Optimal scheduling of critically loaded multiclass GI/M /n+M
queues in an alternating renewal environment
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ABSTRACT. In this paper, we study optimal control problems for multiclass GI /M /n+ M queues in
an alternating renewal (up-down) random environment in the Halfin-Whitt regime. Assuming that
the downtimes are asymptotically negligible and only the service processes are affected, we show
that the limits of the diffusion-scaled state processes under non-anticipative, preemptive, work-
conserving scheduling policies, are controlled jump diffusions driven by a compound Poisson jump
process. We establish the asymptotic optimality of the infinite-horizon discounted and long-run
average (ergodic) problems for the queueing dynamics.

Since the process counting the number of customers in each class is not Markov, the usual
martingale arguments for convergence of mean empirical measures cannot be applied. We surmount
this obstacle by demonstrating the convergence of the generators of an augmented Markovian model
which incorporates the age processes of the renewal interarrival times and downtimes. We also
establish long-run average moment bounds of the diffusion-scaled queueing processes under some
(modified) priority scheduling policies. This is accomplished via Foster—Lyapunov equations for the
augmented Markovian model.

1. INTRODUCTION

There has been a lot of research activity on scheduling control problems for queueing networks
in the Halfin—Whitt regime. The discounted problem for multiclass many-server queues was first
studied in [1]. See also the work in [2,3]. For the ergodic control problem in the case of Markovian
queueing networks see [4—6]. Scheduling control problems for queueing networks in random envi-
ronments have also attracted much attention recently [7—10]. It is worth noting that in the study of
asymptotic optimality in Markov-modulated environments, the scaling parameter depends on the
rate of the underlying Markov process; see, for example, [7,10,11].

In this paper we consider queueing networks operating in alternating renewal (up-down) random
environments, modeling service interruptions, and with renewal arrivals. It is well known that for
large-scale service systems, service interruptions can have a dramatic impact on system performance
[12]. For single class queues and networks in an alternating renewal environment, limit theorems
have been studied in [12-16]. To the best of our knowledge, there are no studies on optimal
scheduling control for multiclass many-server queues in alternating renewal environments, or even
ergodic control in the Halfin—Whitt regime with arrivals that are renewal processes.

Specifically, we consider multiclass (d classes) GI /M /n+ M queues with service interruptions in
the Halfin—Whitt regime, where the arrival rate in each class and the number of servers in the pool
are large, with a scaling parameter n, and the service interruptions are asymptotically negligible
of order n~"/2. The service interruption is modeled as an alternating renewal process constructed
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by regenerative ‘up’ and ‘down’ cycles. In the ‘down’ state, all servers stop functioning, and new
customers arrive, which may abandon the queue. In the ‘up’ state, the queueing system functions
normally. We assume that at least one class of customers has a strictly positive abandonment rate.
The scheduling policy determines the allocation of servers to different classes of customers. We
approximate the scheduling problem via the corresponding control problem of the limiting jump
diffusion in the heavy-traffic regime, for which a sharp characterization of optimal Markov controls
is available [17], and use this to exhibit matching upper and lower bounds on the optimal scheduling
performance for the queueing dynamics.

In Proposition 3.1, we establish a functional central limit theorem (FCLT) for the d-dimensional
diffusion-scaled state processes under work-conserving scheduling policies. The limiting controlled
processes are jump diffusions with piecewise linear drift and compound Poisson jumps. The proof
of weak convergence relies on the construction of a modified diffusion-scaled state process, where
we add the cumulative downtime to a diffusion-scaled state process without interruptions. We show
that the modified and original diffusion-scaled state processes have the same weak limits, which are
governed by the jump diffusions described above.

The discounted and ergodic control problems for a large class of jump diffusions arising from
queueing networks in the Halfin—-Whitt regime have been studied in [17], and these results are
essential for establishing asymptotic optimality in the present paper. In Theorem 3.1, we show that
the optimal value functions of the discounted problem for the diffusion-scaled processes converge
to the corresponding function for the limiting jump diffusion. The proof of asymptotic optimality
for the discounted problem follows the approach in [1], which deals with the discounted problem
for multiclass GI/M/n + M queues. An essential part of this proof involves moment bounds for
the diffusion-scaled state process, and the cumulative downtime process.

Asymptotic optimality for the ergodic control problem is more challenging. The result is stated
in Theorem 3.2. Here, long-run average moment bounds for the diffusion-scaled state processes
play a crucial role (see Proposition 4.2). Typically, such bounds are obtained in the literature
via Foster—Lyapunov inequalities [4-6, 10, 18]. However, since the process counting the number
of customers in each class, referred to as the queueing process, or state process, is not Markov,
we first construct a sequence of auxiliary diffusion-scaled processes by adding the scaled residual
time process of the alternating renewal process in the ‘down’ state to the original process, taking
advantage of the fact that the long-run average moments of the scaled residual time process are
negligible as the scaling parameter n tends to infinity (see equation (4.25)). We then consider the
joint Markov process comprised of the auxiliary diffusion-scaled state process and the age processes
of renewal arrival and alternating renewal processes, and construct Foster—Lyapunov functions,
which bear a resemblance to the Lyapunov functions in [19]. In this part, we assume that the mean
residual life functions are bounded, and use the criterion in [20, Theorem 4.2] to show that the
joint Markov processes are positive Harris recurrent for all large enough n under some (modified)
priority scheduling policy. We apply a two-step scheduling: first, the servers are allocated to the
classes of customers with zero abandonment rate in such a manner that the servers used for each
class do not exceed a certain proportion dictated by the traffic intensity; second, a static priority
rule is applied to allocate the remaining servers. We show that the long-run average moments of
the auxiliary diffusion-scaled state processes are bounded under this scheduling policy. We then
establish a moment estimate for the difference between the auxiliary and original diffusion-scaled
processes, and proceed to show that the analogous moment bounds hold for the original diffusion-
scaled processes.

To prove asymptotic optimality for the ergodic control problem, we establish lower and upper
bounds for the limits of the value functions (see equations (5.10) and (5.28)). For the proof of
the lower bound, we show that the sequence of mean empirical measures of the diffusion-scaled
state processes is tight (see Lemma 5.2), and any limit of mean empirical measures is an ergodic
occupation measure for the limiting jump diffusion. This is analogous to the technique used in
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[4-6, 10]. However, characterizing the limits of mean empirical measures (see Theorem 5.2) is
quite challenging here. Since we consider the diffusion-scaled processes with renewal arrivals in an
alternating renewal environment, the martingale arguments in the above papers cannot be applied
here. Instead, we develop a new approach. Following the technique of the proof of ergodicity under
the specific scheduling policy described in the preceding paragraph, we consider the generator of the
joint Markov process of the auxiliary diffusion-scaled state process, which incorporates the residual
time process, and the associated age processes of the renewal arrivals and the alternating renewal
environment. We construct suitable test functions (see (5.12)) which involve the coefficients of
variation of interarrival times, and proceed to show the convergence of generators.

For the proof of the upper bound, we adopt the spatial truncation technique developed in [4],
which is also used in [5,6,10], and is extended to jump diffusions in [17]. This involves a concatenated
scheduling policy. We first construct a continuous precise e-optimal control for the ergodic control
problem for the limiting jump diffusion (see Proposition 5.1). Then, inside a compact set, we map
this control to a scheduling policy for the diffusion-scaled process. On the complement of this set,
we apply the (modified) priority scheduling policy. We show that the long run average moments
of the diffusion-scaled state process are bounded under this concatenated scheduling policy (see
Proposition 4.3), and the limit of mean empirical measures is the ergodic occupation measure of
the limiting jump diffusion governed by the e-optimal control (see Lemma 5.3). Here, the techniques
used in establishing the long-run average moment bounds under the (modified) priority scheduling
policy, and the convergence of mean empirical measures, play an important role.

1.1. Organization of the paper. The notation used in the paper is summarized in the next
subsection. In Section 2, we describe the model of multiclass many-server queues with service
interruptions. In Section 3, we define the diffusion-scaled processes and associated control problems,
and state the main results on weak convergence and asymptotic optimality. In Section 4, we
summarize the ergodic properties of the limiting controlled jump diffusion, and state the results
concerning long-run average moment bounds for the diffusion-scaled processes. The proofs of
Theorems 3.1 and 3.2 are given in Section 5. Appendix A is devoted to the proofs of Lemma 3.1
and Proposition 3.1. Appendix B contains the proofs of Lemmas 4.1 and 5.2.

1.2. Notation. We let |-| and (-,-) denote the standard Euclidean norm and the inner product
in RY, respectively. For x € R%, we let ||z]| = _,|7;|, and 2’ denote the transpose of x. The
symbols Ry, Z,, IN, denote the set of nonnegative real numbers, nonnegative integers, and the set
of natural numbers, respectively. The indicator function of a set A € R? is denoted by 1 4. Given
a,b € R, the minimum (maximum) is denoted by a A b (a V b), respectively, |a| denotes the integer
part of a, and a* = (£a) V 0. The complement and closure of a set A C R? are denoted by A°
and A, respectively. We use the notation e; to denote the vector with i-th entry equal to 1 and all
other entries equal to 0. We also let e == (1,...,1)T. We let B, denote the open ball of radius r
in R?, centered at the origin. For a process {X;};>0, T(A) denotes the first exit time from the set
A C R4, defined by T(A) :=inf {t >0 : X; & A}, and we let T, == T(B,).

For a domain D C R%, the space C¥(D) (C*(D)), k > 0, stands for the class of all real-valued
functions on D whose partial derivatives up to order k (of any order) exist and are continuous.
CF"(D) stands for the set of functions that are k-times continuously differentiable and whose k"
derivatives are locally Holder continuous with exponent r. We let C¥(D) denote the space of
functions in C*(D) with compact support, and Cl’f the set of functions in C¥(D) whose partial

derivatives up to order k are bounded. For a nonnegative function g € C(R?%), 9(g) denotes the

|f ()]
1+g()

space of functions f € C(R?) satisfying sup,cpga < o0. By a slight abuse of notation, O(g)

also denotes a generic member of these spaces.
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For k € N, we let D* := D(R+, ]Rk) denote the space of R*-valued cadlag functions on R,. When
k = 1, we write D for D*. Given a Polish space E, by P(E) we denote the space of probability
measures on F, endowed with the Prokhorov metric.

