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1. Introduction

One of the classical directions in the analysis of Markov processes centers around their ergodic properties.
In this article, we focus on both qualitative and quantitative aspects of this problem. Let X be a locally
compact Polish space, i.e. a locally compact separable completely metrizable topological space. Denote the
corresponding metric by d, and let T = Ry or Z; be the time parameter set. We endow (X,d) with its
Borel g-algebra $B(X). Further, let (€, F, {F; }er, {0 }eer, {X (¢) }ier, {Ps}eex), denoted by {X(t)}er in
the sequel, be a time-homogeneous conservative strong Markov process with cadlag sample paths (when
T = R.) and state space (X,%(X)), in the sense of [10]. Here, (2, F,P.).ex is a family of probability
spaces and {X () }+er satisfies P, (X (0) = ) = 1, {F; }er is a filtration on (2, F) (non-decreasing family of
sub-o-algebras of F) and {6;}:er is a family of shift operators on 2 satisfying X (¢) o 0, = X(t + s) for all
s,t € T. Recall, {X(t)}ser is said to be conservative if P, (X (t) € X) =1 for all ¢t € T and = € X. In the
present article, we present (sharp) sufficient conditions under which {X (¢)};er admits a unique invariant
probability measure 7(dx), and which ensure that the marginals of {X (¢)}+er converge to m(dz), as t — oo,
in the LP-Wasserstein distance at exponential and subexponential rates.

1.1. Summary of the results

Before stating the main results of this article, we introduce some notation we need in the sequel. Denote by
p(t,x,dy) =P, (X (t) € dy) for t € T and = € X, the transition kernel of {X(¢)};er. We endow T with the
standard (Euclidean Borel in the case when T = R, and discrete when T = Z,) o-algebra. The process
{X () }ter is called

(i) irreducible if there exists a o-finite measure @(dz) on B(X) such that whenever ¢(B) > 0 we have
Jpp(t,z, B)t(dt) > 0 for all 2 € X, where 7(dt) stands for the Lebesgue measure on T when T =R,
and the counting measure when T = Z;
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(ii) transient if it is irreducible, and there exist {bx}ren C [0,00) and a covering {By}ren C B(X) of X,
such that [ p(t,, By) t(dt) < by for all z € X and k € N;

(iii) recurrent if it is irreducible, and @(B) > 0 implies that [} p(t, z, B) T(dt) = oo for all z € X;

(iv) aperiodic if there exists tq > 0 such that {Xy, }rez, is irreducible, in the case when T = R, ; and
there does not exist a partition {B, ..., Br} C B(X) with & > 2 of X such that p(1,z, B;11) = 1 for
allz € B; and all 1 <i <k -1, and p(1,z,B;) = 1 for all z € By, in the case when T = Z,..

Let us remark that if {X (¢)}+cr is irreducible, then it is either transient or recurrent (see [79, Theorem 2.3]).
A Borel measure 7t(dz) on X is called invariant for {X () }ser if [y p(t, 2, dy) 7e(dz) = m(dy) for all t € T. It
is well known that if {X (¢)}:er is recurrent, then it possesses a unique (up to constant multiples) invariant
measure (see [79, Theorem 2.6]). If the invariant measure is finite, then it may be normalized to a probability
measure. If { X (¢)}1er is recurrent with finite invariant measure, then it is called positive recurrent; otherwise
it is called null recurrent. Note that a transient Markov process cannot have a finite invariant measure. A
set C' € B(X) is called petite for { X (¢)}+er if there exist a probability measure x(dt) on T and a non-trivial
Borel measure vy (dz) on X, such that

/T p(tx, B)x(dt) > vy (B)

for all x € C and B € B(X). Recall that petite sets play a role of singletons for Markov processes on general
state spaces (see [64, Chapter 5] for a detailed discussion). Denote by P(X) the class of all Borel probability
measures on X, and for f € B(X) (the space of real-valued Borel measurable functions on X) let P(X)
denote the class of all p € P(X) with the property that [;|f(z)| u(dz) < co. When f(z) = (d(zo,z))" for
some p > 0 and xo € X, we denote this as Pp(X) . We adopt the usual notation

