ρ∗ as its corresponding eigenvalue (we refer the reader to [9] for an overview of
exploiting this eigenvalue interpretation as a means to prove the existence of this pair).

Finally, since the next steps in our approach involve analyzing the multiplicative Bellman equa-
tion (2.13), the subsequent results (and their proofs) tend to take a different form than those from
the risk-neutral setting, with some notable comparisons (see Remarks 2.5 and 2.7).

The structure of the admission control problem as well as the multiplicative nature of the risk-
sensitive Bellman equation encourages us to rewrite (2.13) in a more tractable form, which will
greatly aid us in the rest of this section. The following calculations can be seen as the multiplicative
analogue to those in [16, Pg. 280].

For i ∈ S, let y∗(i)
.
= V ∗(i)

V ∗(i−1) (which is possible since V ∗ > 0). Substituting the running cost and

transition rates from (2.6) and (2.4) into (2.13) results in

γρ∗V ∗(i) = min

{
V ∗(i)(γh(i)− λ− µ(i)) + λV ∗(i+ 1) + µ(i)V ∗(i− 1),

V ∗(i)(γh(i) + γλκ− µ(i)) + µ(i)V ∗(i− 1)

}
, i ≥ 1 .

Dividing by V ∗(i) on both sides then implies

γρ∗ = min

{
γh(i)− λ− µ(i) + λV ∗(i+1)

V ∗(i) + µ(i)V
∗(i−1)
V ∗(i) ,

γh(i) + γλκ− µ(i) + µ(i)V
∗(i−1)
V ∗(i)

}

= γh(i)− µ(i) + µ(i)
V ∗(i− 1)

V ∗(i)
+ λmin

{
V ∗(i+ 1)

V ∗(i)
− 1, γκ

}
= γh(i)− µ(i) +

µ(i)

y∗(i)
+ λmin

{
y∗(i+ 1)− 1, γκ

}
.

Furthermore, the last equation reveals that the optimal admission threshold n∗ is the first n such
that y∗(n+ 1) ≥ γκ+ 1. For i = 0, a similar analysis gives us

γρ∗ = γh(0) + λmin
(
y∗(1)− 1, γκ

)
.

A reversal of these arguments shows how if we are given (ρ∗, y∗), then by setting V ∗(0) = 1, we
can clearly reconstruct the original value function V ∗ so that (2.13) is satisfied. Moreover, if y∗ is
assumed to be uniformly bounded on S (by some η > 0), then it follows that V ∗(i) ≤ ηi, and as a
consequence V ∈ O+(Vδ) for some δ < 1 (see Remark 4.1). We summarize these calculations and
findings in the following lemma.

Lemma 2.2. The Bellman equation in (2.13) can be equivalently written as a pair (ρ∗, y∗), where
ρ∗ ≥ 0 and y∗ : S → (0,∞) is uniformly bounded on S, such that this pair satisfies

γρ∗ = γh(i)− µ(i) +
µ(i)

y∗(i)
+ λmin (y∗(i+ 1)− 1, γκ) , ∀i ≥ 1, (2.15)

γρ∗ = γh(0) + λmin (y∗(1)− 1, γκ) . (2.16)

Furthermore, an optimal threshold n∗ can be characterized by

n∗ = min {n ≥ 0 : y∗(n+ 1) ≥ 1 + γκ} . (2.17)

Remark 2.5. In the risk-neutral setting of this problem [16], the authors defined yavg(i)
.
= Vavg(i)−

Vavg(i− 1), which allowed them to equivalently write the additive Bellman equation as

ρavg = h(i)− µ(i)yavg(i) + λmin
(
yavg(i+ 1), κ

)
.
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From here, it follows that the risk-neutral optimal threshold navg is characterized by

navg = min{n ≥ 0 : yavg(n+ 1) ≥ κ},
which was given in the paragraph immediately following [16, Theorem 3.1]. Thus, for the risk-sensitive
setting, the condition in (2.17) can be seen as a multiplicative analogue.

Theorem 2.1 and Lemma 2.2 show that the optimality of a threshold policy is characterized by
the eigenpair (ρ∗, y∗) satisfying the multiplicative Bellman equation. However, these are primarily
necessary conditions, as the existence of a pair (ρ∗, y∗) is not readily known to us, and so it is
unclear how to compute an optimal threshold policy ( if it even exists).

We approach this issue by proposing a policy iteration-type algorithm. This can be seen as a
risk-sensitive extension of the n-terminating problem from the risk-neutral setting as described in
[16, Sections 3.2 and 3.3]. This is described in the next paragraph.

Consider fixing a threshold policy with a threshold level of n, that is, a policy that only allows
a maximum of n people in the system. Under this threshold, the state space of the controlled
process is {0, 1, . . . , n}, and it is straightforward to verify that the controlled process is ergodic on
{0, 1, . . . , n}. As such, we can view the system under a threshold level of n as a finite state ERSC
MDP (with the same running cost as Section 2.1). By [28, Theorem 3.2], it can be shown that there
exists a pair (ρn, Vn) with ρn ≥ 0 and Vn : {0, . . . , n} → R+, which satisfies

γρnVn(i) = γVn(i)h(i) +
∑
j∈S

Vn(j)q(i, j, 0), i ≤ n− 1, (2.18)

γρnVn(n) = γVn(n)
(
h(n) + λκ

)
+
∑
j∈S

Vn(j)q(n, j, 1) . (2.19)

Furthermore, ρn is the ERSC cost corresponding to a threshold level of n. Since the above is a
finite-state MDP, it is straightforward to see how (ρn, Vn) can be computed, such as by uniformizing
the chain and then applying risk-sensitive relative value iteration (see [23, Ch. 11.4] for a background
on uniformization for continuous-time MDPs and [24, Section 3] for an example of this in the ERSC
problem). Setting

yn(i)
.
=

{
Vn(i)

Vn(i−1) , 1 ≤ i ≤ n,

γκ+ 1, i = n+ 1,

one can apply the same analysis as in the proof of Lemma 2.2 to show that the pair (ρn, yn) satisfies
the following set of equations:

γρn = γh(i)− µ(i) + µ(i)
1

yn(i)
+ λyn(i+ 1)− λ, i = 1, . . . , n, (2.20)

γρn = γh(0) + λyn(1)− λ, (2.21)

yn(n+ 1) = γκ+ 1 . (2.22)

Remark 2.6. Since a threshold at n blocks arrivals from happening at state n, we emphasize that
Vn is not defined at n+ 1. This, in conjunction with the fact that there is no minimum operation in
(2.20)-(2.21), means that we do not know whether this pair satisfies the minimum operation in the
multiplicative Bellman equation.

We are now in a position to present the algorithm for computing an optimal threshold.
The idea behind Algorithm 1 is that we are searching for a local minimum of the sequence

{ρn}n≥0. The reason that we are starting at N instead of 0 is because it is never optimal to idle a
server, i.e., ρ0 > ρ1 > · · · > ρN (see Lemma 4.5 in Section 4.3).

In Theorem 2.2, we show that a ≥ κ
γκ+1 is a sufficient condition to guarantee that the first local

minimum produced by Algorithm 1 is in fact a global minimum. Furthermore, we are able to
construct a solution to the multiplicative Bellman equation in Lemma 2.2 to show that controlling
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Algorithm 1: PI Algorithm for risk-sensitive admission control

1. Initialize n = N .
2. Compute (ρn, yn) and (ρn+1, yn+1) as the solutions to (2.20)-(2.22).
3. If ρn ≤ ρn+1, terminate and return n as the desired threshold. Otherwise, set n←− n+ 1

and return to 2.

with this threshold is optimal among all admissible control policies. As mentioned earlier, this
result can be seen as a generalization of [16, Theorem 3.2], however recall that the authors proved
optimality within the class of all stationary policies (including random policies).

Theorem 2.2. Suppose a ≥ κ
γκ+1 , and let ρm denote the first local minimum of the sequence

{ρn}∞n=0, i.e., ρm satisfies ρN > ρN+1 > · · · > ρm and ρm ≤ ρm+1. Then ρm = ργ, the optimal cost.
Moreover, the threshold policy which regulates at level m is optimal among all admissible control
policies.

Remark 2.7. We note that Theorem 2.2 can also be interpreted as a convexity result on the cost
iterates {ρn}n≥0, since the first local minimum corresponds to a global minimum. The proof of this
result is done by method of contradiction, where if we assume ρm is not a global minimum, then we
can construct an auxiliary ERSC problem and use the condition a ≥ κ

γκ+1 to force a contradiction

on the assertion that ρm is not a global minimum (see Section 4.3).
In the risk-neutral setting, the condition for guaranteeing optimality of a local minimum is a > κ

(see [16, Theorem 3.2]). Since γ > 0, the condition a > κ is actually stronger than the condition
present in the above theorem, demonstrating that our condition is a natural generalization of the
one present in the risk-neutral setting. Additionally, combining the condition a ≥ κ

γκ+1 with our

assumption aγ < 1
2 from Assumption 2.1, it necessarily follows that a ≥ κ

2 .
Note that if the sufficient condition above is not satisfied, then our results cannot answer whether

a local minimum of {ρn}n≥0 is in fact a global minimum. This is also the case in the risk-neutral
setting. Furthermore, even if it is given that we have a global minimum at ρm, it is not clear if it is
possible to construct a solution to the optimality equations (2.15) without the condition a ≥ κ

γκ+1 ,

and so it is not clear whether controlling with a threshold m is optimal among all admissible control
policies.

While Theorem 2.2 guarantees that the first local minimum in {ρn}n≥0 corresponds to an optimal
threshold, it is possible that a local minimum may not exist. In this case, we prove that the sequence
converges to the optimal cost.

Theorem 2.3. Suppose {ρn}n≥0 is strictly decreasing. Then we have ρn → ργ as n→∞. Moreover,
the policy which never exercises admission control is optimal among all admissible control policies.