2. MurricLAss GI/M/N + M QUEUES WITH SERVICE INTERRUPTIONS

2.1. The model and assumptions. We consider a sequence of GI/M/n + M queueing models
with d classes of customers. Let J := {1,...,d}. For the n'® system, let {A%(t)};>0 denote
the arrival process of class-i customers. We assume that the arrivals are mutually independent
renewal processes defined as follows. Let {G;;: j € IN}, i € J, be an i.i.d. sequence of strictly
positive random variables with mean E[G;] = 1 and finite (squared) coefficient of variation c2 , =

Var(Gi)/(E[G,])?, where G = Gj1. Then, we define ’

m
AP (t) = max{mZO: ZGiJgA?t}, t>0,ied, (2.1)
j=1
where A?' > 0 denotes the arrival rate. For each n € N, the service and patience times of the class-i
customers are exponentially distributed with parameters pf' and +;', respectively.
We adopt the following standard assumption on the parameters (see [1,4,13]).

Assumption 2.1. (The Halfin-Whitt regime) The parameters satisfy the following limits for each
1 €Jasn— oo
nTIAN = AN >0, = >0, A = >0,

nT PO =nX) = Ay 0P — ) =

n

d
Al A
L _>pi::J<1’ ZpZZI
Hi i—1

n
N

We assume that inf,ew~ > 0. Assumption 2.1, which is also known as the Quality-and-
Efficiency-Driven regime, implies that the system is critically loaded and

d o5 4 an
p”—)ﬁ::i MER, where p”::ﬁ(l—g ’).

: Hi

=1

nut
=1 i

All queues are in the same up-down alternating renewal random environment. Waiting customers
may abandon at any time. In the ‘up’ state, the system functions normally, and in the ‘down’ state
all servers stop, while customers keep joining the queues and any jobs that have started service will
wait for the system to resume. For this reason, we also refer to this model as multiclass queues
with service interruptions. Let {(uﬁ,dﬁ): k € ]N} be a sequence of i.i.d. positive random vectors
denoting the up-down cycles, and define the counting process of downtimes by

k
N™(t) = max {k>0: Ty’ <t}, with T} ==Y (ul +d}), k€N, (2.2)
i=1
and T = 0. At time 0, the system is in the ‘up’ state.

Assumption 2.2. For each n and k in IN, u}! and df} are independent, u}! is exponentially dis-
tributed with parameter g;;, which converges to 8 > 0 as n — oco. We assume that df = 19%dl,
with d; some nonnegative random variable satisfying E[d;] = 1, and % — Y >0asn— oco.

For k € IN, we let (D¥, M;) and (D*,.J;) denote the space D¥ endowed with the Skorokhod M
and J; topologies, respectively (see, for example, [21,22]). Assumption 2.2 implies that the service
interruptions are asymptotically negligible, and

N*" = N in (D,J;) asn— o0,
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where the limiting process IV is a Poisson process with rate 5. Define the server availability process
U= {U"(t): t > 0} by
gy _ [ TS E<TE
) = {07 Ty +upyy <t <Tjhy,
for k € IN. We also define the cumulative up-time process C} = {C}}(t) }+>0 by C}(t) := fg U (s)ds,
and the cumulative down-time process by C}(t) == t — C?(t). Let F'¥ denote the distribution
function of dy. By Lemma 2.2 in [13], we have

VnCY = L in (D,M;) asn— oo, (2.4)

(2.3)

where {L;};>0 is a compound Poisson process with intensity I, (dz)dt = 8 F% (Jdz)dt, where 3 is
given in Assumption 2.2.

For the n'! system, we denote the processes counting the total number of customers, those in
queue, and those in service, by X" = (X7,..., X}), Q" = (Q},...,Q}), and Z" = (Z7,...,Z}),
respectively. These processes satisfy the following constraints:

Xi'(t) = Qi)+ Z(t), Qi) >0, Z'(t) >0, and (e, Z"(t)) <n (2.5)
for each t > 0 and 7 € J. We let

t
Sn(t,r) = ST, (u? |z d8+u?7">,
0 (2.6)

t
RIt,r) = R, (w [ @ dswr) |
0

fori € J,t > 0, and r > 0, where {S,, R,: i € J,n € IN} are Poisson processes with rate one.

We assume that for each n € IN, {Xﬁ(O),A?, St R ied } are mutually independent. These
processes are governed by the equation

Xi'(t) = X;'(0) + A () — S () — R () (2.7)
for each ¢t > 0, n € N, and i € J, where S}*(t) := S*(¢,0) and R}'(t) :== R}(t,0).

2.2. Scheduling policies. A scheduling policy is identified with a Zi—valued stochastic process
Z™ with cddlag sample paths, which satisfies (2.5). Let

7i'(t) = inf{r > t: A}(r) — Aj'(r—) >0}, and 7"(t) = inf{r >¢: V" (r) =1}, (2.8)

)

for i € J. Recall the definitions of C¥ in (2.4), and S™ and R" in (2.6). Define the o-fields
Fi = o{X"(0), AP (1), S} (s), Ry (5), X' (s), Z]'(5), " (s), N"(s): i € J,0 < s St} VN,

G = o{APGFI(0) + 1) = AP (F(1), S7 (" (1), ) = SP (" (1)) (2.9)
R}7"™(t),r) — R;‘(%"(t)), Cy(T™(t) +r) — C’Q(%"(t)) redr> 0} VN,

for ¢ > 0, where N is the collection of all P-null sets. We say that a scheduling policy Z" is
non-anticipative if

(i) Z™(t) is adapted to F},

(ii) F{* and G are independent at each time ¢ > 0,

(iii) for each i € J, and t > 0, the process S;'(7"(t), ) — S;'(7"(t)) agrees in law with S, ("),

and the process R}'(7"(t),-) — R} (7"(t)) agrees in law with R, ().

The information at time ¢ is contained in F}*, while G;* represents the information about future
increments. The renewal arrivals A7, ¢ € J, and the alternative renewal process U™ are regenerative
processes. So in G, we use 7;*(t) and 7" (t), respectively, instead of t. Note that parts (ii) and (iii) in
the definition of non-anticipative scheduling policy are required so that the any limit of scheduling
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policies corresponds to a non-anticipative control for the limiting controlled jump diffusion. See
part (iii) of Proposition 3.1 for details.

Let 77} denote the k™ jump time of A — S — R?, for each n € IN and ¢ € J. Equation (2.7)
implies that X7'(t) = X7*(0) for 0 <t <77, X['(t) = X['(0) + €1 for 7y < ¢ < 7% and so forth,
where € denotes the jump size which takes values in a bounded set. Note that the integrals in (2.6)
are finite by the definition of U™ in (2.3) and (2.5). Thus, given any non-anticipative scheduling
policy Z™, and initial condition X™(0), there exists a unique solution to (2.7).

For z € Z%, we define the action set Z"(z) by

ZM(z) = {ZGZi:zga:, (e,2) = (e,x) An}.

A scheduling policy Z™ is called admissible if Z"(t) takes values in Z" (X "(t)) at each ¢, and is non-
anticipative. The set of admissible scheduling policies is denoted by 3™. Note that an admissible
policy allows preemption, that is, a server can interrupt service of a customer at any time to serve
some other class of customers. In summary, given an admissible scheduling policy Z", the process
X™in (2.7) is well defined, and we say that X" is governed by Z".

Next, we describe a well-known equivalent parameterization of the set of admissible policies. Let

S = {ucRyY : (e,u) =1}.
We also define

S"(x) = {vEZi:v: i

d .
m657y§$ayez+}u if (e,x) >n,

and S™(x) = {eq}, if (e,z) < n. Let U™ denote the class of processes {U"(¢)}+>0 which are non-
anticipative, in the sense of the definition given above, and U"(t) takes values in S” (X ”(t)) Then,
each U™ € U™ determines a policy Z™ € 3™ via

ZMt) = X"(t) - Q"(t), with Q"(t) = ({e, X"(t)) —n) U"(1).

This map is invertible, and its inverse is given by

X" (t)—Z7(t)
Un(t) — m for <€7Xn(t)> > n,
€d for (e, X"(t)) <mn.
Therefore, as far as control problems are concerned, we can use policies in 4™ or 3™ interchangeably.
Note that U;* can be considered as the proportion of class-i customers in the queue when there are
waiting customers in the system.
Next, we augment the state space, and define the class of stationary Markov scheduling policies.
Recall the definitions of A", N™, and ¥" in (2.1)-(2.3), respectively.
Definition 2.1. Let H]'(t) denote the age process for the class-i customers, that is,

A7 ()

H(t) ::t—%ZGm, t>0, ied, (2.10)
D
and define the age process K" for the alternating renewal process in the ‘down’ state by
N™(t) +
K™(t) = (t = > (up +dp) - u?\,n(t)H) . t>0. (2.11)
k=1

Then, (A7, H"), ¢ € J, and (¥", K™) are strong Markov processes (see, e.g., [23]). We say that a
scheduling policy Z™ € 3™ is (stationary) Markov if

ZMt) = 2M(X"(t), H™(t), Y™ (t), K™(t))
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for some z": Z4 x RY x {0,1} x R — Z%, and we let 37, denote the class of these policies. Under
a policy Z™ € 3%, the process (X", H", U™ K™) is Markov with state space

{(z,h, 0, k) € Z7 x RE x {0,1} x Ry: k=0if ¢ = 1} .
Abusing the notation, when z" depends only on its first argument, we simply write Z"(t) =
1 (X(8)).
3. DIFFUSION-SCALED PROCESSES AND CONTROL PROBLEMS
Let X " Q", and Z™ denote the diffusion-scaled processes defined by
XP(t) = 07 P(XP(8) = pin) s QP(t) = nTPQIE),  ZI(t) = 0T P(Z(t) - pin),
respectively, for t > 0 and 7 € J. It follows by (2.7) that the process XZ" takes the form
X{(t) = X[(0)+ €7t + AP (1) — ST(t) — Ry (t)

t t N (3.1)
[z s [ Qs+ L, 2o,
0 0
where 7 = n~ 2 (A — nulp;),
t
Ap(t) = (AN - A, S = (S?@) — / 77 ()" (s) dS) ,
0
t
R0 = (20 -7 [ QEeds), and L200) = VauaCi).
0
Let W and Y™, n € IN, be d-dimensional processes defined by
WP = AP —SP—R*  forield, (3.2)

and , ,
Tr) = -y [ Zievds - [ Qs tried. 20,
0 0
respectively. Then, X7 in (3.1) has the representation
XI(t) = X0) + Y (t) + WP () + LI (t).
The initial condition X "(0), n € IN, is assumed to be deterministic throughout the paper.

3.1. The limiting controlled diffusion with compound Poisson jumps. In Lemma 3.1
and Proposition 3.1 which follow, products or powers of the spaces (D%, J;) and (D%, M;) are
viewed as metric spaces endowed with the maximum metric. The proofs of these results are given
in Appendix A.