WP, (dy) = / p(t.x,dy)u(dz),  and  p(f) = / f(z) p(de)

fort €T,z e X, pePX) and f € B(X). Therefore, with 5, denoting the Dirac measure concentrated at
z € X, we have 5, P,(dy) = p(t, z,dy). Finally, recall that the LP-Wasserstein distance on P,(X) with p > 1
is defined by

Wy(p, p2) == inf (/Xxx(d(x,y))pﬂ(dx,dy))l/p,

TeC(p1,K12)

where C(p1, p2) is the family of couplings of p;(dz) and pa(dz), i.e. IT € C(py, p2) if, and only if, TI(dz, dy)
is a probability measure on X x X having p;(dz) and po(dz) as its marginals. It is well known that P, (X) is
a complete separable metric space under the metric W,, [82, Theorem 6.18]. The topology generated by W,
on Pp(X) is finer than the Prokhorov topology, i.e. the topology of weak convergence.

We now state the main results of this article.

Theorem 1.1. Suppose that {X (t)}ier is irreducible and aperiodic, and there exist a continuous V: X —
[1,00), a constant b > 0, a nondecreasing differentiable concave function ¢: [1,00) — (0,00), and a (topo-
logically) closed petite set C C X such that

E,[V(X(t)] = V(z) < b o E, [L1o(X(s)]t(ds) — /[0 ) E,[¢ 0 V(X(s))]T(ds) (1.1)

for all (t,z) € T x X. Assume further that sup,c V(z) < 0o, and

. @ oV(x)
c = ;rgg —(1—|—d(x,;1:0))n >0 (1.2)

for some n > 1 and some (and therefore any) xo € X. Then {X(t)}ter admits a unique invariant 7@ €

Poov(X). In addition, with ®(t) = lt ﬁi) and r(t) = ¢ o ®~1(t), the following hold.

(i) If tlim @' (t) = 0, then for some ¢ > 0 we have
— 00

(1 % (r(t))("_l)/") Wi (8,P,m) < eV(z) V(taz)eTxX, (1.3)
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and
/ (1\/ (r(t))"’*”/”) Wy (82P,,5,P,) T(dt) < &(V(z) + V(y)) Va,y€X. (1.4)

(i) If tlim @' (t) = 0, then for any p € [1,7n)] there exists ¢ > 0 such that
—00

(1 v (t“’"’)/p At“*”/v> (m@)“’””‘"”) W, (8, P, 70) < &(V(x) + 7m,) (1.5)

for all (t,z) € T x X, where m,, = ﬂ((d(x0,~))n).
(#ii) If ¢(t) = ¢t for some ¢ > 0, then there exist ¢ > 0 and v > 0, such that
"Wy (8, P, ) < éV(z)  V(tz)eT xX. (1.6)
In addition, for any p € [1,n] there exists ¢ > 0 such that
AV E YW (8, P ) < E(V(@) +7,) " V(ta) €T xX. (1.7)

The results in Theorem 1.1 should be compared to equations (2.3) and (2.5) in [12, Theorems 2.1 and
2.4] (see also [28, Theorem 3 (ii)] and [53, Chapter 4]). The underlying metric d is assumed to be bounded
in [12]. The starting point is a Foster-Lyapunov condition of the form in (1.1), and the irreducibility and
aperiodicity assumptions are replaced by a closely related structural property: the metric d is contracting,
and the sublevel sets of (z,y) — V(x)+V(y) are d-small (see (3) and (4) in [12, Theorems 2.1 and 2.4]). Then
an analogous estimate to (1.3) holds for the corresponding W;-distance. Observe that when d is bounded,
the relation in (1.1) trivially holds for any n > 0. Provided {X (¢)}ser is irreducible and aperiodic, this gives
an analogous result to the one obtained in [12, Theorems 2.1 and 2.4] (in W;-distance) without assuming
either contraction properties of d or d-smallness of the sublevel sets of (z,y) — V(z) + V(y). The proof of
Theorem 1.1 relies on [24, Theorem 3.2] and [25, Theorem 2.8], where, under the assumptions of Theorem 1.1,
the authors show ergodicity of {X (¢)}ter in the f-norm with rate ¥y or(t) and f(xr) = ¥ao0¢oV(z) V1,
for any pair (\Ilfl, Wy 1) of Young’s functions. Recall, for a signed Borel measure u(dz) on X and a function
f: X = [1,00] the so-called f-norm of u(dz) is defined as