Remark 2.8. As a consequence of Theorems 2.1, 2.2, and 2.3, under the condition a ≥ κ
γκ+1 , we have

the existence of an optimal threshold policy among all admissible control policies U. If this condition
does not hold, then there still exists a threshold policy which is optimal within the smaller class of
policies Uthresh, since there must exist a global minimum within the set {ρn}n≥0 ∪ {ρ∞} (a similar
result holds in the risk-neutral setting). However, it is unclear whether we can characterize/compute
such a threshold using the methods in this work. Additionally, it is unclear whether this threshold is
optimal over all admissible policies U.

Remark 2.9. Since it is unknown whether Algorithm 1 will terminate in finite time (as {ρn}n≥0

may or may not have a local minimum), we provide a few guidelines on when to stop Algorithm 1.
Recall that n∗ denotes the (potentially infinite) optimal threshold corresponding to sensitivity γ
(which is fixed).
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(i) In Section 2.3, Theorem 2.4(ii) states that n∗ ≤ navg, where navg denotes the risk-neutral
optimal threshold. As a result, in the case that navg is already known to the user (and
finite), we have that Algorithm 1 must terminate by the navgth iterate.

(ii) In the case that a ≥ κ
γκ+1 , our numerical experiments so far indicate that before a local

minimum is reached, the error rates εn
.
= ρn− ρn+1 are strictly decreasing in n. As a result,

one may initialize Algorithm 1 with a tolerance of ε > 0, and terminate whenever εn ≤ ε to
return a threshold which is “nearly optimal.”

(iii) In the case that a < κ
γκ+1 , it is not guaranteed whether the first local minimum in {ρn}n≥0

is optimal (see Remark (2.7)). However, our numerical experiments so far indicate that
{ρn}n≥0 is decreasing in this case. As a result, for this case we conjecture that the optimal
policy is the one which never exercises admission control. We hope to investigate this
conjecture more carefully in a follow-up paper by studying the approximating risk-sensitive
diffusion control problem which arises in the Halfin-Whitt many-server regime. For now,
we suggest using a large (or infinite) threshold in the case that a < κ

γκ+1 .

We also note that the issue in (iii) similarly arises in the risk-neutral setting (but under
the condition a ≤ κ). The authors address this by investigating the approximation diffusion
control problem, where they prove that if a ≤ κ then the policy which never exercises
admission control is asymptotically optimal (see [16, Theorems 4.1 and 5.2]).

2.3. Sensitivity properties of the optimal policy. In this section, we address the question of
how the risk-sensitivity affects the decision-making in the context of the admission control problem.
More precisely, we seek to explicitly characterize the effect that the sensitivity parameter γ > 0
has on an optimal threshold policy, and how an optimal threshold from the risk-sensitive setting
compares with the optimal threshold from the risk-neutral setting in [16]. In order to ensure that
there is always an optimal threshold policy in both the risk-sensitive and risk-neutral setting, we
assume that a > κ. However, we remark that the results of this section also hold if a < κ

γκ+1 , but

the optimal threshold is only optimal within the class of Uthresh (see Remark 2.8).
We address these questions by first proving that the risk-sensitive optimal thresholds satisfy a

certain monotonicity property with respect to the sensitivity parameter. Recall from (2.8) that
ργ denotes the optimal ERSC cost corresponding to the sensitivity parameter γ, and we let nγ

represent the corresponding (potentially infinite) optimal threshold (for nγ to be uniquely defined,
we denote it as the smallest optimal threshold which attains the optimal cost ργ).

Proposition 2.1. Let γ1, γ2 ∈ (0, γ) be two sensitivity parameters such that γ1 > γ2. It follows that
ργ1 ≥ ργ2 and nγ1 ≤ nγ2.

Remark 2.10. Proposition 2.1 can be summarized as follows: the higher the risk-sensitivity
parameter, the smaller the optimal threshold. One potential explanation for this is that a higher
sensitivity parameter causes the ERSC cost functional in (2.7) to penalize larger fluctuations about
the mean, and customer abandonment can cause the queue size to fluctuate considerably. As a result,
optimizing with respect to the ERSC cost criteria results in a smaller optimal capacity size in an
effort to reduce the fluctuations in the cost driven by customer abandonment.

Recall from Remark 2.1 that ρavg is defined to be the optimal cost in the risk-neutral admission
control problem. Also, let navg denote the (possibly infinite) optimal threshold (which we assume
to be minimal as we did for nγ).

We prove the following convergence results as the risk sensitivity parameter γ ↓ 0.

Theorem 2.4. The following hold: as γ ↓ 0 (i) ργ ↓ ρavg and (ii) nγ ↑ navg.

Remark 2.11. The convergence of the risk-sensitive optimal cost to the risk-neutral optimal cost is
proven for discrete-time Markov chains taking values in a finite state space (see [6, Theorem 3.1]
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and the references therein). However, this does not immediately apply to our setting for proving
Theorem 2.4(ii), since our controlled process may not necessarily take values in a finite space.

3. Numerical Implementations

In this section, we provide implementations for computing an optimal threshold policy through
Algorithm 1, and we compare the optimal threshold sizes for the risk-sensitive and risk-neutral case.
Let n∗ denote an optimal threshold produced by the algorithm, ρ∗ the optimal cost, and navg the
optimal threshold for the risk-neutral case. In particular, we are interested in understanding the
optimal threshold level across various levels of γ when the system is critically loaded and staffed

appropriately. In other words, we consider cases in the Halfin-Whitt regime when N ≈ λ
µ + β

√
λ
µ .

Here, β is the quality of service parameter and is connected to the probability of delay (the probability
that an arriving customer has to wait before service; see [30]).

In the following implementation, we use λ = 50, µ = 1, and θ = 1. By using β = 1, we have
P (Delay) ≈ 0.7, and the square-root staffing rule suggests that N should be approximately 57. To
get a range on the different optimal thresholds when the system is slightly (over/under)loaded, we
let N range between 45, 60, and 75. Table 1 compares the optimal cost and threshold for varying N
and risk-sensitivity parameter γ > 0.

N γ n∗ ρ∗ navg ρavg

45 1× 10−2 45 32.957 52 11.733
60 1× 10−2 60 47.479 94 13.422
75 1× 10−2 75 68.207 114 31.253

45 1× 10−4 51 12.010 52 11.733
60 1× 10−4 73 14.078 94 13.422
75 1× 10−4 75 32.221 114 31.253

45 1× 10−6 52 11.736 52 11.733
60 1× 10−6 82 13.429 94 13.422
75 1× 10−6 85 31.264 114 31.253

45 1× 10−8 52 11.733 52 11.733
60 1× 10−8 89 13.422 94 13.422
75 1× 10−8 93 31.253 114 31.253

Table 1. Comparison of optimal costs and threshold values for varying N and γ
(a = 2, θ = 1, κ = hI = 1.25, µ = 1, λ = 50.

The first notable result is that when the sensitivity parameter γ is large, the system is highly
sensitive to the cost associated with customer abandonment. For γ = 0.01, the optimal threshold
equals the number of servers because the system does not want to risk any customers abandoning.
As the sensitivity decreases, we see an increase in the optimal system capacity past the number
of servers. The optimal threshold continues to increase towards the risk-neutral optimal threshold
from below, verifying Theorem 2.4. The numerical figures also verify that the risk-sensitive costs
converge to the risk-neutral costs as γ → 0.

The following plot demonstrates how the optimal cost changes with γ, for the parameters above
with N = 45, 60, 75. Figure 1 shows that the optimal cost ρ is increasing with γ but tapers off as γ
grows sufficiently large. It also shows how the rate that the risk-sensitive optimal cost decreases (as
γ → 0) varies, depending on the parameters and number of servers.
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Figure 1. Plot of the optimal cost ρ as a function of γ (a = 2, θ = 0.1, κ = hI =
µ = 1, λ = 50)

We also investigate when the risk-sensitive problem has a finite optimal threshold, but the
risk-neutral setting has a potentially infinite optimal threshold. In particular, consider the case when
a < κ. For the risk-neutral setting, this means that we no longer know whether a local minimum in
the cost iterates is optimal, but we know that the policy which never exercises admission control is
asymptotically optimal when the queue operates in the Halfin-Whitt regime (see [16, Theorem 5.2]).
Our numerical experiments show that this correlates with the risk-neutral cost iterates decreasing
as the threshold size increases. In the risk-sensitive setting, we can choose the sensitivity parameter
γ so that a ≥ κ

γκ+1 , which meets the criteria of Theorem 2.2 so that a produced local minimum is

optimal.

N γ n∗ ρ∗ navg ρavg

45 1× 10−2 45 60.702 > 500 9.950
60 1× 10−2 60 52.012 > 500 1.012
75 1× 10−2 75 44.511 > 500 2.500

45 5× 10−3 48 47.875 > 500 9.950
60 5× 10−3 63 35.465 > 500 1.012
75 5× 10−3 79 24.514 > 500 2.500

45 2.6× 10−3 50 36.322 > 500 9.950
60 2.6× 10−3 67 19.781 > 500 1.012
75 2.6× 10−3 84 4.800 > 500 2.500

Table 2. Comparison of optimal costs and threshold levels for varying N when
the risk-neutral setting has an infinite threshold (a = 1.99, κ = 2, θ = 0.01, hI =
0.1, µ = 1, λ = 50).

For the parameter specifications in Table 2, we set γ ≥ 2.6× 10−3 to ensure that a ≥ κ
γκ+1 . For

larger γ, we see that the threshold is equal to the number of servers, as was the case in Table 1.
However, as γ decreases, we see that the risk-sensitive optimal costs slowly decrease towards the
risk-neutral costs and the corresponding risk-sensitive optimal thresholds increases. In addition to
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numerically verifying Proposition 2.1 and Theorem 2.4, this reveals that it is indeed possible to
have a risk-sensitive optimal threshold that is finite, but a risk-neutral optimal threshold that is
potentially infinite.

4. Proofs

In this section, we provide the proofs for the results in Sections 2.2 and 2.3.