Lemma 3.1. Suppose that Assumptions 2.1 and 2.2 hold, and that {X”(O): n € N} is bounded.
Then, under any sequence of U™ € U™, we have
(n_lQ”,n_lZ”) = (e0,¢p) in (]Dd,Ml)Q,
where ¢o(t) = (0,...,0) for allt >0, and ¢,(t) = (p1,...,pa)-
Proposition 3.1. Grant the assumptions in Lemma 3.1. Then, the following hold.
(i) Asn — oo,
(W™ L") = (SW,AL) in (D9 Jy) x (D, M),
where the matriz 3 is given by X = diag(, /A1(1 +cg’1),...,,/)\d(1 +cg7d)), W is a d-

dimensional standard Wiener process, A :== (A1,...,Aa)’, and {Li}1>0 is the one-dimensional
Lévy process in (2.4), and is independent of W.
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(i) The sequence (X™, Y™ W™ L") is tight in (D, M) x (D%, J;)? x (D4, M;).

(iii) Provided U™ is tight in (D%, J1), any limit X of X™ is a strong solution to the stochastic
differential equation

dX; = b(X;,U;) dt + £ dW, + AdLy, (3.3)

with initial condition Xo = x € RY, where U is a limit of U™, and b(z,u): R x S — R?
takes the form

b(z,u) = £ — M(x — {(e,x)Tu) — (e,2) T'u, (3.4)
with £ = (01,...,0g), M = diag(p1,...,pq), and I' = diag(y,...,vq). Moreover, any
such limit U is non-anticipative, that is, for s < t, (W — Wy, Ly — Lg) is independent of

Fs = the completion of o{Xo,Up, Wy, Ly: 7 < s}.

Throughout the paper, the time variable appears as a subscript in the processes governing the
limiting controlled jump diffusion in order to distinguish them from the processes associated with
the n'® system.

3.2. The control problems. Define R: Ri — R4 by
R(z) = clz|™ (3.5)
for some ¢ > 0 and m > 1. The running cost function R: R x S — R, is defined by
R(z,u) = 9~2(<e,x>+u).
Remark 3.1. We only choose a running cost function as in (3.5) to simplify the exposition. One
may replace (3.5) with a function R, which is locally Lipschitz continuous, and satisfies
alz|™ < R(z) < colz|™ Vo eR?, (3.6)

for some positive constants ci, co, and m > 1. All the results still hold with (3.6). Moreover, the
lower bound in (3.6) is not needed for the discounted problem (see, e.g., [1]).

The a-discounted control problem for the n'" system is given by

VIH(X™M0)) = inf Jo(X™0),U")  a>0,nelN,

where the cost criterion is defined by
Jo(X™(0),Um) = E[/ efatR(X”(s),U"(s)) ds] Va>0.
0

For the controlled (jump) diffusion X in (3.3), we say that a control U is admissible if it takes
values in S, and non-anticipative (see [17]). We denote the set of all admissible controls by 4l . The
corresponding a-discounted cost criterion for the diffusion takes the form

Jo(z,U) = EY U eo‘tfR(Xs,US)ds} Va>0,
0

and the optimal a-discounted value function is given by

Va(z) = 5%{1 Jo(z,U) Va>0, (3.7)
where EIU denotes the expectation operator corresponding to the process under the control U, with
initial condition € R%. We introduce the following assumption for the discounted problem.

Assumption 3.1. There exists a constant m4 > mV2 with m as in (3.5) such that E[(G;)"4] < oo,
for all i € J, and E[(dy)™AV("+D)] < oo,

We state the main result for the discounted problem in the next theorem, whose proof is given
in Section 5.2.
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Theorem 3.1. Grant the hypotheses in Assumptions 2.1, 2.2, and 3.1, and suppose that X”(O) —
z € R asn — co. Then

lim V2(X"(0)) = Va(z). (3.8)

n—o0

Remark 3.2. Note that in Theorem 3.1, we do not need to impose any restrictions on the limiting
abandonment rates {v;: i € J}.

We define the ergodic control problem for the diffusion-scaled process by

0 (XM(0) = inf (X0, 27),

where the cost criterion J is given by

J(X™(0), 2" = limsup %EZ” [ / "R(67()) ds] .

T—o0 0

Here, the infimum is over all Markov scheduling policies, since for the ergodic control problem, we
work with Markov processes. For the controlled jump diffusion in (3.3), the ergodic cost criterion,
and the optimal ergodic value are defined by

1 T
J(z,U) = limsup TEg [/0 fR(XS,US)ds} ,

T—o0
and

0+(z) = [1]%{;1 J(z,U), (3.9)

respectively. By Theorem 4.1 in [17], it follows that o, is independent of x, and optimality is
attained by a stationary Markov control.
We introduce the following assumption on G; and d; for the ergodic control problem.

Assumption 3.2. The following hold.

(i) The right derivative of F;(t) is finite, and F;(t) < 1, for all ¢ > 0 and ¢ € J. The distribution
function F% of d; satisfies the same property.
(ii) The mean residual life functions of G; and d; are bounded, that is, there exists some positive
constant C' such that
ftoo(l — Fdl(y)) dy <. and ftoo(l —
T F(1) ’ 1= A

and for all ¢ > 0.

<C Vied, (3.10)

Assumption 3.2 implies that all absolute moments of G;, ¢ € J, and d; are finite. The main result
of the ergodic control problem is stated in the next theorem, whose proof is given in Section 5.3.

Theorem 3.2. Grant Assumptions 2.1, 2.2, and 3.2. In addition, suppose that m in (3.5) is larger
than 1, and that X™(0) — z € R? as n — co. Then, we have

lim 0" (X"(0)) = 0.

4. ERGODIC PROPERTIES

In this section, we present some ergodicity results for the limiting jump diffusion and the diffusion-
scaled processes. These results are used to prove Theorem 3.2 in Section 5.3.
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4.1. The limiting controlled diffusion with compound Poisson jumps. The controlled gen-
erator of the controlled limiting jump diffusion in (3.3) is given by

= 3 bl waip(n) + 5 SN+ )iplr) / (pla+1) - p@)v(dy)  (4.1)

€] 7,65

for ¢ € C?(R?), where the drift b satisfies (3.4), and v, (4) == I ({z € Rs: Az € A}) for any Borel
measurable set A, with II;, as in (2.4). We refer the reader to [20, Section 6] for the definition of
exponential ergodicity. The following proposition is a direct consequence of [24, Theorem 3.5].

Proposition 4.1. Under any constant control v such that I'v # 0, the controlled limiting jump
diffusion in (3.3) is exponentially ergodic.

Remark 4.1. It is shown in [25, Theorem 5] that the limiting controlled jump diffusion is ex-
ponentially ergodic uniformly over all stationary Markov controls resulting in a locally Lipschitz
continuous drift, if I" > 0.

Proposition 4.1 implies that the optimal control problems for the limiting jump diffusion are
well-posed.

4.2. Preliminaries. We denote the scaled hazard rate function of G; by r*. This is defined by

AV (AP hy)

)

Vh; e Ry, Viel,

where F; denotes the right derivative of F;. Recall H" in (2.10). The extended generator of
(A™ H™) associated with the renewal arrival processes, denoted by H", is given by

Hfeh) =Y 6%2 L Z (@ + €3, h — hieg) — f (2, 1)) (4.2)
i€J v

for f € Cb(Rd X Ri)

Remark 4.2. We sketch the derivation of (4.2); see also [26, Theorem 5.5]. It is enough to consider
one component (A?, H), i € J. We obtain

Eup [f (A7 (t +5), H'(t+5))] — f(z,h)
= Exh[f(A?(t‘}' S)aHin(t+ 5))] - ]Ex,h [f(A?(tJr S)vh)] +E.Z’,h [f(A;l(t+ 5)’h)] - f(x’h)
= noS(h)(f(w h+ 3) = f(@, 1) + i (h) (f(@ + 1,h) — f(z,]))

+ZT1J8 [f(z+ 4, H (t+5)) — f(z+j,h) | AP (t +5) = x + j]
JEN

+ 3 W (fe i k)~ feh) VPECGRXR), V(r,h) € Rx Ry,
JeEN,7>2

where
i s(h) = P(A?(t +s)=x+7|At) =z, H(t) = h) = IP’(A?(S +h)=j|G; > )\?h)

by the regenerative property of renewal process. Since E(t) is finite for all ¢ > 0, it follows that

AP Ey (A2 ha) 1 |
= TR M4 g g =0 g =2,

It is evident that limg\ 077y ; = 1 and limg\ o 7y'; = 0 for j € IN. Thus, we obtain (4.2).
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We define (compare this with [19])

f)\”h ( Fi(y)) dy

n; (hi) = 1- ()\zh> ,

hi e Ry, i€7. (4.3)

Note that 7" is bounded by (3.10). The following identity is frequently used throughout the paper.
0 (hy) — nit(hi)rit(hy) = A —7r(hy)), Vh;eRy, Vield. (4.4)
Recall that c ; denotes the squared coefficient of variation of G;. Let
[xen, j; ( () dzdt 5 Sin, (1= Fi(@)) do
()\ hi) 2 1 — Fy(Alhy)

for h; € Ry and 7 € J. Note that the first term on the right-hand side of (4.5) is the second order
residual life function. It follows by (3.10) that ! is bounded. Using (4.5), we obtain «]'(0) = 0,
and

ki (hi) =

(4.5)

2

cc.—1
Rit(hy) — it (h) ki (hy) = (nf(h,) + a,7,2 ))\?, hi € Ry, i€7. (4.6)
The scaled hazard rate function of d; is defined by
non  OVER(97EK)
B (k) = 1= Fai(gnk)’ keRy.

Recall K™ in (2.11). The extended generator of (U™ K™) associated with the alternating renewal
process, denoted by K", is given by

K0, = 05 (F0.0) = F0,0) + (1= 0) (850 (70,0 - s0.0) + LT )

for f € C,({0,1} x Ry ), with 5 as in Assumption 2.2. In analogy to (4.4), we define
Joup(1 = F(2)) da

(k) = 1= VkeR,. (4.8)
The following identities hold: «™(0) = 0, and
& (k) — B3R (k) = 0" — BR(k) V€ R, (49)
Let &"(¢,k) = (¢ + o”(k)) (™)~ L. It follows by (4.9) that
K&, K) =~y (1), (410)

Note that &" is bounded by (3.10).

4.3. Diffusion-scaled processes. To prove Theorem 3.2, we need to establish long-run average
moment bounds for the diffusion-scaled processes under a class of scheduling policies, which agree
with a proposed policy outside a compact set. We make this formal in Proposition 4.3. The
proposed policy is given in the next definition.