Iy = sup  |u(g)], (1.8)
9eB(X), lg|<f
generalizing the usual total variation norm |[p[|rv = sup ¢ B(X), |g|<1 ‘u(g) ‘ We remark here that convergence
in the f-norm does not in general imply convergence in the W,-distance, and vice versa (see Section 3 for
examples of such Markov processes).
In the following theorem we establish a lower bound for W,-convergence, which matches the upper bounds
obtained in (1.3) and (1.5). For v € C([0, 1]; X) (the space of continuous mappings from [0, 1] to X) let

A(’Y) - 2211\]) O=ug<u <SU<IL _1<up=1 (d(,Y(UO)7’y(U1>) Tt d<7<uk71)’7(uk))) '

The space X is called a length space if

d(z,y) = {A(Y):7(0) =2, v(1) =y}  Vz,yeX.

inf
¥€C([0,1];X)
Theorem 1.2. Assume that X is a length space, {X(t)}ier satisfies (1.1), and there exist a Lipschitz
continuous function L: X — [0,00) and constants @ > 9 > 1 and ¢ > 0, such that
V(z) > c(L(x))’, and ¢oV(x) > ¢(L(x))’ VzeX.

In addition, suppose that {X(t)}ier admits an invariant @ € P(X) such that [ (L(:z:))wrs ni(dz) = oo for
some € € (0,0 — ). Then, for eachp € [1,¥], ¢ € (0,0 — 9 —¢) and x € X, there exist a constant ¢ > 0 and
a diverging increasing sequence {t,}neny C T, depending on these parameters, such that

__O—ptete
Wy (85 P, , ) = € (ty + V(x)) O7=07 VneN. (1.9)

Note that the parameters 6, ¥, €, p and ¢ are such that the exponent in the above expression is always
strictly negative. Obtaining lower bound for the convergence in the total variation norm is discussed in [38,
Theorem 5.1 and Corollary 5.2]. Applications of Theorem 1.2 are discussed in Section 3.
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1.2. Ergodicity of a class of Lévy-type processes

Here, we discuss ergodic properties of a class of Markov processes on the Euclidean space R™ (endowed with
the standard Euclidean metric) generated by a (Lévy-type) operator L: D(L) C B(R™) — B(R") given by

£1(@) = (). VI@) + 5 Tr(e@) VI @) + [ wifmoviedy),  weR. (110

Here, b = (bi)i=1,....n: R — R" is Borel measurable, a = (aij)1<i j<n: R” — R"*" is a symmetric non-
negative definite n X n matrix-valued Borel measurable function, v(z,dy) is a nonnegative Borel kernel on
R™ x B(R"™), called the Lévy kernel, satisfying

v(z,{0}) = 0, and / (LA Jy)?) v(z,dy) < o0 Vo eR",

and
uf(wy) = fl@+y) - f@) - 1s@)(,VI(2)), =zyeR", feC'(R").

The symbol D(L) stands for the domain of £, i.e. the set of functions f € B(R") for which (1.10) is well
defined, (-,-) and |-| denote the standard inner product and the corresponding Euclidean norm on R™, Tr M
stands for the trace of a square matrix M, and V2 f(z) denotes the Hessian of f € C?(R™). An open (resp.
closed) ball of radius 7 > 0 centered at z is denoted by B,.(z) (resp. B,.(2)). If z = 0, we write B,. (resp. B,.),
and the unit open (resp. closed) ball centered at 0 is denoted by B (resp. B). Observe that CZ(R") C D(L),
where CF(R™), k > 0, denotes the space of k times differentiable functions such that all derivatives up to

order k are bounded. We also denote by [|[M]| = (Tr MM’ )1/ * the Hilbert-Schmidt norm of a matrix M,
where M’ stands for the transpose of M.
We introduce the following assumption:

(MP) There exists a conservative strong Markov process {X (t)}:>0 with cadlag sample paths such that

My (t) = f(X(t)) — / Lf(X t>0, (1.11)
is a Py-martingale (with respect to {F;}1>0) for any f € C2°(R™) (the space of smooth functions with
compact support).