4.1. Proof of Lemma 2.1.

Proof. Let V(i) = eαi for some α > 0, which we will specify at the end of the proof. Then for i ≥ 1,
observe that ∑

j∈S
V(j)q(i, j, 0) = V(i)

[
λeα + µ(i)e−α −

(
λ+ µ(i)

)]
.

Let i ≥ N so that µ(i) = µN + θ(i−N). Observe that∑
j∈S
V(j)q(i, j, 0) = V(i)

[
λeα + e−α

(
µN + θi− θN

)
− λ− µN − θi+ θN

]

= iV(i)
[
θ(e−α − 1) +

1

i

(
λeα + e−αµN − e−αθN − λ− µN + θN

)]
. (4.1)

Clearly e−α < 1 for any α > 0. Now, let β := 1
2θ(1− e−α) > 0. By (4.1), we have∑

j∈S
V(j)q(i, j, 0) = βiV(i)

[
− 2 +

1

βi

(
λeα + e−αµN − e−αθN − λ− µN + θN

)]
. (4.2)

Next, we define the set K1 by

K1
.
= {i ∈ S : βi ≤ λeα + e−αµN − e−αθN − λ− µN + θN} ∪ {1, . . . , N} . (4.3)

Clearly K1 is finite. Combining (4.3) with (4.2), it follows that∑
j∈S
V(j)q(i, j, 0) ≤ −βiV(i), ∀i ∈ Kc

1 .

For the case when u = 1, we see that∑
j∈S
V(j)q(i, j, 1) = −µ(i)V(i)

(
1− e−α

)
= −2β

θ
µ(i)V(i), ∀i ≥ 1.

But observe that 2
θµ(i) =

2µ
θ (i∧N)+ 2(i−N)+ > i whenever i > N max

(
1, 2(θ−µ)

θ

)
. Hence, setting

K2
.
=

{
i ∈ S : i ≤ N ·max

(
1,

2(θ − µ)

θ

)}
,

K .
= K1 ∪ K2,

it follows that

max
u∈{0,1}

∑
j∈S
V(j)q(i, j, u) ≤ Ĉ1K − βiV(i), ∀i ∈ S

for some Ĉ > 0. Thus, setting g(i) = βi, the proof will be complete upon showing that g(i) −
γmaxu∈{0,1} c(i, u) is norm-like. From Assumption 2.1, we have that aγ < 1, which immediately

implies aγ < 1 − e−α for some large enough α > 0. Hence, selecting such an α, we then have
βi− aγθi > 0, which implies that g(i)− γ(h(i) + λκ) is norm-like. This completes the proof. □
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Remark 4.1. Since V(i) = eαi for some large enough α > 0 (whose exact value is not important),
it follows that for any function f(i) = ηi, η > 0, we can always choose α to be large enough so
that η

eα < 1. This implies that f is of small order V. Furthermore, this implies that there exists a

δ ∈ (0, 1) such that f is O(Vδ).

4.2. Proof of Theorem 2.1. Here we provide the proofs for the ERSC Bellman equation for the
admission control problem, given in Theorem 2.1. For the remainder of this subsection, we fix γ = 1
(which can be easily done by absorbing γ into the running cost), and refer to the pair in Theorem 2.1
as (ρ, V ).

To prove Theorem 2.1, we will show that by having access to such a pair (ρ, V ), we have the
following upper bound on ρ:

ρ ≤ inf
i∈S

inf
U∈U
Ei(U)

as well as the following lower bound on ρ:

ρ ≥ inf
i∈S
Ei(v)

for some stationary policy v. Upon establishing this, it follows that ρ = infi∈S infU∈U Ei(U) =
infi∈S Ei(v) for this policy v.

In order to establish both of these bounds, we require the following result.

Lemma 4.1. Let U ∈ U and i ∈ S with X0 = i.

(i) Let τn be the stopping time defined by

τn
.
= inf{t ≥ 0 : Xt /∈ {1, . . . , n− 1}} = inf{t ≥ 0 : Xt = n} .

Then we have that τn →∞ a.s. as n→∞.
(ii) Let B = {0 . . . , B} be a finite set such that K ⊆ B, and for i /∈ B, let τ̆(B) be the stopping

time defined by

τ̆(B) .
= inf{t ≥ 0 : Xt ∈ B} .

Then we have that τ̆(B) <∞ a.s.

Proof. We first prove part (i). From Lemma 2.1, since g : S → R+ is norm-like (and strictly
increasing), it is clear that K can be enlarged (without loss of generality) so that g(i) is bounded
away from 0 outside of K. In other words, there exists α > 0 such that g(i) > α for all i /∈ K.
Following the proof of Lemma 2.1, we have

sup
u∈{0,1}

∑
j∈S
V(j)q(i, j, u) ≤ −g(i)V(i) ≤ −αV(i), ∀i ̸∈ K .

As a result, by increasing Ĉ if necessary, it follows that

sup
u∈{0,1}

∑
j∈S
V(j)q(i, j, u) ≤ Ĉ1K − αV(i), ∀i ∈ S . (4.4)

From here, by applying Dynkin’s formula to the function eαtV(Xt) up to the stopping time T ∧ τn
we have

EU
i

[
eα(T∧τn)V(XT∧τn)

]
= V(i) + EU

i

[ ∫ T∧τn

0
eαt

(
αV(Xt) +

∑
j∈S
V(j)q(i, j, u)

)
dt

]

≤ V(i) + ĈEU
i

[ ∫ T∧τn

0
eαt dt

]
≤ V(i) + Ĉ

α

(
eαT − 1

)
.

(4.5)
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To obtain the second line in (4.5), we applied (4.4), and to obtain the third line we used the
non-negativity of the integrand combined with the fact that T ∧ τn ≤ T .

Now, observe that

EU
i

[
eα(T∧τn)V(XT∧τn)

]
= EU

i

[
eατnV(n)1{τn≤T}

]
+ EU

i

[
eαTV(XT )1{T<τn}

]
≥ EU

i

[
eατnV(n)1{τn≤T}

]
≥ V(n)PU

i (τn ≤ T ) .

Combining this with the last line of (4.5), we have

PU
i (τn ≤ T ) ≤

V(i) + Ĉ
α

(
eαT − 1

)
V(n)

. (4.6)

Taking n→∞ in (4.6) together with the fact that V(n)→∞, we have

lim
n→∞

PU
i (τn ≤ T ) = 0 . (4.7)

Since τn is monotonically increasing (as Xt is a birth-death process), we can apply the monotone
convergence theorem to (4.7) to obtain

PU
i

(
lim
n→∞

τn ≤ T
)
= 0 .

Since the above holds for all T > 0, this implies that limn→∞ τn =∞ a.s. for any initial state i and
control U . This completes the proof of part (i).

We now prove part (ii). Set n to be large enough such that i < n, and let τn be as defined in
the statement of the lemma. By applying Dynkin’s formula to eαtV(Xt) up to the stopping time
T ∧ τn ∧ τ̆(B), it follows from (4.4) and the fact that i ∈ Bc ⊆ Kc that

EU
i

[
eα(T∧τn∧τ̆(B))V(XT∧τn∧τ̆(B))

]
≤ V(i) . (4.8)

From here, using the fact that V is increasing, it follows that V(XT∧τn∧τ̆(B)) ≥ V(B). Moreover,
both finiteness of B and Lemma 2.1 imply 1 ≤ V(B) <∞. Combining these with (4.8), we have

EU
i

[
eα(T∧τn∧τ̆(B))

]
≤ V(i)
V(B)

. (4.9)

From here, taking T → ∞ followed by n → ∞ and using the fact that τn → ∞ a.s. from part

(i), we have EU
i

[
eατ̆(B)

]
≤ V(i)

V(B) . From here, the desired result follows as a consequence of Jensen’s

inequality together with facts that V is increasing and V ≥ 1. This completes the proof of part
(ii). □

We show the upper bound in the next lemma.

Lemma 4.2. Suppose there exists a pair (ρ, V ) which satisfies the conditions in Theorem 2.1. Then
we have ρ ≤ infi infU∈U Ei(U).

Proof. Our approach is heavily inspired by the one used in the proof of [22, Theorem 3.2]. Since
our setting deals with a Markov process taking values in a discrete state space, and our running
cost is unbounded, we present the adapted proof for completeness.

Fix U ∈ U and i ∈ S. For n larger than i, we define the stopping time τn as in Lemma 4.1(i). By

applying Dynkin’s formula to the function e
∫ t
0 (c(Xs,Us)−ρ) dsV (Xt) up to the stopping time T ∧ τn,
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we have

EU
i

[
e
∫ T∧τn
0 [c(Xt,Ut)−ρ]dtV

(
XT∧τn

)]
= V (i) + EU

i

[ ∫ T∧τn

0
e
∫ t
0 [c(Xs,Us)−ρ]ds

(∑
j∈S

V (j)q(Xt, j, Ut) +
[
c(Xt, Ut)− ρ

]
V (Xt)

)
dt

]
≥ V (i), (4.10)

where (4.10) follows from the fact that (ρ, V ) satisfies (2.13). Next, observe that

EU
i

[
e
∫ T∧τn
0 [c(Xt,Ut)−ρ]dtV

(
XT∧τn

)]
= EU

i

[
e
∫ T
0 [c(Xt,Ut)−ρ]dtV

(
XT

)
1{T<τn}

]
(4.11)

+ EU
i

[
e
∫ τn
0 [c(Xt,Ut)−ρ]dtV (n)1{τn≤T}

]
. (4.12)

We argue that (4.12) vanishes as n→∞. To do this, first note that the Lyapunov stability condition
in (2.12) together with the fact that V ≥ 1 implies

max
u∈{0,1}

∑
j∈S
V(j)q(i, j, u) ≤

(
Ĉ − g(i)

)
V(i), ∀i ∈ S . (4.13)

Applying Dynkin’s Formula on the function e
∫ t
0

(
g(Xt)−Ĉ

)
g(Xt) dsV(Xt) up to the stopping time

T ∧ τn, it follows that

EU
i

[
e
∫ T∧τn
0

(
g(Xt)−Ĉ

)
dtV(XT∧τn)