Let Jg = {i € J: v; = 0}. If Jy # @, then, without loss of generality, we assume that Jy =
{1,..., 0|}, where |Jg| denotes the cardinality of the set Jy. In Definition 4.1 below, we introduce
a modified priority scheduling policy which can be described as follows: First, an/zie% pi| N x;
servers are allocated to each class i € Jg. Then, the remaining servers are allocated following the
static priority rule.
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Definition 4.1. The Markov policy 2" is defined by

0= |2 (B o [25]) o [25]) ) o e

J€Jo Jj=1
and

i—1 +
2N (x) =z A (n—Zx]) , VieI\Jp.
j=1
We let ¢ (z) = z; — 2"(x), i € .

In obtaining long-run average moment bounds, since the queueing system is in an alternative
renewal environment, we do not work with the diffusion-scaled processes directly. To utilize the
fact that (¥", K™) is a Markov process, we introduce the following auxiliary process. We define
the ‘unscaled’ process X™ by

XP(t) = X[0) + A} () — ST (t)

t
- (o [ (06 — R () — 209 ds ) + s R 1) (4.11)
0
= X['(t) + nui'piR"(t) a.s.

for i € J and t > 0, where R"(¢) is the residual time process for the system in the ‘down’ state
given by
NE(#)

=3 /t( (5))
") = dy — 1—9"(s))ds,
k=1 0

and N[ (t) is the process counting the number of completed ‘up’ periods by time ¢. Here, the second
equality in (4.11) follows by the fact that given X"(0), ¥" and Z", the evolution equation in (2.7)
admits a unique solution. Also, if U™ (¢) = 1, then R™(¢) = 0 and thus X"™(t) = X"(t) a.s. Note

that under a Markov policy z™ € 3", the process (X mOH™ W™ K™) is Markov with state space

sm?

D = {(#,h ¢, k) eRE X RE x {0,1} x Ryt k=0ifop =1},

and
Zn(t) = 2"(X"(t) — npf iR (1), H™(£), 9" (t), K™ (1)) .
Under 2" € 37, the generator of ()Z'”, H™ U™ K™) denoted by Evfln is given by

L2 F (@ by k) = Loy F(# Byt k) + T f (& by 0, k) + Qo f (i, By, k) (4.12)

for (Z,h,v,k) € ® and f € Cp(R? x ]Ri x {0,1} x Ry). The operators on the right-hand side of
(4.12) are defined by

T k) = 3 PP ) S (1 €1, = s, ,K) = £, by, )
+o > (47 Zjh,1,0) +’y?q?(a:,fj))(f(iﬁ — e, h,1,0) — f(&,h,1,0))
i€J
=) o0 (8 e 0.) = (810 | a = mety 1), B )
i€ *
=) S iy PO (413)

i€
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with ¢"(&,2") =& — 2",

Tof@nobt) = i [ (#(8+ S n0,0) - 1@, 1.0)) P (). (4.14)

*

and

(4.15)

Qo f (%, byt k) = (1) <B£’(k)( F(E, 0, 1,0) — f(2, 5,0, k) + 3f<wh0k>> .

ok

In (4.13), u" = (u{p1, .-, Lypa), F‘ji denotes the conditional distribution of d} given {d} > k},
and {nul'p;(dy — k) < x;: i€ T}

The first two terms on the right-hand side of (4.13) correspond to the extended generator associ-
ated with the renewal arrival processes. Compare this with (4.2). Conditioning on the alternative
renewal process W™ in the ‘up’ state, the third term on the right-hand side of (4.13) corresponds
to the service and abandonment processes, and 7, ,, corresponds to the residual time process R™
together with W". Similarly, conditioning on the alternative renewal process in the ‘down’ state,
the last two terms on the right-hand side of (4.13) correspond to the abandonment process and R",
respectively, and Q,, , corresponds to (U™, K™). The generators in (4.14) and (4.15) are analogous
to the extended generator associated with the alternating renewal process in (4.7).

Remark 4.3. We sketch the derivation of 7, ,. The rest of the terms in (4.12) follow by the
calculation below and Remark 4.2. To simplify the calculation, we assume that the arrival processes
are Poisson, and only consider the i*" component (Xf, U K™), i € J. Note that K™(¢t) = 0 when
U™ (t) = 1. Since there are no simultaneous jumps w.p.1., here we only consider the jumps caused
by U™, that is, we consider

Z(Ei,l,o [f(in(t + 5)7\11”(15 + S)aKn(t + 5)) ‘ Nn(t + 8) - Nn(t) = ]] - f(i" 1,0))])?(25, 5)7
JEN

for s,t > 0, where N™(t) denotes the number of jumps of U™ up to time ¢, and pj(t,s) = IP’(N”(iH—

s) — N "(t) = j), j € IN. By the memoryless property of ‘up’ times, and using the same calculation
as in Remark 4.2 for ‘down’ times, it is straightforward to check that

lim S pf(ts) = 5 and lim L pl(ts) = 0 forj>2,
and for any ¢t > 0. By the continuity of K™, we have
E{% P(N™(t+s) — N"(t) =1, K"(t+s) =0 | K"(t)=0) = 1.
Thus,
E\r% Esa0[f(XI(t+5),0"(t+5), K™ (t+5)) | N"(t +s) — N"(t) = 1]
=Ez1p0 {f (33“ + nM?Piﬁlndl,O,O)} .
This proves (4.14).
Definition 4.2. We define z'(z) == &; — pin, i € J,
= V(&) = @), ZH&) , &= i"(%) =nEE), ieR?,

and

for a positive constant R.
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Let Zfl" denote the generator of the scaled joint process =n o= ()Z' nOH™ U™ K™) with X" =
nfl/z(X” — np). The state space of Z" is given by

"= {(@"(@), b k) ERTX RE x {0,1} x Ry: 2 € RL, k=01if¢p =1} .
Then, under any 2" € BSm, we have
Lo (@ hyb, k) = L3 f(3"(2), b k) (4.16)

for f € Cp(RY x R4 x {0,1} x Ry).

The next lemma concerns the ergodicity of the process =" under the modified priority policy
in Definition 4.1. Let Veg(z) = Y09 &lwi|* for 2 € RY, where k > 0, and £ is a positive vector.
Define the function 1725: R x R4 x {0,1} x Ry — R by

i;l?,ﬁ(xvhad)?k) = VKf +Z777, KE x—i—n Y2 ei) _VK{(CC))
1€]
4.17)
w + o (k n Iy n \ 7T - \m (
) W (VK,A:m () (Vi ™) = V2 a)
1€
where 7" and «™ are as in (4.3) and (4.8), respectively, and 1},27,(%) = —|a;|* for z; € Ry and
i €J\Jp, and
8 —l@il*, for z; < —\/ﬁ%:jfj;j.o ~,
n N\ o je .
Vai@) = 5 vipSiennnr | e S Vi€
gy | for z; > ——=02
2jen Pi jedg Pi

The function V" g 18 constructed in such a manner as to allow us to take advantage of the identities
n (4.4) and (4.10). We define the set

Kn(z) = {l €Jo:zi 2> Vo ZJEJ\JO Pj }
Ejejo Pj

n

Note that Z;in denotes the generator of =
Definition 4.1. We have the following lemma.

under the modified priority scheduling policy in

Lemma 4.1. Grant Assumptions 2.1, 2.2, and 3.2. For any even inleger k > 2, there exist positive
constants C’O and Cl, a positive vector £ € RY, and i € N such that:

LEVEe(@hp k) < Co—C1 > Veel@) —C1 Y. Veere(@ (4.18)
1€NKn(Z) 7,€ICn( )

for alln > n, and (z,h,y, k) € D", Asa consequence, for all large enough n, 2N s positive Harris

recurrent under the modified priority scheduling policy Z™.

The proof of Lemma 4.1 is given in Appendix B. We continue with the following proposition,
which plays a crucial role in proving Proposition 4.3. In its proof, especially, equation (4.26), we
show the relationship between the processes X™ and X™.

Proposition 4.2. Grant Assumptions 2.1, 2.2, and 3.2. Under the scheduling policy 2" in Defini-
tion 4.1, and for any k > 0, there exists n € N such that

sup hmsup = EZ {/ | X7 (s)|< ds} < 00. (4.19)

n>n T—oo
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Proof. Let k > 2 be an arbitrary even integer. By (4.18), we have
B [P )] - B PreEon) = & [ EE ) g

(4.20)
CoT — CLE*" [ /0 Veor16(X7(s)) ds] .

IN

Since (97)~! is of order n~72 by Assumption 2.2, it follows by Young’s inequality together with
(3.10) that there exist some positive constants ¢y and ¢; such that co(Vee —1) < Vi < er(1+Vie)

for all large n. Note that X™(0) = X"(0). Thus, by (4.20), we obtain

~ T " _ )
CE* [/O VK—l,E(X”(S)) d8:| < (Co+co)T + 1 (1 + Ve (Xn(o))) (4.21)

for some positive constants C3 and C4. By dividing both sides of (4.21) by T, and taking 7" — oo,
we have

1 >n T iy
sup limsup — E* [/ | X" (s)|* ! ds] < 00. (4.22)
n>i T—oo 1 0

Let E=EY" for some admissible scheduling policy U”. We have

T _ T
;EU | X7 (s) —Xi"(s)]"lds} = (Mypi)“;,ﬁ,[/ (\/ﬁRn(s))K_lds} Vied.  (4.23)
0 0
We use the identity

E[(VaR"(5))"'] = E[(ViR"(5)) " | R"(s) > 0] P(R"(s) > 0) (4.24)

for any s > 0. Here R"(s) is the residual time of the system in the ‘down’ state, and thus
E[(v/rR"™(s))* YR (s) > 0] < E[(v/nd})<!] < ¢y for some positive constant ¢z, by Assumptlon 2.2
and (3.10). Also, P(R"(s) > 0) = P(¥"(s) = 0), and it follows by [27, Theorem 3.4.4] that

: P ()~
800 (Ba)~t+ ()=t
which is of order n="? by Assumption 2.2. Therefore, applying (4.24), we obtain
lim = E[/T(\/HR"(S))K_l ds} = 0. (4.25)
(n,T)—o0 0

It follows by (4.23) and (4.25) that

lim — EU | X™(s) X"(S)H"lds} = 0. (4.26)
(n,T)—oo T’
Thus (4.19) follows by (4.22) and (4.26). This completes the proof. O

The next proposition is used to prove the upper bound for the ergodic control problem in Sec-
tion 5.3.2, where we adopt the spatial truncation technique developed in [4]. We first introduce a
class of concatenated scheduling policies.

Definition 4.3. We define the quantization function w: ]Rd — Zd by

w(a:) = ({le, a:d 1 .Td +Z — ) .
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For a sequence v": R — S, n € IN, of continuous functions satisfying v™ (:?:”(3:)) =eq if x ¢ A,
R > 1, with A% as in Definition 4.2, we define the map

@ (({e,z) — n)+vn(a~c”(x))) for sup;eq|(z)| < 55v/n(min; p;),

q"(x) for sup;eq|(z)| > 53¢/ (min; p;),

¢"["](x) = {

and the scheduling policy 2"[v"|(x) ==z — ¢"[v"](z)

Proposition 4.3. Under the scheduling policy z"[v"] in Definition 4.3, the conclusions in Lemma 4.1
and Proposition 4.2 hold.