]
= V(i) + EU

i

[ ∫ T∧τn

0
e
∫ t
0 (g(Xs)−Ĉ)ds

(∑
j∈S
V(j)q(Xt, j, Ut) +

(
g(Xt)− Ĉ

)
V(Xt)

)
dt

]
≤ V(i), (4.14)

where the inequality in (4.14) follows from (4.13). Because the bound in (4.14) is independent of n,
it follows from Fatou’s Lemma and Lemma 4.1(i) that

EU
i

[
e
∫ T
0

(
g(Xt)−Ĉ

)
dtV(XT )

]
≤ lim inf

n→∞
EU
i

[
e
∫ T∧τn
0

(
g(Xt)−Ĉ

)
dtV(XT∧τn)

]
≤ V(i) . (4.15)

Multiplying the constant Ĉ in (4.15) to the other side, we have shown

EU
i

[
e
∫ T
0 g(Xt) dtV(XT )

]
≤ eĈTV(i) . (4.16)

Now, recall from Lemma 2.1 that g(i)−maxu c(i, u) is norm-like. As a result, it follows that there
exists a positive constant C1 such that

max
u

c(i, u)− ρ ≤ max
u

c(i, u) ≤ g(i) + C1, ∀i ∈ S . (4.17)

Using (4.16) and V ≥ 1, it is easy to check that

EU
i

[
e
∫ T
0 (g(Xt)+C1) dt

]
≤ EU

i

[
e
∫ T
0 (g(Xt)+C1) dtV(XT )

]
≤ e(Ĉ+C1)TV(i) . (4.18)

Now, observe that

EU
i

[
e
∫ T∧τn
0 (g(Xt)+C1) dt

]
(4.19)

= EU
i

[
e
∫ T
0 (g(Xt)+C1) dt1{T<τn}

]
+ EU

i

[
e
∫ τn
0 (g(Xt)+C1) dt1{τn≤T}

]
. (4.20)
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Since the integrand in (4.19) is positive, we apply the monotone convergence theorem together with
Lemma 4.1(i) to obtain

lim
n→∞

EU
i

[
e
∫ T∧τn
0 (g(Xt)+C1) dt

]
= EU

i

[
e
∫ T
0 (g(Xt)+C1) dt

]
<∞,

where finiteness follows from (4.18). By a similar analysis, we also have

lim
n→∞

EU
i

[
e
∫ T
0 (g(Xt)+C1) dt1{T<τn}

]
= EU

i

[
e
∫ T
0 (g(Xt)+C1) dt

]
<∞ .

Hence, taking n→∞ in (4.19)-(4.20), it follows that

lim
n→∞

EU
i

[
e
∫ τn
0 (g(Xt)+C1) dt1{τn≤T}

]
= 0,

and so by (4.17) we must have

lim
n→∞

EU
i

[
e
∫ τn
0 (c(Xt,Ut)−ρ) dt

1{τn≤T}

]
= 0 . (4.21)

We are now in a position to argue that (4.12) vanishes as n→∞. Our approach involves splitting
the level sets of V , which was a technique that was originally introduced in [4] (see the proof of
Theorem 4.3). As such, we fix k ∈ Z+. For each n, we either have V (n) < k or V (n) ≥ k. Since V
is O(Vδ), we know there exists C > 0 such that V ≤ C Vδ on S. Hence, it follows that

EU
i

[
e
∫ τn
0 [c(Xt,Ut)−ρ]dtV (n)1{τn≤T}

]
= EU

i

[
e
∫ τn
0 [c(Xt,Ut)−ρ]dtV (n)1{τn≤T}1{V (n)<k}

]
+ EU

i

[
e
∫ τn
0 [c(Xt,Ut)−ρ]dtV (n)1{τn≤T}1{V (n)≥k}

]
< kEU

i

[
e
∫ τn
0 [c(Xt,Ut)−ρ]dt

1{τn≤T}

]
+ CEU

i

[
e
∫ τn
0 [c(Xt,Ut)−ρ]dtV(n)δ1{τn≤T}1{V (n)≥k}

]
≤ kEU

i

[
e
∫ τn
0 [c(Xt,Ut)−ρ]dt

1{τn≤T}

]
+ C

2−δ
kδ−1EU

i

[
e
∫ τn
0 [c(Xt,Ut)−ρ]dtV(n)1{τn≤T}

]
≤ kEU

i

[
e
∫ τn
0 [c(Xt,Ut)−ρ]dt

1{τn≤T}

]
(4.22)

+ C
2−δ

kδ−1e(Ĉ+C1)TV(i), (4.23)

where in the above display we used the property that V is O(Vδ) for some δ ∈ (0, 1) in the fourth
line and (4.18) to obtain (4.23). Note that (4.22) vanishes if we take n→∞ by (4.21), and (4.22)
vanishes if we take k →∞ since δ < 1. Thus, taking n→∞ followed by k →∞ in (4.22)-(4.23), we
have (4.12) vanishes as n→∞. Applying this to (4.11)-(4.12), we have shown that for any ε > 0,
we can choose n sufficiently large so that

V (i) ≤ EU
i

[
e
∫ T
0 [c(Xt,Ut)−ρ]dtV

(
XT

)
1{T<τn}

]
+ ε . (4.24)

We now focus on bounding (4.24) in terms of the finite horizon risk-sensitive cost. First, note
that c(i, u) ≤ g(i) for any u ∈ {0, 1} for all i outside some finite set D. Combining this with the
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Lyapunov condition in (2.12), we see∑
j∈S
V(j)q(i, j, u) ≤ −g(i)V(i) ≤ −c(i, u)V(i) ∀u ∈ {0, 1}, ∀i /∈ K ∪ D .

= K .

Hence, there exists a constant Ĉ2 > 0 such that∑
j∈S
V(j)q(i, j, u) ≤ Ĉ21K − c(i, u)V(i), ∀u ∈ {0, 1}, ∀i ∈ S . (4.25)

We next apply Dynkin’s formula to e
∫ T
0 c(Xt,Ut)dtV

(
XT

)
1{T≤τn}. Note that this is justified from the

fact that E
[
e
∫ T
0 c(Xt,Ut) dtV(XT )

]
is finite (see (4.16) and the proceeding arguments, replacing g with

c and the original Lyapunov drift condition with (4.25)), together with the fact that the mean of
the generator of this process is finite.

Hence, using V ≤ CVδ ≤ CV, applying Dynkin’s formula to e
∫ T
0 c(Xt,Ut)dtV

(
XT

)
1{T≤τn}, and

using (4.25), it follows that

EU
i

[
e
∫ T
0 c(Xt,Ut)dt V

(
XT

)
1{T≤τn}

]
(4.26)

≤ CEU
i

[
e
∫ T
0 c(Xt,Ut)dt V

(
XT

)
1{T≤τn}

]
= CV(i) + CEU

i

[ ∫ T

0
e
∫ t
0 c(Xs,Us) ds

(∑
j∈S
V(j)q(Xt, j, Ut) + c(Xt, Ut)V(Xt)

)
1{T<τn} dt

]

≤ CV(i) + CEU
i

[ ∫ T

0
e
∫ t
0 c(Xs,Us) ds

(
Ĉ2 − c(Xt, Ut)V(Xt) + c(Xt, Ut)V(Xt)

)
1{T<τn} dt

]
≤ C

(
V(i) + Ĉ2T

)
EU
i

[
e
∫ T
0 c(Xt,Ut) dt

]
, (4.27)

where in the last line we used the monotonicity of the integrand to pull out T and crudely bounded
the indicator function. By multiplying both sides of the inequality in (4.26)-(4.27) by e−ρT , we see
that

EU
i

[
e
∫ T
0

(
c(Xt,Ut)−ρ

)
dt V

(
XT

)
1{T≤τn}

]
≤ C

(
V(i) + Ĉ2T

)
e−ρT EU

i

[
e
∫ T
0 c(Xt,Ut) dt

]
.

Combining this with (4.24), it follows that

V (i) ≤ EU
i

[
e
∫ T
0

(
c(Xt,Ut)−ρ

)
dt V

(
XT

)
1{T≤τn}

]
+ ε

≤ C
(
V(i) + Ĉ2T

)
e−ρT EU

i

[
e
∫ T
0 c(Xt,Ut) dt

]
+ ε .

From here, taking the natural logarithm of both sides, dividing by T , and taking T →∞, we have
shown

ρ ≤ lim sup
T→∞

1

T
logEU

i

[
e
∫ T
0 c(Xt,Ut) dt

]
.

Since i and U were arbitrary, the desired result follows. □

We move onto proving the lower bound and showing that the optimal ERSC cost is attained at a
stationary policy.