Proof. For all sufficiently large n, we have ¢'[v"](z) < 2dR+/n for & € 2} (see also the proof of
[4, Lemma 5.1]). If sup;s|27 ()| < 2v/n(min; p;), it is evident that Zd;l Z; < n, and thus 2"[e4] is

(2
equivalent to the modified priority policy on this set. Therefore, the result follows by the argument

in Lemma 4.1 and Proposition 4.2. O

5. ASYMPTOTIC OPTIMALITY

5.1. Results concerning the limiting jump diffusion. In this subsection, we present some
optimality results for the limiting jump diffusion. These results are used in proving asymptotic
optimality.

Recall that a stationary Markov control v is called stable if the process under v is positive
recurrent, and the set of such controls is denoted by . Let G denote the set of ergodic occupation
measures, that is,

G = {nGP(]Rde): /

Af(z,u)n(de,du) =0 Vfe ch(]Rd)}. (5.1)
RIxU

See Section 2.1 in [28] for more details.
We summarize the characterization of optimal controls for the limiting jump diffusion in the
following theorem. Recall the definition of d; in Assumption 2.2.

Theorem 5.1. Assume that E[(dy)™ '] < oo with m as in (3.5). The following hold:
(i) For a > 0, V,, in (3.7) is the minimal nonnegative solution in C>"(R%), r € (0,1), to the
HJB equation
mi%jl[AVa(m,u) + R(z,u)] = aVa(z) a.e. in R, (5.2)
ue
In addition, V, has at most polynomial growth with degree m. Moreover, a stationary
Markov control v is optimal for the a-discounted problem if and only if it is an a.e. mea-
surable selector from the minimizer in (5.2).
(ii) There exists a solution V € C*>"(R%), r € (0,1), to the HJB equation
mi%}l[.AV(:U,u) + R(z,u)] = 0x a.e. in RY. (5.3)
ue
Moreover, a stationary Markov control v is optimal for the ergodic control problem if and
only if it is an a.e. measurable selector from the minimizer (5.3).

Proof. We first consider (i). It follows by Remark 5.1 in [24] and Proposition 4.1 that Assump-
tions 2.1 and 2.2 in [17] hold with V, and V having at most polynomial growth of degree m. Since
E[(d1)™ "] < oo, then (4.1) satisfies Assumption 5.1 in [17]. Therefore, the results in part (i) follow
by Theorems 5.1 and 5.3 in [17]. Note that by (5.4) in [17], V, has at most polynomial growth of
degree m. Similarly, the claim in part (ii) follows by Theorems 5.2 and 5.3 of [17]. O
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Remark 5.1. If there is no jump part in (4.1), then it corresponds to the controlled limiting diffusion
for GI/M/n + M queues. If we define the optimal control problems for the limiting diffusion in
the same way as in (3.7) and (3.9), then the results in Theorem 5.1 still hold when A in (4.1)
does not contain the jump component. As a consequence, part (i) of Theorem 5.1 corresponds to
[1, Theorem 3].

If we consider (3.9) over all stable Markov controls, then the ergodic control problem is equiv-
alent to mingcg fRde R(x,u) t(dz, du), see, for example, [17, Section 4]. We summarize a result
on e-optimal controls for the ergodic problem in the next proposition, which follows directly by
Corollary 7.1 in [17]. Note that the constant control v = ey also satisfies Proposition 4.1. Recall
that a stationary Markov control v is called precise if it is a measurable map from R? to U.

Proposition 5.1. Assume that E[(d1)™] < oo, with m as in (3.5). For any ¢ > 0, there exist
a continuous precise control ve € Ussm, and R = R(e) € N such that v = eq on B%, and ve is
e-optimal, that is,

/ R(z,u) m, (dz,du) < o4 + €.
R4xU
5.2. Proof of Theorem 3.1. To prove Theorem 3.1, we use the approach developed in [1]. We

first establish a key moment estimate for the diffusion-scaled process X " whose proof is similar to
that of [1, Lemma 3].

Lemma 5.1. Grant the hypotheses in Theorem 3.1. Then
E[|X*@)I™] < er(1+™) (1 + ™) Vi>0, (5.4)
where ¢1 and my are some positive constants independent of n, x and t.

Proof. Recall L™ and X™ in (3.1), and W" in (3.2). Let ®" be a d-dimensional process defined by
ON(-) = pl! [y Z"(s)(1 — U™(s)) ds, for i € J. Then,

t t
M;@/ ZM(s)¥"(s)ds = —i)?(t)+u?/ ZMs)ds  Vt>0.
0 0

Thus, we obtain
t t
X7 () = XP(O0)+ G+ W)+ 10 + L0 — [ Z0)ds =7 [ Qrts)ds
0 0
for all t > 0 and i € J. Following the same method as in [1, Lemma 3], we have

IX"(t)| < C[l + 12+ (| XO)]| + [W(E) + L () + 2" (1) |
' PR (5.5)
+/0 Hvtfn(s)+£n(s)+<i>n(s>uds+/o /0 yywn(r)+£n(r)+<i>n(r)\drds]

for some positive constant C'. Let
k
N"™(t) = max{k‘ >0: Zuf < t}
i=1

with u” as in (2.2). By Assumption 2.2, N"(¢) is a Poisson process with rate 37. Then, we obtain

ma Nn(t)+1 ma
B [1n01m] < aElvaco)™) < o (%) e ( di) ] < G+ (5.6)
=1

1971,
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for some positive constants C; = sup{p'p;: n € N,i € J}, Co, and my. The third inequality in
(5.6) follows by the independence of N™ and d;, and Assumption 3.1. On the other hand, for some
positive constant Cs, we have

In"2Z7(s)] < C3(1+n7'AN(s)) as. Vs > 0. (5.7)
Thus,
llero™] < ([ zolva - wie)as) ]
< (Csy (14 sup B[~ 7)) E [ (vacg (1) ™ (5.8)

s<t
< Cy(14t™3)

for some positive constant Cy, where the second inequality follows by (5.7) and the independence
of A™ and U, and the third inequality follows by [29, Theorem 4] and (5.6). Therefore, following
the argument in the proof of [1, Lemma 3|, and using (5.5), (5.6), and (5.8), we establish (5.4).
This completes the proof. ]

Proof of Theorem 3.1. We first prove the lower bound:
S o ( Yn
lim inf V; (X™(0)) > Val(z).
By Theorem 5.1, the partial derivatives of V,(x) up to order two are locally Holder continuous.

Let V! = x;0 Vi, = x1(Va), where x; € C%(R) satisfies x;(z) = z for 2 < [ and x;(z) =1 + 1 for
x>1+2 Let £: C*(RY) — C%2(R? x S) be the local operator defined by

Lop(a,u) = (b(z,u), Vo(z)) + %Z Mi(L+ch;) dip(x), ¢ eCHRY).
i€J

Compare this with (4.1). We define H(z, p) == min,ecp[(b(x,u), p) + R(z,u)], for (z,p) € R x R
By Itd’s formula, for any [ > suppg, Va, it follows that

tATR tATR
¢V (Xieg) = Vi)~ [ e Vo st [ e LV (X, U ds
0 0
tATR INTR
+ / (€™ YV, (X,), S dW,) + / / e (VH(Xoo + Ay) — V(X)) N2 (ds, dy)
0 0 "

where N7, is the Poisson random measure of {L;: t > 0} with the intensity II;. Thus, applying
(5.2), we obtain

tATR
efa(t/\TR)Vol[(Xt/\TR) — Vol[( + / e s <b(X5, U ) vVa(XS)> ds

t/\TR tATR
+ / e Vo (X,), S dW,) — / e~ J((X,, VVa(X,)) ds
0 0

_l’_

0 R«

/WR/ e (VU(Xae + Ay) — Va (X)) N (ds, dy)

tATR
+/ / e X5_+)\y) VQ(XS_—I—)\y))HL(dS,dy),
0 ]R«*
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where N (t, A) = Np(t, A) — tTI(A) for any Borel set A C R. Repeating the same calculation as
for the claim (71) in [1], we obtain

tATR tATR
e IRV (X)) > Viz) + / (em* VVL(X,), L dW,) — / e R(X,, Uy) ds
0 0
tATR ~
[T (O ) — V(X)) R (s, i) (5.9)
0 x

tATR
+ / / e (Vi(Xom + My) — Va(Xo + Ay))TIL(ds, dy) .
0 >k

Note that A7, is a martingale measure and V,, is nonnegative. Taking expectations on both sides of
(5.9), the second and fourth terms on the right-hand side of (5.9) vanish. Thus, first taking limits
as | — oo, and then as R — oo, it follows by the monotone convergence theorem that

E[ /0 t e_O‘SR(XS,US)ds] > Va(2) — B[V (X,)] -

Applying Theorem 5.1 it follows that solutions of (5.2) have at most polynomial growth of degree
m, which corresponds to [1, Proposition 5 (i)]. Note that Lemma 5.1 corresponds to Lemma 3 in
[1]. The rest of the proof of the lower bound follows exactly the proof of [1, Theorem 4 (i)].

To prove (3.8), we construct a sequence of asymptotically optimal scheduling policies U™. Let
v, be an optimal control to (5.2). Recall the quantization function in Definition 4.3. We define a
sequence of scheduling policies

A\ + ~ f ~ *n
o] () = Z((aw} va(®)), f2e ik
2" (\/nZ + np) if ¢ X",
where Z" is the modified priority policy in Definition 4.1, and
"= {n_1/2(x —np): x € RY, (e,x) <x; VieT}.

Here the policy on (in)c may be chosen arbitrarily. Let U™[v,] be the equivalent parameterization
of z"[v,]. Following the proof of [1, Theorem 2 (i)], we obtain

/ e ¥ YT"(s)ds = 0,
0

where
T7(s) = (B(X"(5), U val(5)), VVa(X"(5))) + R(X"(5), U"val(s)) — H(X"(s), VVa(X"(5))) -
Thus, by using the method in [1, Theorem 4 (ii)], and repeating the above calculation, we obtain
lim sup V" (X”(O)) < Vol(z).
n—oo

This completes the proof. [l

5.3. Proof of Theorem 3.2. In this section, we prove Theorem 3.2 by establishing lower and
upper bounds.

5.3.1. The lower bound. We show that
liminf 0" (X"(0)) > o.. (5.10)

n—oo
The proof is given at the end of this subsection.

We need the following lemma whose proof is similar to that of Proposition 4.2, and is given in
Appendix B.
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Lemma 5.2. Grant the hypotheses in AAsAsumptions 2.1, 2.2, and 3.2. For any m > 1, and any
sequence {z" € 37, n € N} with sup,, J(X™(0),2") < oo, there exists no > 0 such that

sup limsup —EZ [/ | X" (s \mds] < 00. (5.11)
n>no T—o00
The main challenge in the proof lies in approximating the generator of the diffusion-scaled process
with the generator of the limiting jump diffusion. Recall the extended generator H™ of (A™, H™)
n (4.2). We define the function ¢"[f] b

¢"[f)a,h) = fla)+ Y ;LA

el J
e 7 (5.12)
+Z($§:J[ .Th +Z J ]]f +Z¢3]
J€7 =
for any f € C°(R%), and n € IN, where
I !Z oo Y HmT WD @),
i;€T 45 1715 i1¢{ip: 1>1}r=1
with
1n o 1n —1/2_\ 1n
[f] e (1‘) = [f] i1ij1 (1‘ +n elj) [f] d1ij1 (‘T) ; (5‘13)

/] (@) = fla+n"Ve,) - f(a).

The function gzgg ;Lf] is defined analogously to (5.13) with [f] 11n and [f] 11n replaced by [f] 21 -
P 111 7 i1

and
2

(@) = 202 0o+ en) ~ 0,1 (2)).

respectively. Also,

i+1
] hiy)

CRUCORE DD DI DI | (A0S

1;€T 45 174 i1¢{iy: I>1}r=2

KR C))

i1t

with [f]>"

Zl.__l.jJrl(fL’) defined analogously to (5.13), and
[f]?l’?z (1’) = 8i1i1f(x + nil/Qeiz) - anuf(x) for i17i27 s 7ij7 .7 €J.

Note that ¢™[f] is bounded by Assumption 3.2 (i).
The extended generator H"™ of the scaled process (A", H") is given by H" f (&, h) = H" f(Z"(x), h),
for f € Cp(R? x R%). We have the following lemma.

Lemma 5.3. Grant Assumption 2.1 and Assumption 3.2 (i). Then,

P
A0 (f)@h) = 3 SE0(@) + X 50,1 (2)
163 " 1€ 82 . 1 (514)
2 () + 2 Yy + o )
i€J Jjed

for all f € C°(RY) and (%,h) € RY x RL.
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Proof. Note that
SLalf] = D (ha) (f(&@ +n~"Pei) — (),

€]
2
o511f] = Zm"(hi)z f (a F@+n""e) - 0,f(2)).
i€d jed

Using (4.4) and (4.6), and the Taylor expansion, we have

ﬁﬂ(f""éll Z ajf‘f‘<7321 +Z i ij> h)

Jj€ed =
- oo+ X w3 R w0 L)
zEJ 1€] i€] jyﬁz \/ﬁ (5'15)
+ Z () D (hy) ([f]i;”@) + 115 @)
i€J j#i
n c2 K% (hj
+Zf;(n?<hi>+ 5 )auf IEDIADS fl )[f]f}”(fv)-
i€J i€J e
It is straightforward to verify that
H (S1olf] + S55[f] + ef??l[f])(i” h)
= (0 (k) = R (he) D () (11" @) + 115 @)
i€ J#i
T ILALN) B BEACHL AL ([fﬁ;’,:(m @)
i€d j#i k#ig (516)
i (hy "y
+Z<(?’7?(hz ) () 30 ) '”—r?(hi)ﬂ?(hﬁ)z%i))[f]?j (7)
€] j# Ve
FY ) Yy Y ffk) @)
i€l i ki,

for any (Z,h) € R% x ]Rﬁlr. Applying (4.4) and (4.6), and combining the first term on the right-hand
side of (5.16) with the third, fifth and sixth terms on the right-hand side of (5.15), we obtain the

third term on the right-hand side of (5.14). We repeat this procedure until all the terms r} are
canceled. This proves (5.14). O

Definition 5.1. We define the operator A": C2(R%) — C2(R x S) by
in n 1 n
A f(wu) = D (AL, w0 f (@) + 545 (@, w0 f (@) )
i€
where A7, Ay, R? x S — R, i € J, are given by
AL i(u) = 6 — i (@ — (e, 2) Tug) — 37 (e, @) T

n n +
. P 2 ,U,( ‘_<67‘T> u)+fy <6,{E> Uj
Zi(l',’u,) = ?an,i + piﬂ? + = el \/% : - )

respectively. Define the operator " by

I () = /R (flty) — £(@) v, (dy),
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where

vg, (A) = HZI({y € Re: (Y2uiipry,. .., Ymulipay) € A}>,
with I (dy) = BrEY (dy), and A7 as in Assumption 2.2.

Recall the generator Efln of " given in (4.16). The next lemma establishes the relation between
the generator of the diffusion-scaled process and the operator in Definition 5.1.

Lemma 5.4. Grant Assumptions 2.1, 2.2, and 3.2. Then,

L2 M f1(F, hyp, k) = A" F(2,0™(F, by, k) + L7 f ()

. . (5.17)
+ O(\f) Izl + llg™ll) + o) @ =) (2] + llg"[ + 1),
for any f € C°(R?) and 2™ € 37, where §* = n~"2¢", and
f*fn(\/ﬁj«‘rnp,h’d)’k) y v
@bk =] e den > (5.18)
€d , Zf <€7:Z'> <0,

for (&, h, ¥, k) € D™, with 3" := n~"2(2" — np).

Proof. Note that Lemma 5.3 concerns the renewal arrival process in the diffusion-scale. Recall
that 2 = /n(Z; — q') +np; for i € 3, and & = /nZ + np. We let ¢" = ¢"(v/nZ + np, z"*) and

(f nZ + np,h,¥, k). Applying Lemma 5.3 and the Taylor expansion, it follows by the
deﬁnltlon of EZ that

£7zz ¢n[f]($,h,1/},k) = —— = ?(331— ) i 4 af( )
2| (B - e

TN B =T 5 e A npip? nee v Cai TN, Lo
+2< P NG >8uf(x>+n ;@(%HQ )&Jf(x)
+ (1= O (S UIE —nVoes, h) — $7F)(E, ) /R 4 (VaE +np — i (y — k), ") 5 (dy)
(@ — (P + 0 (6 )E — nes h) — §7(F)(E B)

- (= oo PR g e + o ) (el + 1) (519)

for any f € C°(R?), where

D)) = [ (@10 ) = 67111 0) v, ()
by a slight abuse of notation. It is clear that

X! nplp; = (V) (5.20)

by Assumption 2.1, and thus the third term in the sum on the right-hand side of (5.19) is of order
n~"?. We next consider the fifth and sixth terms in the sum on the right-hand side of (5.19). Using
the fact that

SN — e ) = '3 1) =~ 2R (1)),
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and 2" = \/nZ; + np; — \/ng}', we obtain

(6 = DE=E 421 (B o) = 671516 ) — (0= ) Vi 22 L

= (¢ — 1) (& + (U} —47)) (‘W * O(\/lﬁ)> '

Recall the definition of 13';?1; in (4.13). Note that

~ Jn n
/ nuy pi(y — k) F;l}k(dy) < ﬁ—n,u?piE[dl —9"k|dy > 9"k] € O(v/n), (5.21)

*

where the second equality follows by Assumption 2.2 and (3.10). Note that ¢ < (e, )" for i € J
and (Z, h,, k) € ©™. Thus, the fourth term in the sum on the right-hand side of (5.19) is bounded
by C(1—)(14 (e,Z)T) for some positive constant C. It is evident that ¢"[f] — f € O(n~"/?), and

WI"¢"[f(3,h) = T"f(3) + (¥ = DI"f(@) + p I(@"[f] = /). h).
Therefore, (5.17) follows by the boundedness of ¢"[f] and (5.19). This completes the proof. O

Definition 5.2. The mean empirical measure CA%R € P(R¥x S) associated with X" and a stationary
Markov policy 2" € 37, is defined by

. 1 T . .
(5 (Ax B) = TE[/O ]leB(X”(s),U”(Xn(s),H"(s),\Il”(s),K”(s))) ds

for any Borel sets A C R? and B C S, and with v" as in (5.18).
The following theorem characterizes the limit points of mean empirical measures.

Theorem 5.2. Grant the hypotheses in Theorem 3.2. Let {z" € 37 :n € IN} be a sequence of
policies satisfying (5.11). Then any limit point T € P(RY x S) of (3 as (n,T) — oo lies in .

Proof. Tt follows directly by Assumptions 2.1 and 2.2 that, for any f € C°(RY), we have
A" f(2,u) + I f(&) — Af(Z,u) asn — oo (5.22)

uniformly over compact sets of R? x S. Thus, in view of (5.1) and (5.22), in order to prove the
theorem, it is enough to show that

lim (A" f(&,u) +I"f(2)) G (d#,du) = 0 YV feC®(RY). (5.23)
(nT)=o0 JRixs

Applying (4.26) and (5.11), we obtain

1 n T i
sup limsup — E? [/ \X"(s)\mds] < 00. (5.24)
0

n>no T—o0 T

It follows by the same calculation as in (5.6) that, for some positive constant C7, we have

E=" UOT Vn(l — \II”(s))ds] < Ci(1+T) VT >0. (5.25)
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Using the facts that ¢ < (e,z)™ and ¥"(s) € {0,1}, and Young’s inequality, we obtain

ZE [ /0 TR (1w ) (1K) 7 (VAR 8) + ) ds}

1 n T 1 CQ n T 1-m =~
< 1g [/ n4(1—\11”(8))ds} + &g U n4|X”(s)|mds}
T 0 T 0
1 1=m Oy 2™ T v m
< Ci(1+T)+n 1 =E | X"(s)|"ds| — 0 as (n,T) — o0, (5.26)
Tns T 0

where Cy is a positive constant. In (5.26), the second inequality follows by (5.25), and the con-
vergence follows by (5.24) and the fact that m > 1. Applying It6’s formula to ¢™[f], and using
Lemma 5.4 and (5.24) and (5.26), it follows by the boundedness of ¢™[f] that

1 [ f7. ~ ~ N ~
(m%gw TEZ [/0 A" F(X™(s), 0™ (E™(s))) + Z"F(X"(s)) ds} =0.
Therefore, using (4.26) again, we obtain (5.23). This completes the proof. O

Proof of (5.10). Without loss of generality, suppose {n;} C N is an increasing sequence such that
2" € 3sm and sup; J(X™i(0),2%) < co. Recall 4" in Definition 5.2. There exists a subsequence
of {n;}, denoted as {n;}, such that T} — oo as I — oo, and

A 1 an
liminf J(X™(0),2") + > > / R(#,u) 5 (A2, du) . (5.27)

Jj—roo ! R4xU :
Applying Lemma 5.2 and Theorem 5.2, any limit of C}Zﬂ:l along some subsequence is in §. Choose
any further subsequence of (17, n;), also denoted by (17, n;), such that (7;,n;) — oo as I — oo, and

f%nl — m e §. By letting | — oo and using (5.27), we obtain

lim inf J(X"(0), 2™)

J—00

v

/ R(#,u) m(di, du) > o, .
R4xU
This completes the proof. ]

5.3.2. The upper bound. In this subsection, we show that
lim sup g"(X"(O)) < 04 (5.28)
n—oo

The following lemma concerns the convergence of mean empirical measures for the diffusion-
scaled state processes under the scheduling policies in Definition 4.3. Recall 2% in Definition 4.2

and g:%n in Definition 5.2.