Lemma 4.3. Suppose there exists a pair (ρ, V ) which satisfies the conditions in Theorem 2.1. Then
there exists a stationary policy v ∈ Usm such that ρ ≥ infi∈S Ei(v).
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Proof. Our approach here is similar to the lower bound proof for optimality for the ERSC problem
in the case that the running cost satisfies the near-monotone condition (see [10, Section 3.1]). Note
that because the running cost minu∈{0,1} c(i, u) = h(i) is monotonically increasing and unbounded,
we can choose a finite subset B = {0, . . . , B} of S such that B contains K and

h(i)− ρ ≥ 0, ∀i /∈ B .
Next, fix i /∈ B, and for X0 = i, we define the stopping time τ̆(B) as in Lemma 4.1(ii). Let τn be
defined as in Lemma 4.2(i), and choose n sufficiently large so that B ∪ {i} ⊆ {0, . . . , n}. Now, let v
be the stationary policy which is defined as a minimizer to (2.13). By applying Dynkin’s formula to∫ t
0 e

c(Xs,v(Xs)−ρ) dsV (Xt) up to the stopping time τ̆(B) ∧ τn ∧ T, we have

Ev
i

[
e
∫ τ̆(B)∧τn∧T
0

(
c(Xt,v(Xt))−ρ

)
dtV (Xτ̆∧τn∧T )

]
(4.28)

= V (i) + Ev
i

[ ∫ τ̆(B)∧τn∧T

0
e
∫ t
0 (c(Xs,v(Xs))−ρ) ds

(∑
j∈S

V (j)q(Xt, j, v(Xt))

+
(
c(Xt, v(Xt))− ρ

)
V (Xt)

)
dt

]
= V (i), (4.29)

where (4.29) follows because (ρ, V ) satisfies (2.13) and our choice of v. Now, taking n → ∞ in
(4.28)-(4.29), from Fatou’s Lemma together with Lemma 4.1(i) we have

V (i) = lim inf
n→∞

Ev
i

[
e
∫ τ̆(B)∧τn∧T
0

(
c(Xt,v(Xt))−ρ

)
dtV (Xτ̆∧τn∧T )

]
≥ Ev

i

[
e
∫ τ̆(B)∧T
0

(
c(Xt,v(Xt))−ρ

)
dtV (Xτ̆∧T )

]
. (4.30)

Taking T →∞ in (4.30) in the same way and using τ̆(B) <∞ a.s. from Lemma 4.1(ii), we get

V (i) ≥ Ev
i

[
e
∫ τ̆(B)
0

(
c(Xt,v(Xt))−ρ

)
dtV (Xτ̆ )

]
≥ V (B), (4.31)

where the last inequality follows because the exponential is larger than one by our choice of B and
X(t) is a birth and death process. But V > 0 and i /∈ B was arbitrary, and so (4.31) implies that
infS V > 0, i.e., V has a strictly positive lower bound on S.

Now, fix i ∈ S. We apply Dynkin’s formula in a manner similar as above to e
∫ t
0

(
c(Xs,v(Xs))−ρ

)
dsV (Xt)

up to the stopping time T ∧ τn, and then take n→∞ as before to obtain that

V (i) ≥ Ev
i

[
e
∫ T
0

(
c(Xt,v(Xt))−ρ

)
dtV (XT )

]
≥

(
inf
S

V
)
Ev
i

[
e
∫ T
0

(
c(Xt,v(Xt))−ρ

)
dt

]
.

From here, we take natural log of both sides, divide by T , and take T →∞ to obtain

ρ ≥ lim sup
T→∞

1

T
logEv

i

[
e
∫ T
0 c(Xt,v(Xt)) dt

]
= Ei(v) .

This completes the proof. □

Completing the proof for Theorem 2.1. Given the pair (ρ, V ) which satisfies the conditions in Theo-
rem 2.1, the results of Lemmas 4.2 and 4.3 imply that

ρ = inf
i∈S

inf
U∈U
Ei(U) = inf

i∈S
E(v),

where v is the minimizing stationary policy in (2.13). This shows that ρ is the optimal cost and v is
an optimal stationary policy.
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To show this implies the optimality of a threshold policy, there are two cases: (i) v never exercises
admission control (i.e., v(i) = 0 for all i ∈ S), or (ii) v exercises admission control at some threshold
(i.e., v(i) = 1 for some i ∈ S).

For (i), it is clear that v is of the form of a threshold policy which regulates with an infinite
threshold. As for (ii), let ℓ denote the minimum state i where v(i) = 1. Clearly (ρ, V ) satisfy the
following equations:

ρV (i) = c(i, 0)V (i) +
∑
j∈S

q(i, j, 0)V (j), i ≤ ℓ− 1,

ρV (ℓ) = c(ℓ, 1)V (ℓ) +
∑
j∈S

q(ℓ, j, 1)V (j) .

However, these are the dynamic programming equations for a finite state ERSC problem corre-
sponding to a threshold policy regulating at ℓ (see [28, Theorem 3.2]). By uniqueness, it follows that
ρ = ρℓ, where ρℓ is the ERSC cost corresponding to a threshold ℓ. From the inequalities involving ρ
above, we then have

ρℓ = inf
i∈S

inf
U∈U
Ei(U) = inf

i∈S
E(vℓ),

where vℓ denotes the threshold policy regulating at ℓ. And so it follows that the threshold policy
regulating at ℓ is optimal. □

4.3. Proof of Theorem 2.2. First, we establish a useful monotonicity property between the cost
ρn and the corresponding value function yn associated with a threshold policy of level n, which will
be used frequently in this and later sections. This is similar in structure to the risk-neutral version
presented in [16, Lemma 3.1].

Lemma 4.4. Suppose that ρn1 > ρn2 for some n1, n2. Then yn1(i) > yn2(i) for i = 1, . . . ,min{n1, n2}+
1. The above also holds if “>” is replaced by “≥”.

Proof. Assume ρn1 > ρn2 . Rewriting (2.16) gives us

γρn1 = γh(0) + λyn1(1)− λ,

γρn2 = γh(0) + λyn2(1)− λ .

Subtracting the second equation from the first, it is clear that yn1(1) > yn2(1). Next, rewriting
(2.15) for i = 1 gives us

γρn1 = γh(1)− µ(1) + µ(1)
1

yn1(1)
+ λyn1(2)− λ,

γρn2 = γh(1)− µ(1) + µ(1)
1

yn2(1)
+ λyn2(2)− λ .

Subtracting the second equation from the first, and using the fact that yn1(1) > yn2(1) gives
us yn1(2) > yn2(2). The same analysis applies by induction to give us yn1(i) ≥ yn2(i) for i =
1, . . . ,min{n1, n2}+ 1. □

The following result shows that it is never optimal to intentionally idle available servers (just as
in the risk-neutral setting, see [16, Lemma 3.2]), and justifies Algorithm 1 starting with n = N.

Lemma 4.5. We have ρ0 > ρ1 > · · · > ρN .

Proof. We proceed by inducting on n ≤ N − 1.
Base case: ρ0 > ρ1.
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Observe that γρ0 = γhIN + λγκ, as this involves letting no people into the system. We show
that ρ1 < ρ0. Let y = y1(1) > 0. Observe that ρ1 satisfies

γρ1 = γhIN + λ(y − 1),

γρ1 = γhI(N − 1)− µ+ µ
1

y
+ λγκ .

Setting the above equations equal to each other results in

γhIN + λ(y − 1) = γhI(N − 1)− µ+ µ
1

y
+ λγκ .

Multiplying both sides by y and collecting terms results in

λy2 +
(
γhI + µ− λ(γκ+ 1)

)
y − µ = 0.

Let b = γhI + µ− λ(γκ+ 1). The above equation is a quadratic equation, with two solutions for
y (one negative and one positive). Since y is strictly positive, it must satisfy

y =
−b+

√
b2 + 4λµ

2λ
. (4.32)

Now, observe that

γ(ρ0 − ρ1) = hIN + κ− (hIN + y − 1) = λγκ− λy + λ.

Hence, it suffices to show that y < 1 + γκ in order to prove that ρ1 < ρ0. From equation (4.32), we
know that

y < 1 + γκ

⇐⇒ −b+
√

b2 + 4λµ

2λ
< 1 + γκ

⇐⇒
√
b2 + 4λµ < b+ 2λ(γκ+ 1)

⇐⇒ µ < (γκ+ 1)(b+ λ+ λγκ) .

But substituting b = γhI + µ− λ(γκ+ 1) into the previous equation results in

µ < (1 + γκ)(γhI + µ),

which is always true. Thus, we have ρ1 < ρ0, completing the base case.

Induction Step: Suppose for n ≤ N − 1, we have ρ0 > ρ1 > · · · > ρn. Suppose for contradiction
that ρn+1 ≥ ρn. By Lemma 4.4, we have yn(i) ≤ yn+1(i) for i = 1, . . . , n + 1. By the induction
hypothesis and Lemma 4.4, we know that yn−1(i) > yn(i) for i = 1, . . . , n. Since yn−1(n) =
yn(n+ 1) = γκ+ 1 by (2.22), we have that yn(n) < γκ+ 1 and yn+1(n+ 1) ≥ γκ+ 1. Applying
equation (2.15) with n and n+ 1 results in

γρn = γh(n)− µn+ µn
1

yn(n)
+ λγκ,

γρn+1 = γh(n+ 1)− µ(n+ 1) + µ(n+ 1)
1

yn+1(n+ 1)
+ λγκ .

Using yn(n) < 1 + γκ, and yn+1(n+ 1) ≥ 1 + γκ, we have

γρn > γh(n)− µn+ µn
1

1 + γκ
+ λγκ,

γρn+1 ≤ γh(n+ 1)− µ(n+ 1) + µ(n+ 1)
1

1 + γκ
+ λγκ .
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Subtracting these two inequalities, we obtain

γ(ρn − ρn+1) > γhI + µ− µ

1 + γκ
> 0,

as h(n)− h(n+ 1) = hI for n ≤ N − 1.
However, we assumed that ρn ≤ ρn+1, and so we arrive at a contradiction. Thus, we have

ρn > ρn+1. This completes the verification of the inductive step and also the proof. □

Proof of Theorem 2.2. Our approach is inspired and closely related to the proof of Theorem 3.2 in
[16], with the primary differences being that we work with the multiplicative Bellman equation and
a more general condition involving the cost and sensitivity parameters. At the end of the proof,
we explicitly define a solution to the multiplicative Bellman equation in Lemma 2.2, which results
in characterizing an optimal threshold policy. First, we suppose for contradiction that ρm is not
a global minimum of the sequence {ρk}k≥0, so there exists a state n ≥ m+ 2 such that ρn < ρm.
Second, we construct a modified finite state space admission control problem, and define ρ̃k as the
cost corresponding to a threshold k in the modified problem. Third, we argue that ρm = ρ̃m ≤ ρ̃n by
using the Bellman equation for the modified problem. Finally, we show that ρ̃n ≤ ρn, which creates
a contradiction since we then have ρn < ρm ≤ ρ̃n ≤ ρn. This proves that ρm is a global minimum
of {ρk}k≥0. This allows us to easily construct a solution to the Bellman equation in Lemma 2.2,
proving that controlling with a threshold level of m is optimal over all admissible control policies.

Following the approach described above, suppose that ρm, m ≥ N is the first local minimum of
{ρ0, ρ1, ρ2, . . . } (the fact that m ≥ N is a consequence of Lemma 4.5), and suppose for contradiction
that ρm is not a global minimum of this sequence. This implies that there exists n ≥ m+ 2 such
that ρn < ρm. Without loss of generality, we also have that ρn ≤ ρi ∀i ≤ n. This is immediately
true if n = m + 2. If n > m+ 2 and ρn > ρk for some m + 2 < k < n, then we can simply work
with k instead of n. Continuing this chain of reasoning, we can always select an n such that ρn ≤ ρk
for all k ≤ n.

Now, let δ = ρm+1− ρm. By assumption of ρm being a local minimum, it is immediate that δ ≥ 0.
We now construct a modified admission control problem with a finite state space {0, . . . , n+ 1}. We
define the modified cost and death rates as follows:

h̃(i) =

{
h(i), i ≤ m,

h(m+ 1)− δ, m+ 1 ≤ i ≤ n+ 1,
(4.33)

µ̃(i) =

{
µ(i), i ≤ m,

µ(m+ 1), m+ 1 ≤ i ≤ n+ 1 .
(4.34)

Since the state space is finite, we also set the birth rate at n+ 1 to be 0, which we specify incurs a
cost of rejecting an admission. Now, we consider the ERSC problem with the modified cost and
death rates given in (4.33)-(4.34). Since the state space is finite, it is clear by using Dynkin’s formula
that having a solution to the ERSC Bellman equation characterizes optimality (see Theorem 4.1
of [9] and the paragraph immediately following it). Additionally, the same analysis leading up to
Lemma 2.2 shows that we can characterize a solution pair of the ERSC Bellman equation as a pair
(ρ̃, ỹ) which satisfies

γρ̃ = γh̃(i)− µ̃(i) +
µ̃(i)

ỹ∗(i)
+ λmin{ỹ(i+ 1)− 1, γκ}, i = 1, . . . , n, (4.35)

γρ̃ = γh̃(0) + λỹ(1)− λ, (4.36)

γρ̃ = γh̃(n+ 1)− µ̃(n+ 1) +
µ̃(n+ 1)

ỹ(n+ 1)
+ λγκ . (4.37)
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Now, define ỹ : {0, . . . , n+ 1} → R+ by

ỹ(i) =

{
ym(i), i ≤ m+ 1,

ym+1(m+ 1), m+ 1 < i ≤ n+ 1 .

We verify that (ρm, ỹ) satisfies (4.35)-(4.37). Since ρ0 > ρ1 > · · · > ρm, it follows from Lemma 4.4
that ym(i) < γκ+ 1 for i ≤ m. From this as well as the definition of (ρm, ym) in (2.20), we have
that (ρm, ỹ) satisfies (4.35)-(4.36) for i ≤ m, as shown below

γρm = γh(i)− µ(i) +
µ(i)

ym(i)
+ λym(i+ 1)− λ

= γh̃(i)− µ̃(i) +
µ̃(i)

ỹ(i)
+ λmin{ỹ(i+ 1)− 1, γκ} .

Next, since ρm ≤ ρm+1, it follows by Lemma 4.4 that ym(i) ≤ ym+1(i) for i ≤ m+ 1. Furthermore,
ym(m+ 1) = γκ+ 1 by its definition in (2.22), which also means that ym+1(m+ 1) ≥ γκ+ 1. And
so substituting (ρm, ỹ) into (4.35) for i ≥ m+ 1, we have

γρm = γh̃(i)− µ̃(i) +
µ̃(i)

ỹ(i)
+ λmin{ỹ(i+ 1), γκ}

⇐⇒ γρm = γ(h(m+ 1)− δ)− µ(m+ 1) +
µ(m+ 1)

ym+1(m+ 1)
+ λmin{ym+1(m+ 1)− 1, γκ}

⇐⇒ γρm+1 = γh(m+ 1)− µ(m+ 1) +
µ(m+ 1)

ym+1(m+ 1)
+ λym+1(m+ 1)− λ,

which is true by the definition of (ρm+1, ym+1) in (2.20). Hence, we have shown that (ρm, ỹ) solve
the Bellman equation for the modified finite state space problem, which proves that ρm = ρ̃∗ (the
optimal cost of the modified admission control problem), and so a threshold policy regulating at m
is optimal for the modified problem. In particular, it follows that ρ̃n ≥ ρm.

From here, we argue that ρ̃n ≤ ρn. Observe that

γ(ρ̃n − ρn) = γ(h̃(n)− h(n))− γδ + µ(n)− µ̃(n) +
µ̃(n)

ỹn(n)
− µ(n)

yn(n)

by their definitions in (2.20) and (4.35). By adding and subtracting µ̃(n)
yn(n)

on the right hand side of

the above equation, we have

γ(ρ̃n − ρn) = γ(h̃(n)− h(n))− γδ + (µ̃(n)− µ(n))

(
1

yn(n)
− 1

)
− µ̃(n)

(
1

yn(n)
− 1

ỹn(n)

)
≤ aθγ(m+ 1− n) + θ(m+ 1− n)

(
1

yn(n)
− 1

)
− µ̃(n)

(
1

yn(n)
− 1

ỹn(n)

)
. (4.38)

Now, recall that n was chosen so that ρn ≤ ρn−1. By Lemma 4.4, yn(n) ≤ yn−1(n) = γκ+ 1 from
its definition in (2.22). Using this and the fact that m+ 1− n < 0, from (4.38) we have

γ(ρ̃n − ρn) ≤ aθγ(m+ 1− n) + θ(m+ 1− n)

(
− γκ

γκ+ 1

)
− µ̃(n)

(
1

yn(n)
− 1

ỹn(n)

)
≤ γθ(m+ 1− n)

(
a− κ

γκ+ 1

)
− µ̃(n)

(
1

yn(n)
− 1

ỹn(n)

)
. (4.39)

Because we assumed a ≥ κ
γκ+1 , from (4.39) it follows that ρ̃n ≤ ρn if yn(n) ≤ ỹn(n) (and similarly,

ρ̃n < ρn if yn(n) < ỹn(n) ). We now argue that ρ̃n ≤ ρn by showing that the alternative implies
yn(n) < ỹn(n), which leads to a contradiction since then ρ̃n ≤ ρn as per (4.39) and the discussion
at the start of the paragraph. As such, we suppose that ρ̃n > ρn. We can apply Lemma 4.4 to the
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modified problem for the first m states since the modified Bellman equation is the same up to m
and obtain yn(i) < ỹn(i) for i ≤ m+ 1. To show that yn(i) < ỹn(i) for i ≥ m+ 2, we proceed by
induction. For the base case, plugging i = m+ 1 into the optimality equations for the original and
modified problem results in

γρn = γh(m+ 1)− µ(m+ 1) + µ(m+ 1)
1

yn(m+ 1)
+ λyn(m+ 2)− λ,

γρ̃n = γh̃(m+ 1)− µ̃(m+ 1) + µ̃(m+ 1)
1

ỹn(m+ 1)
+ λỹn(m+ 2)− λ .

Taking the difference of the above equations and using ρ̃n > ρn, ỹn(m + 1) > yn(m + 1), and

µ(m+ 1) − µ̃(m+ 1) = 0, h(m+ 1) − h̃(m+ 1) = δ, it follows that ỹn(m+ 2) > yn(m+ 2). For
the induction step, assume ỹn(i) > yn(i) for m+ 2 ≤ i ≤ n − 1. Applying a similar argument to
(4.38)-(4.39) in addition to ỹn(i) > yn(i) and ρ̃n > ρn leads to ỹn(i + 1) > yn(i + 1). Hence, by
induction we have shown ỹn(n) > yn(n). By the discussion in the previous paragraph, this is a
contradiction. This proves that ρn must be a global minimum of the cost iterates.

From here, using the fact that ρn ≤ ρk for all k ∈ S, we construct a global solution to Lemma 2.2.
Define y∗ by

y∗(i) =

{
yn(i), i ≤ n,

y(i), i > n,

where y(i) is defined as the solution to

γρn = γh(i)− µ(i) +
µ(i)

y(i)
+ λγκ, i ≥ n+ 1 .

From here, since ρn ≤ ρk for all k ≥ n+ 1, it is straightforward to verify that y(i) ≥ γκ+ 1 for all
i ≥ n+ 1, and so (ρn, y

∗) solve (2.15) for all i ∈ S. Furthermore, by construction it follows that
lim supi→∞ y∗(i) = 1

1−γa , and so y∗ is uniformly bounded on S. As a result, the pair (ρn, y
∗) must

satisfy Lemma 2.2, and so controlling with a threshold n is optimal among all admissible control
policies. □

Remark 4.2. Note that in the last steps of the above proof where we defined y(i), we showed that
y(i) ≥ γκ+ 1 and limi→∞ y(i) = 1

1−aγ . Since aγ < 1
2 in Assumption 2.1, this does not contradict

the positivity of y. Furthermore, it is easy to check that γκ+ 1 ≤ 1
1−γa is equivalent to a ≥ κ

γκ+1 ,

which is the assumed condition in Theorem 2.2.
Moreover, this highlights the criticality of the assumption a ≥ κ

γκ+1 in guaranteeing that we

can construct a suitable pair (ρ, y) which satisfies Lemma 2.2. Suppose that there is a level n∗

such that ρn∗ ≤ ρk for all k, and suppose for contradiction that a < κ
γκ+1 . Then, if we try to

construct a suitable value function y in the same manner as above, then we will again end up with
γκ + 1 ≤ limi→∞ y(i) = 1

1−γa , which leads to a contradiction since we assumed a < κ
γκ+1 . As a

result, we do NOT necessarily know if the threshold policy controlling with a threshold n∗ is optimal
among all admissible control policies.

4.4. Proof of Theorem 2.3. For this proof, we study the limiting behavior of the pair (ρn, yn)
as n → ∞ to derive a solution pair to (2.15) on S. The following lemma shows that yn does not
vanish at any point in S.

Lemma 4.6. Suppose {ρn}n≥0 is strictly decreasing. Then we have that infn yn(i) > 0 ∀i ≥ 1.