Lemma 5.5. Grant the hypotheses in Theorem 3.2. For e > 0, let ve be a continuous e-optimal
precise control, whose existence is asserted in Proposition 5.1, and {z"[v"]: n € N} be as in Def-
inition 4.3, and such that R = R(e) and v" agrees with ve on A%. Then, the ergodic occupation
measure T,, of the controlled jump diffusion in (3.3) under the control ve is the unique limit point

in P(R? x S) of gt;,n[vn] as (n,T) — oo.

Proof. Using Proposition 4.3 and Theorem 5.2, the proof of this lemma is the same as that of
Lemma 7.2 in [5]. O

Proof of (5.28). Let k = 2|m| with m asin (3.5), and z"[v"] be the scheduling policy in Lemma 5.5.
By Proposition 4.3, there exist n, € IN, and positive constants Cy and C] such that

LIV (2, h, 0, k) < Co— CiVeerg(2) V(3,0 k) €D™, Vi > . (5.29)
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Recall the definition of R in (3.5), and let 2"[v"] = n~/2(2"[v"] — np). Applying (4.26) and (5.29),
we may select an increasing sequence 7T, such that

sup sup / Ve—1,(2) A;n[vn](di,du) < 00.
n>no T>T, JRIxU

This implies that i(iﬁ —2"v](/n —|—np)) is uniformly integrable. By Lemma 5.5, fén [v"] converges
in P(R? x S) to m,, as (n,T) — oco. Applying Proposition 5.1, we deduce that v, is an e-optimal
control for the running cost function. Since € is arbitrary, (5.28) follows. O

APPENDIX A. PROOFS OF LEMMA 3.1 AND PROPOSITION 3.1

Proof of Lemma 3.1. By [13, Lemma 5.1], $7(t) and R?(t) in (3.1) are martingales with respect to
the filtration F}* in (2.9), having predictable quadratic variation processes given by

t t

(5i)(t) = M?/ n'ZP(s)¥M(s)ds and (RY)(1) = %”/ n'Qi(s)ds, >0,
0 0

respectively. By (2.7), we have the crude inequality

0 <n'XMt) < n 'XP0)+ntAR(E), t>0.

Using the balance equation in (2.5), we see that the same inequalities hold for nlei” and nle?.
Since U™ (s) € {0,1}, it follows by Lemma 5.8 in [30] that {W/: n € IN} is stochastically bounded
in (D%, .J;). Also, {L?: n € IN} is stochastically bounded in (D%, M;) by (2.4). On the other hand,
it is evident that

1 -

t
VR < c/ (1+ [ X"(s)|)ds, >0,
0

where C' is some positive constant. Thus, we obtain
t
IX* (@) < HX”(O)IHIIW"(t)HJrHL"(t)HC/O L+ [IX"(s)[[)ds Vi =>0. (A1)

Since X "(0) is uniformly bounded, applying Lemma 5.3 in [30] and Gronwall’s inequality, we deduce
that {X": n € IN} is stochastically bounded in (D%, M;). Using Lemma 5.9 in [30], we see that

n~ X" = nTIX" —p = ¢ in (DT, M) asn— oo,

which implies that n=1 X" = ¢, in (D9, M;). By (2.5), and the fact (e,n"1Q") = ({e,n 1 X") —
1)+ = ¢g, we have n=1Q"™ = ¢¢, and thus n=' 2" = ¢p. This completes the proof. ]

To prove Proposition 3.1, we first consider a modified process. Let X" = (X?, . ,Xg)' be the
d-dimensional process defined by

XP(0) = X0+ 0+ WO + L0 — [ (X06) — (6. XM (9) U7 (5)) s
. 0 (A.2)
—/0 Ve, X" (s))TUM(s)ds, foric].

Lemma A.1. As n — oo, X" and X" are asymptotically equivalent, that is, if either of them
converges in distribution as n — 0o, then so does the other, and both of them have the same limit.
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Proof. Let K = K(e;) > 0 be the constant satisfying P(|X™||7 > K) < €; for T > 0 and any
€1 > 0, where || X" |7 = supg<;<p[| X™(t)||. Since U"(s) € S for s > 0, on the event {||X"|r < K},
we obtain

IN

17 () - X7 OKAnﬁﬂwnul—wnwnds+cgéHXW@>—X%@mds

IN

t
ClKCZf(t)—l—Cz/ 1X7(s) — X(s)||ds Vit e[0,T],
0

where C7 and Cs are some positive constants. Then, by Gronwall’s inequality, on the event
{IX" |}z < K}, we have

|X7(t) — Xn(6)]| < CKCR(1)eC™T Vit e [0,T].
Thus, applying Lemma 2.2 in [13], we deduce that for any ez > 0, there exist e3 > 0 and n, =
no(€1, €2, €3,T) such that
X" = X7 < e
on the event {||X"||r < K} N {IICY |17 < e}, for all n > n,, which implies that
P(HX”—X”HT>€2)<€1, Vn>ne.

As a consequence, || X" — X"||z = 0, as n — 0o, and this completes the proof. O

Proof of Proposition 3.1. We first prove (i). Define the processes

n t n t
qu(t) = B [ 2 @wneas, wio = 5 [ Q) as,

n

S (t) == n="2(S™(nt) — nt), and R} (t) := n~"7>(R™(nt) — nt), for i € J. Then, since ¥"(s) € {0,1}
for s > 0, applying Lemma 3.1 and Lemma 2.2 in [13], we have

() = wi /0.(n12?(8) —pi)V"(s) ds + /O.pi‘l’"(é‘) ds = Aie(-) .

in (D, M), asn — oo, and that T3 ; weakly converges to the zero process. Since {A7, S', R, U": i €
J,n € IN} are independent processes, and 71", and 73", converge to deterministic functions, we
have joint weak convergence of (A" 8™ R™ L", 7 1), where T/ = (T'1,---»T1g)s and T4 is
defined analogously. On the other hand, since the second moment of A™ is finite, it follows
that A™ converges weakly to a d-dimensional Wiener process with mean 0 and covariance ma-

trix diag(\/)\lcil, cee \/)\dcid) (see, e.g., [31]). Therefore, by the FCLT for the Poisson processes

S™ and R", and using the random time change lemma in [21, Page 151], we obtain (i).
Using (A.1) and Proposition 3.1 (i), the proof of (ii) is same as the proof of [1, Lemma 4 (iii)].
To prove (iii), we first show any limit of X™ in (A.2) satisfies (3.3). Following an argument similar
to the proof of Lemma 5.2 in [13], one can easily show that the d-dimensional integral mapping
= A(y,u): D x D? — D? defined by

is continuous in (D¢, M), provided that the function h: RY x R — R? is Lipschitz continuous in
each coordinate. Since

X" = AX™0)+ W™+ L™, U™,
then, by the tightness of U™ and the continuous mapping theorem, any limit of X satisfies (A.2),
and the same result holds for X™ by Lemma A.1.
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Recall the definition of 7" in (2.8). It is evident that

~

L(t+7)— L(t) = LP(F™(t) + ) — L} (#"(t)) (43)
F LM+ ) = LP(F(t) + ) + L (F() — LI(¢).- '

for all t,7 > 0 and ¢ € J. By Assumption 2.2, we have 7"(t) = t as n — oo, for ¢ > 0. Then, by the
random time change lemma in [21, Page 151], we deduce that the last four terms on the right-hand
side of (A.3) converge to 0 in distribution. It follows by Proposition 3.1 (i) and (A.3) that

L™ (t) +7) — L"(™(t)) = ALypr — ALy in R?,

Repeating the same argument we establish convergence of S" and R™. Proving that U is non-
anticipative follows exactly as in [1, Lemma 6]. This completes the proof of (iii). O

APPENDIX B. PROOFS OF LEMMAS 4.1 AND 5.2

In this section, we construct two functions, which are used to show the ergodicity of =" We
provide two lemmas concerning the properties of these functions, respectively. The proofs of Lem-
mas 4.1 and 5.2 are given at the end of this section.

Definition B.1. For 2" € 37, define the operator £Z : Cy(R? x RY) — Cy(R? x RY) by

2 fan) = 32N 8f (Z, ) Zr F@E teih—hie) — F(E 1))
—I-Zuizi $—€i,h) f(&,h)) ‘1'2%% (& —ei, h) — f(&,h))
i€J i€

for f € Cp(R? x RY) and any (#,h) € RY x R4, with ¢" == & — 2",

Note that if df = 0 for all n, the queueing system has no interruptions. In this situation, under a
Markov scheduling policy, the (infinitesimal) generator of (X™, H") takes the form of (B.1). Recall
the scheduling policies 2" in Definition 4.1, and & = & — np in Definition 4.2. We define the sets

} , np; 3. pi
Kn(2) = {iejozj“:i > ”p’} = {ieJO:xi > ZJEJ\M}
Zjeﬂo Pj Zjeﬂo Pj
We have the following lemma.

Lemma B.1. Grant Assumptions 2.1, 2.2, and 3.2. For any even integer kK > 2, there exist a

positive vector £ € IRi, n € N, and positive constants Co and él, such that the functions f,,
n € N, defined by

= &l D nt(h)& (|7 + 15— |@l*) V(z,h) eRExRE, (B2)
1€] €]
with 0 as defined in (4.3), satisfy
EZ fn(x h) < CO” Cl Z f%‘x2| Z (,Uz( 2 nl)z) + G )’3_3%"’(_1
i€IN\Kn (&) ’ie’Cn(i‘) (BS)
+ Y (0(vm)O(|z:|") + 0(n)0(|z:]*?))
1€]

for allm > and (2,h) € RE x R4.
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Proof. Using the estimate
(a+1)™ —a* = £ka* + O(a*?) VaeR, (B.4)

an easy calculation shows that

3 ful h) = D it ()& (17 + 11 = 2:]*) + Y vl (ha)n (0)6 (7 +2)* = (3 + 1))
€d €]
= P (ha)& (1T + 1< — |24]%)
i€l 2 (B.5)
> ) (R APE)O(Z ) + > e (ha)&|E + 1 — 7))
1€J 1€J
) (upE + N &(1T — 1< — [Tl
i€J

where for the fourth term on the right-hand side we also used the fact that
(12l = |z = 1) = (|17 + 1] = |7:]*) = O(|:[*?).