Proof. Clearly ρn is bounded from below by the optimal cost in (2.8). Since {ρn}n≥0 is strictly
decreasing, it is clear that ρn ↓ ρ for some ρ ≥ 0. To show that yn does not vanish at any point in S

as we take n→∞, we will first analyze Vn (recall yn(i) =
Vn(i)

Vn(i−1)).
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Since Vn > 0, we can normalize each Vn so that Vn(0) = 1 for all n. Additionally, the fact that
{ρn}n≥0 is strictly decreasing implies that yn(i) < γκ + 1 for all i ≤ n and for all n. As such,
following Remark 4.1, there is a δ ∈ (0, 1) (independent of n) such that

Vn(i) ≤ (γκ+ 1)i ≤ V(i)δ, ∀i ∈ S .

As a result, using a standard diagonalization argument, there exists a subsequence of n and a
function V : S → [0,∞) of order Vδ such that Vn(i) → V (i) for each i ∈ S. Since Vn(0) = 1 for
every n, it follows that V (0) = 1 . As a consequence of (ρn, Vn) solving (2.18)-(2.19), we have

γρV (0) = γh(0) + λV (1)− λV (0), (4.40)

γρV (i) = γh(i)V (i) + λV (i+ 1) + µ(i)V (i− 1)− (µ(i) + λ)V (i), ∀i ≥ 1 . (4.41)

Now, suppose for contradiction that infn yn(i0) = 0 for some i0 ≥ 1. Then there exists some
subsequence of n such that yn(i0)→ 0 as n→∞. Since Vn(i0) = yn(i0)Vn(i0 − 1), and Vn(i0 − 1) is
bounded from above for all n, this implies that Vn(i0)→ 0 as n→∞ (along a further subsequence
of n if necessary). Thus, it follows that V (i0) = 0. Writing out (4.41) for i = i0, we have

γρV (i0) = γh(i0)V (i0) + λV (i0 + 1) + µ(i0)V (i0 − 1)− (µ(i0) + λ)V (i0)

=⇒ 0 = λV (i0 + 1) + µ(i0)V (i0 − 1) .

Since V ≥ 0, this is only possible if V (i0 + 1) = V (i0 − 1) = 0. By proceeding in an inductive
manner, we eventually have V (0) = 0, which is a contradiction. This gives the desired result. □

Proof of Theorem 2.3. Since {ρn}n≥0 is strictly decreasing and bounded from below, there exists
ρ ≥ 0 such that ρn ↓ ρ. Additionally, we know from Lemma 4.4 that yn(i) < γκ+ 1 for all i ≤ n
and for all n. This, in conjunction with Lemma 4.6, implies that

0 < lim inf
n→∞

yn(i) ≤ γκ+ 1 .

Now, define y(i) = lim infn→∞ yn(i) for each i ≥ 1 . Additionally, recall that (ρn, yn) satisfy the
following equation for all i ≤ n and n ≥ 1:

γρn = γh(i)− µ(i) +
µ(i)

yn(i)
+ λ(yn(i+ 1)− 1) .

Since y(i) > 0 for each i, taking n→∞ (along an appropriate subsequence) gives us

γρ = γh(i)− µ(i) +
µ(i)

y(i)
+ λ(y(i+ 1)− 1), ∀i ≥ 1 . (4.42)

Since ρ < ρn for all n, by Lemma 4.4 we must have that y(i) < yn(i) < γκ+ 1 for all i ≥ 0. This
together with (4.42) implies that the pair (ρ, y) satisfies

γρ = γh(i)− µ(i) +
µ(i)

y(i)
+ λmin(y(i+ 1)− 1, γκ), ∀i ≥ 1,

with the minimum always being attained at y(i)− 1. By Lemma 2.2, we have ρ equals the optimal
cost, and the policy which never exercises admission control is optimal. This completes the proof. □

Remark 4.3. In the case that the sequence {ρn} is not decreasing, one may still apply an argument
similar to the one used in this section coupled with Theorem 2.1 to show that ρn → ρ∞, the ERSC
cost corresponding to the policy which never exercises admission control. First, note that the sequence
{ρn}n≥0 is bounded (see the last sentence in Remark 2.2). Furthermore, one can apply a similar
argument used in the proof of [10, Lemma 3.11] to rescale the value functions Vn so that Vn ≤ Vδ on
S. From here, one can use a diagonalization approach to obtain a limiting pair (ρ, V ) ∈ R+×O+(Vδ)
(where the strict positivity of V follows from the same argument argument in the proof of Lemma 4.6).

Defining y(i)
.
= V (i)

V (i−1)
, it follows that (ρ, y) satisfies (4.42), and the fact that ρ = ρ∞ can be seen

from an adaptation of the proof of Theorem 2.1.
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4.5. Proof of Proposition 2.1. To begin with, for any γ > 0 and n ≥ 0, we let ργn represent
the ERSC cost corresponding to the sensitivity γ when controlling with a threshold of n, and
yγn : {0, 1, . . . , n+ 1} → (0,∞) represents the corresponding value function from (2.20)-(2.22). The
following characterizes a useful monotonicity result on yγn.

Lemma 4.7. Let γ1, γ2 be two sensitivity parameters such that γ1 > γ2, and let n1, n2 denote
any two non-negative integers. If γ1 > γ2 and ργ1n1 > ργ2n2, then

1
γ1
(yγ1n1(i)− 1) > 1

γ2
(yγ2n2(i)− 1) for

i = 1, . . . ,min(n1, n2) + 1. Moreover, the above result holds if “ > ” is replaced by “ ≥ ”.

Proof. This proof is nearly identical to the one given in Lemma 4.4 except that we carefully account
for the parameters γ1 and γ2. We first work under the case that n1 = n2 = n. In this case, to
simplify the notation, we write ρ(γk) = ργkn and yγk(·) = yγkn (·) for k = 1, 2. Now, as in the statement
of the lemma, suppose that ρ(γ1) > ρ(γ2). To show that yγ1(·) > yγ2(·), we proceed by induction.

For the base case, writing out the Bellman equations for i = 0 results in

γ1ρ(γ1) = γ1h(0) + λ(yγ1(1)− 1),

γ2ρ(γ2) = γ2h(0) + λ(yγ2(1)− 1).

Dividing each equation by γ1 and γ2 (respectively), we observe that

0 < ρ(γ1)− ρ(γ2) = λ

(
1

γ1
(yγ1(1)− 1)− 1

γ2
(yγ2(1)− 1)

)
,

implying that 1
γ1
(yγ1(1)− 1) > 1

γ2
(yγ2(1)− 1) as desired. Next, writing out the Bellman equations

for i = 1 gives us

γ1ρ(γ1) = γ1h(1)− µ(1) +
µ(1)

yγ1(1)
+ λ(yγ1(2)− 1),

γ2ρ(γ2) = γ2h(1)− µ(1) +
µ(1)

yγ2(1)
+ λ(yγ2(2)− 1).

Dividing each equation by γ1 and γ2 (respectively) and subtracting the two equations gives us

0 < µ(1)

[
1

γ1

(
1

yγ1(1)
− 1

)
− 1

γ2

(
1

yγ2(1)
− 1

)]
+ λ

(
1

γ1
(yγ1(2)− 1)− 1

γ2
(yγ2(2)− 1)

)
. (4.43)

Note that

1

γ1

(
1

yγ1(1)
− 1

)
− 1

γ2

(
1

yγ2(1)
− 1

)
< 0 ⇐⇒ 1

yγ1(1)
− 1 <

γ1
γ2

(
1

yγ2(1)
− 1

)
. (4.44)

Because γ1
γ2

> 1, (4.44) holds if we show that 1
yγ1 (1) − 1 < 1

yγ2 (1) − 1. However, this is implied by
1
γ1
yγ1(1) > 1

γ2
yγ2(1), which holds as a consequence of the base case. So (4.44) holds. But (4.43)

implies that 1
γ1
(yγ1(2) − 1) > 1

γ2
(yγ2(2) − 1) as desired. The rest of the induction follows in an

identical procedure, and so we have 1
γ1
yγ1(i) > 1

γ2
yγ2(i) for i = 1, . . . , n+ 1.

To prove the desired result in the case of two different n1, n2 when ργ1n1 > ργ2n2 , note that the cases
for i = 0 and i = 1 are the same, and for the induction step, one would repeat the same procedure
but on i = 1, . . . ,min(n1, n2) + 1. □

We are now in a position to prove Proposition 2.1.

Proof of Proposition 2.1. For convenience, let n1 = nγ1 , and n2 = nγ2 . To see why ργ1 ≥ ργ2 for
γ1 > γ2, we make use of the following observation: for a random variable Z such that E

[
eγ1Z

]
is
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finite, we have from Jensen’s inequality

1

γ1T
logE[eγ1Z ] =

1

γ1T
logE[

(
eγ2Z

) γ1
γ2 ] >

1

γ1T
logE[

(
eγ2Z

)
]
γ1
γ2

=
1

γ1T
× γ1

γ2
logE[eγ2Z ] =

1

γ2T
logE[eγ2Z ] .

Applying this to the logarithm of the finite horizon accrued cost, taking T →∞, and then taking
the infimum over control policies on each side of the inequality, we arrive at ργ1 ≥ ργ2 . This verifies
the first part of the conclusion of Proposition 2.1.

For the second part, note that it holds automatically if n2 = ∞, and so we consider the
case when n2 is finite. Suppose for contradiction that n1 > n2. By assumption, we know that
ργ1n1 = ργ1 ≥ ργ2 = ργ2n2 since γ1 > γ2. Also, Lemma 4.7 tells us that 1

γ1
(yγ1n1(i)− 1) ≥ 1

γ2
(yγ2n2(i)− 1)

for i = 1, . . . , n2 + 1. Since yγ2n2(n2 + 1) = γ2κ+ 1 from (2.22), it follows that

1

γ1
(yγ1n1

(n2 + 1)− 1) ≥ 1

γ2
κγ2 = κ

=⇒ yγ1n1
(n2 + 1) ≥ γ1κ+ 1 . (4.45)

However, this is a contradiction as n2 < n1 and yγ1n1(i) < γ1κ+ 1 for all i ≤ n1, as n1 is the minimal
optimal threshold corresponding to γ1. Hence, this proves n1 ≤ n2 as desired. □

4.6. Proof of Theorem 2.4.

Proof of Theorem 2.4(i). From the proof of Proposition 2.1 in Section 4.5, we know that {ργ} is
monotonically decreasing as γ → 0 and always larger than the risk-neutral cost. Furthermore, since
each γ satisfies Assumption 2.1, there exists aM > 0 such that ρavg ≤ ργ ≤M for γ < γ, and so
infγ>0 ρ

γ ≥ ρavg. We also know by Theorem 2.1 that the ERSC cost is independent of the initial
condition X0 = i, so for the rest of this proof we fix X0 = 0 and can remove the infimum over i in
the definition of ργ , and similarly for the definition of ρavg (see [16, Section 3.1]). Furthermore, ρavg
is attained at some threshold policy v∗. For the rest of this section, we let ργ(v) denote the ERSC
cost corresponding to sensitivity γ and a threshold policy v, and similarly let ρavg(v) denote the
average cost corresponding to a policy v. Showing that ργ(v∗)→= ρavg(v

∗) = ρavg will complete
the proof because infγ>0 ρ

γ(v∗) ≥ infγ>0 ρ
γ .

There are two cases: v∗ regulates at a finite threshold, or at an infinite threshold. In the case of
a finite threshold, the controlled process {X(t)} corresponding to v∗ takes values in a finite state
space. In this case, it follows from [28, Theorems 3.1 and 3.2] that ργ(v∗) uniquely solves

Ev∗
0

[
eγ

∫ τ0
0

(
c(X(t),v∗(X(t)))−ργ(v∗)

)
dt

]
= 1, (4.46)

where τ0 denotes the first strictly positive return time of the process to state 0. From here, it is
straightforward to see the moment generating function of

∫ τ0
0

(
c(X(t), v∗(X(t)))− ργ(v∗)

)
exists,

and as a consequence we can apply the power series expansion for the exponential, subtract 1 from
both sides, and collect the higher order terms in o(γ) to obtain

Ev∗
0

[
γ

∫ τ0

0

(
c(X(t), v∗(X(t)))− ργ(v∗)

)
dt

]
+ o(γ) = 0, .

Dividing by γ on both sides results in

Ev∗
0

[ ∫ τ0

0

(
c(X(t), v∗(X(t)))− ργ(v∗)

)
dt

]
+

o(γ)

γ
= 0.
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Taking γ → 0 and pulling it into the expectation and integral (which is possible since Ev∗
0 [τ0] <∞

by positive recurrence together with the fact that ργ(v∗) is bounded), we have

Ev∗
0

[ ∫ τ0

0

(
c(X(t), v∗(X(t)))− lim

γ→0
ργ(v∗)

)
dt

]
= 0 . (4.47)

However, (4.47) equals 0 uniquely when ρavg replaces limγ→0 ρ
γ(v∗). This follows quickly from the

renewal reward theorem together with the fact that v∗ is assumed to be optimal for the risk-neutral
setting. Hence, it follows that limγ→0 ρ

γ(v∗) = ρavg as desired. Note that if v∗ regulates with an
infinite threshold, then the corresponding process is irreducible on S, hence, by [29, Theorem 4.1]
we have the following result for all γ < γ due to the uniform stability of our process:

Ev∗
0

[
eγ

∫ τ0
0

(
c(X(t),v∗(X(t)))−ργ(v∗)

)
dt

]
≤ 1 .

Since the quantity in the expectation is finite, an application of Dynkin’s formula to

Ev∗
0

[
eγ

∫ t
0

(
c(X(s),v∗(X(s)))−ργ(v∗)

)
dsV∞(Xt)

]
up to the stopping time τ0 together with the fact that

(ργ(v∗), V∞) satisfy the Bellman equation for V ∗ results in

Ev∗
0

[
eγ

∫ τ0
0

(
c(X(t),v∗(X(t)))−ργ(v∗)

)
dtV∞(0)

]
= V∞(0) .

From here, the same arguments from the case that v∗ regulates with a finite threshold apply to give
us the desired result. □

To prove Theorem 2.4(ii), we need the following two auxiliary results.

Lemma 4.8. Let X = {0, 1}S, where S = {0, 1, 2, . . . }, i.e., the set of binary sequences. For any
two binary sequences w1, w2 ∈ X , let n(w1, w2) = max{n : w1(i) = w2(i), ∀i ≤ n}, which we allow
to be ∞ if w1 = w2. Define the metric d on X by

d(w1, w2) =
1

2n(w1,w2)
.

Then X is compact with respect to the metric d.

Proof. This is a well-known result for Cantor spaces; see [14, Section 2.B]. □

Lemma 4.9. Let X = {0, 1}S be equipped with the metric d from Lemma 4.8. Let A denote the
subset of binary sequences such that there is at most a single 1 that appears. Then A is closed with
respect to the metric d.

Proof. Let {wk}∞k=1 be any convergent sequence in A, and suppose that it converges to w∗ ∈ X .
Furthermore, let m(k) denote the index in the binary sequence wk such that wk(m(k)) = 1 (if
wk(m) ̸= 1 ∀m, then we set this value to be infinity), and similarly let m∗ denote the index in w∗

where w∗ first equals 1. Note there are two cases: a○ m∗ =∞, or b○ m∗ <∞.
For a○, this means that w∗ = {0, 0, . . . }, which automatically implies that w∗ ∈ A. For b○, since

wk → w∗, we know that n(wk, w
∗) converges to infinity, where n(w1, w2) is given in Lemma 4.8.

This implies that m(k) = m∗ for large enough k. Furthermore, if there was another index j > m∗

such that w∗(j) = 1, this would mean that m(k) = j for large enough k, as wk can only be equal to
1 at a single index. This is clearly a contradiction, and thus w∗(m∗) = 1 and w∗(j) = 0 ∀j > m∗,
which implies that w∗ ∈ A. This proves that A is closed. □

Proof of Theorem 2.4(ii). Let {γk}k≥0 denote a sequence of sensitivity parameters such that γk ↓ 0
as k →∞. Furthermore, let vk : S → {0, 1} denote the control policy that controls at a threshold nγk .
It is straightforward that we can identify each control policy as an element of {0, 1}S . Furthermore,
since each threshold policy is unique up to the first state where admission control is implemented,
then the controls after that state we can represent as simply 0. In other words, if v ∈ Uthresh
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regulates at a threshold of ℓ, then we can set v = {0, . . . , 0, 1, 0, . . . }, where the 1 occurs at the
ℓ-th position in the sequence. Likewise, for a policy v ∈ Uthresh, recall that we defined ργ(v) as the
risk-sensitive cost value for sensitivity γ under the policy v, and similarly ρavg(v) as the risk-neutral
cost value under v.

From Lemma 4.8, we know that {0, 1}S is a compact space under the topology induced by the
metric d that is defined in the statement of the lemma. Furthermore, Lemma 4.9 tells us that
Uthresh is closed as a subset of {0, 1}S under this metric, which implies it is also compact. Since {vk}
is a sequence in Uthresh, this implies that there exists some v ∈ Uthresh such that vk → v along a
subsequence. Next, we consider two cases: 1○ navg <∞, or 2○ navg =∞. We focus on the first case
since the second case can be argued similarly. We first suppose for contradiction that v regulates at
an infinite threshold. Observe that upon showing that ργk(vk)→ ρavg(v) as k →∞, a contradiction
occurs. This is because v regulates at an infinite threshold, which is sub-optimal for the risk-neutral
setting, and ργk(vk)→ ρavg. Hence, this would mean that ρavg(v) = ρavg, which is a contradiction.

To show that ργk(vk)→ ρavg(v) as k →∞, we use a diagonalization argument. We first use the
fact that for any fixed γ, ργ(vk)→ ργ(v) as k →∞. This follows by the fact that vk → v together
with an argument analogous to the policy iteration proof in Theorem 2.3. Next, we use the fact
that ργ(v)→ ρavg(v) as γ → 0 by part (i).

For any j, k, observe that

ργj (vk)− ρavg(v) ≤ |ργj (vk)− ργj (v)|+ |ργj (v)− ρavg(v)|.

Fix ε > 0 and choose K1 so that j ≥ K1 implies |ργj (v)− ρavg(v)| < ε
2 . Next, for such a j, choose

K2 so that k ≥ K2 implies that |ργj (vk)− ργj (v)| < ε
2 (which is possible by Remark 4.3). Hence,

letting j = k ≥ max(K1,K2), we have ργk(vk)− ρavg(v) < ε as desired, which gives us the desired
convergence. By the discussion in the previous paragraph, we obtain the desired contradiction.

As a result, we must have that v regulates at a finite threshold. From the policy convergence,
this implies that vk = v for large enough k, so ργk(vk) = ργk(v) when k is large enough. Thus,
ργk(v)→ ρavg, so we have ρavg(v) = ρavg. By the same reasoning as before, this implies that v is
the optimal policy in the risk-neutral setting as desired.

We now show nγ ↑ navg. We first consider the case when navg is finite, and argue that nγ ≤ navg

for all γ > 0. Suppose for contradiction that there exists a γ such that nγ > navg. By the arguments
from above, we know that for any sequence γk → 0, we must have nγk converges to navg as k →∞.
As a result, finiteness of navg implies nγk = navg for all sufficiently small γk. But this means that
there exists a γk smaller than γ where nγk = navg < nγ . This is a contradiction, as Lemma 4.7
tells us that nγ ≤ nγk for γk < γ. Hence, this shows that nγ ≤ navg for all γ, and it follows that
nγ ↑ navg as γ → 0.

For the case that navg = ∞, it immediately follows that nγ ≤ navg for all γ, and the same
reasoning as the finite case results in nγ ↑ ∞ as γ → 0. □
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