It is clear that n"(0) = 0, since F;(0) = 0 and E[G;] = 1. On the other hand, n/'(¢) is bounded for
all n € IN and ¢ > 0 by Assumption 3.2. Thus, applying (4.4), (B.4), and (B.5), it follows that

L3 fa@,h) = Y [GOT — w2 = 27a) (x(2) " + 0(12|7))
i€J (B.6)
g} (ha) (g 27 + A1) O (<)) -
Since n*(h;) is uniformly bounded, and 2}, " < z; + np;, it follows that the last term in (B.6) is

equal to O(n)O(|7;[*2) + O(|z;|*~ 1) Note that for i € I\ Jo, 2/ is equivalent to the static priority
scheduling policy. Note also, that

S np; ZjeJ\Jo Pj

Iy > 2 —np; > >0  VieKu), B.7
S e 0 (2) (B.7)

and for i € Jg \ K,(%), we have 2! — np; = Z; and ¢* = 0. By using (B.6), and the identity in
(5.20), we obtain

L2 ful@h) <3 &(—pla + (1 — ) m(z;)<
1€I\Jo
Z &(pf (B — npi) + P ) 1< (B.8)
iekn (%)
= > anlEl Y (0(/m)O(E ) + 0(m)0(|7] ).
i€30\Kn (%) i€l

Let é; = sup; ,{7;", ' }, and &2 be some constant such that inf{yx},77: 7€ J,j € I\ Jp,n € N} >
¢a > 0. We select a positive vector £ € Rﬁlr such that & =1, & = '2—? ming<;—1 &, © > 2, with
K1 = 8%12 Compared with [4, Lemma 5.1], the important difference here is that, for ¢ € I\ Jg, we
have

i-(n-(- £ 9= T a- £ 4))

jeKn(2) 7€T0\Kn (2) J=1Jol+1
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Repeating the argument in the proof of [4, Lemma 5.1], it follows by (B.8) that
LY fallh) < en?—cy D Gl —cs D> G(up(E —np) + A7) @<

i€I\Kn (%) i€k (%)

. , (B.9)
Z &l (5 —npi) "+ _(0(vVR)0(|Z: 1) + 0(n)O(|Z:]*?))
zEIC () €]
for some positive constants cs, ¢4 and c¢5. Therefore, (B.3) follows by (B.7) and (B.9), and this
completes the proof. O
Let

v o o

Gn(, b, k) = B) 5~ ing, (G0.(80) + 1 (hi) (G (s + 1) = Gni(32)) ) (B.10)

1€]
for (z,h,9, k) € ®©, where gy i(Z;) == —|z;|* for i € I\ Jp, and

_ r np; Y s IN\Iq Pi
—|zi|*, if 7; < —ISh )

. 2jerg Pi :
() = 0 Viedg.
Gni(0) _M‘ <=1, > MPiiens P ’
Z]ejo Pj i b= Zjeﬂo Pj '

Recall Zf:w in (4.13). We also define
_ o o ~dl
Q@) = [ty B).2) F ).

Lemma B.2. Grant Assumptions 2.1, 2.2, and 3.2, and let £ € lRi be as in (B.2). Then, for any
even integer k > 2 and any € > 0, there exist a positive constant C, and i € N, such that

Loy (@b k) < TP e Y Jmlf+ Y. o(lm<Y)

i€N\Kn (%) i€k (%) (B.11)
1 n n n—="n, = - '
o= > (@l —npil) + 9l + (L= ) O (1m] )
N
1€, (2)

for any 2™ € 3%, and oll (Z,h,, k) € D and n > n.
Proof. Tt is straightforward to verify that

a5 1) = g = (i), -

|(gn,i(2:) = gni(Fi — 1)) — (gni(Ei + 1) — gni(2))]| = O(|Z:]*72),
for i € J. Repeating the calculation in (B.5) and (B.6), and applying (B.4) and (B.12), we have

[ > ou [(IA” — il pil + Pup | — npil + g + (L — )t 0z <)
i€n (2)
+ o (ha) (2 + ¥y + (1= )yg™) o (I@-IK‘Q)} (B.13)
+ ) ug [(A? + (1= )i pi
i€N\Kn (&)

+ (L4 nf (h) (Wuf =] + el + (1= ¥)'g ™) o (Iwi\K_l)}]-
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Note that q?’k < ¢(1+ (e,z)™) for some positive constant ¢, by (5.21). Since 2, ¢ < Z; + np;,
(9™)~1 is of order n="? by Assumption 2.2, and n* and o are bounded, it follows by (5.20) and
(B.13) that

=2y 1 K— K—
Loydn(@ k) < 0 —=(0m)o(|z|*") + 0(1z|) + > O(/n)o(z|?)

i€NKn (%) v i€Kn ()
—n,k _ _
- Z V) + Yui |2 = npil + oytal + (1= )'g ) Oz <.
i€k, (:1:)
Thus, applying Young’s inequality, we obtain (B.11), and this completes the proof. O

Proof of Lemma 4.1. We define the function f, € C(R? x R4 x {0,1} x R4) by

with f, and g, in (B.2) and (B.lO), respectively. Recall VKg in (4.17). With ¢ € R% as in (B.2),
we have

WPV (E (), bt k) = FolE bt k) V(R k) €D
Hence, to prove (4.18), it suffices to show that
L3 fu(E b k) < Con™? = Cy Y &l =Civn > &Glzl~' Yn>n, (B.14)
i€eN\Kn(z) ieln (%)

and all (Z, h, ¥, k) € ©, where the generator /jf: is given in (4.12). It is clear that Q,,  fn(Z, h) = 0.
Since (™)~ is of order n~ /2, it follows by (4.10) and (4.15) that

- e 1 nnPiZ‘JJPj,,
Quodn(®h,0.k) < > —pflEl+ Y —uifiﬁ‘xi|K 1
i€NKn (&) i€Kn (%) T (B.15)
wo Y. O+ D o(Wn)o(Ec),
ZEJ\/Cn( ) i€Kn (&)

where C' is some positive constant and €, — 0 as n — co. Since all the moments of d; are finite by
(3.10) and (a+ 2)* — a* = O(2)O(a*~ 1) + O(22)0(a*"2) + - - - + O(2*) for any a, z € R, it is easy to
verify that

L1 fn(, 1, 1,0) ZZO (@), (B.16)

i€l j=1
using also the fact that

[ (oot )'Fdwdz) - n)jwpm[(doj} — o) ¥j>0.

which follows by by Assumptions 2.1 and 2.2 and (3.10). Then, for ¢) = 1, it follows by (B.16) and
Young’s inequality that
L5 Fa(@.1,1,0) < L3 ful@h) + L5 19u(@ . 1,0)
tOn e, 30 0w+ Y omo(s). (B
i€IN\Kn (&) ieln (&)

Note that the last two terms in (B.3) and the last term in (B.11) are of smaller order than the
second and third terms on the right-hand side of (B.3), respectively. Thus, applying Lemmas B.1
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and B.2, and using (B.17), we obtain
nTPLY a(#,h,1,0) < Co=Cr > (ml*=C1 Y 0P (uf(ZF —np) A7) [E] (B.18)
i€N\Kn (2) i€k (&)
for all large enough n, where Z is defined in Definition 4.2. Since ¢ > 0 and 2]' — np; > 0 for

i € K,(&), then by using (B.7) and (B.18), we see that (B.14) holds when y = 1.
For ¢ = 0, using (B.15), Young’s inequality, and the fact that for i € K, (&), Z; > 0, we obtain

£Z fn $ h 0 k ZO ‘x’L|K 1 +ZO ‘fljrb|K 2)+C |</2
€] icJ
(te) D &l > ( HpGIE] et (- K<xi>“+o<|mr”>)>
i€I\Kn (&) i€\ (%)

np P —m
+ Z w n&'l’ 7:|K—1 + ACZ’OQn(m, h,O, k’)
ZJEJO p.]

for some positive constant C' and sufficiently small € > 0. We proceed by invoking the argument in
the proof of [4, Lemma 5.1]. The important difference here is that

iekn ()

i—1
g (Z—nu"(z—k)) = &(Z—nu"(z—k)) (Zi—npipi(z—k)) +& (Z—np™(z—k)) Z(@—nujpj(z—k)),
j=1
where the functions é,&: R? — [0,1], for i € J. Since & and & are bounded, we have some
additional terms which are bounded by C' [ npuipi(y — k) F gi(dy) for some positive constant

C. Therefore, these are of order y/n by (5.21). Thus, repeating the argument in the proof of
Lemma B.1, and applying Lemma B.2, we deduce that (B.14) holds with ¢ = 0. This completes
the proof. O

Proof of Lemma 5.2. The proof mimics that of Proposition 4.2. We sketch the proof when Jj is
empty. Using the estimate

O0(¢M)O(jz:™ 1) < e m(O(g)™ + e(O(|zm ) (B.19)
for any € > 0, which follows by Young’s inequality, we deduce that, for some positive constants
{ck: k =1,2,3}, we have

L (i, h) < en™? 4+ ea((e, ¢™) —03Z§Z|xl] V (&, h) € ]Ri X Ri, (B.20)
i€J

and all large enough n. Note that Lemma B.2 holds for all 2" € 37 . Then, we may repeat the
steps in the proof of Lemma 4.1, except that here we use
~ —_ e ~dp
@ e - 0.2 B )
R . (B.21)
< efal™ + e (B[g) (2 — nun(df — k), 2") |} > K])

where §" = n”"/2¢", with € > 0 chosen sufficiently small. Since G (&, 2") < (e,z)T, it follows by
(5.21) that

E[G (2 — nu™(d} — k),2") | df > k] < ca(1+ (e, 2)T). (B.22)
Thus, by the same calculation in Proposition 4.2, and using (B.19)-(B.22), we obtain

B [/OTp?n(s)ym] < OU(T + |X7(0)™) + CoE" UOT@ e, )?n(s)>+)mds] (B.23)
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for all large enough n, and {z" € 37 : n € IN}. Since sup,, J(X™(0), 2") < oo, it follows by (4.26)
that

1 T m
sup lim sup TE[/ ((6,X”(5)>+) ds| < o0.
0

n T—00
Therefore, dividing both sides of (B.23) by T, taking 7' — oo and using (4.26) again, we obtain
(5.11). We may show that the result also holds when Jy is nonempty by repeating the above
argument and applying Lemma B.2. This completes the proof. ]
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