Define
€)= =il b)) + 5(E (@) + / (= i s ) V(e dy), TR,

and observe that

£f) = - / () f(6) de

for all z € R” and f € C°(R"), where f(£) : e () dz denotes the Fourier transform of
f(x). In other words, L is a pseudo—dlfferentlal operator with symbol q(z, &). According to [52, Theorem 1.1],
(MP) is satisfied if

(LB) The functions b(z), a(z), and = — [, (1 A |y|*) v(z, dy) are locally bounded.
(SG) z — g(z, &) is continuous for all £ € R™, and ¢(z,§) is locally uniformly continuous at £ = 0, i.e.

lim sup sup ‘q:té“’ =0.
pP—r00 G‘B 1,

Observe that the second condition in (SG) essentially means that the coefficients b(z), a(z), and v(x,dy)
have a sublinear growth. Namely, it is satisfied if

lim

p—00

supep [b(x)]  supges la(@)|  sup,es [plyl® v(z,dy)
p - p? * p?

+ sup sup / (1—ei<5’y>)v(x,dy)> = 0.

zeB, £€By),
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In order to allow linear growth of the coefficients, we replace (LB) and (SG) by
(LG) L(C(R™)) C C(R™), & — q(x,€) is continuous for all £ € R”, and

limsup sup |q(m,f)| < 0
|z|—=00 £€B1 .,

(see [50, Corollary 3.2]).

Here, Co (R™) stands for the space of continuous functions vanishing at infinity. Clearly, the last condition
in (LG) follows from

b(@)  lla(@)] | [ lyv(z,dy)
ol T RR T P

lim sup (

|| =00

—I—V(x,Bc)) < 0. (1.12)

Let us also remark that due to [51, Theorem Al] the map = +— ¢(z,§) is continuous for all & € R™ if b(z)
and a(x) are continuous, and for any r > 0, x € R" and f € C.(R™\ {0}),

lim sup v(y,B;) =0, lim sup / |z|*v(y,dz) = 0,
B

PO yeB, =0 yes, JB,

and

lim f()v(y,dz) = . f(z)v(x,dz).

Y=z Jpn
Furthermore, under the continuity of = — ¢(z,£) (for all £ € R™) in the same reference it has been shown

that £(C°(R™)) € Cy(R™). In addition, if

lim v(z,B.(-z)) =0 Vr>0,

|| =00

we easily see that £(C°(R")) C Coo(R™).

Definition 1.1. Let M denote the class of positive definite matrices in R"*". For Q € M, let |z|g =
(x,Qx)"/? for x € R", and xg € C(R™) be some nonnegative, symmetric convex function such that
Xxq(z) = |z|g for x € B°. For Q € M4 and ¢ > 0, we define

Vo,clz) = (XQ(ac))C, and \~7Q,<(ac) = eCXQ(w)7 r e R"™.

Further, let
0, = {6 >0: sup / (Jy]* L (y) + |y Lge(y)) v(z,dy) < oo} ,

zERn
and when ©,, # 0, let 6, = sup O+.
We now discuss ergodic properties of the Lévy-type process {X (t)}+>o0.

Theorem 1.3. Assume (LB) and (MP), and suppose that {X (t)}+>0 is irreducible and aperiodic, and that
every compact set is petite for {X (t)}i>0. Then the following hold.

(4) If 6y >0,
lim sup [y|? v(z,dy) = 0 (1.13)

7—00 TERM B‘f

for some 6 € (0,0y,] N Oy, and there exist Q € My and ¥ € [0V (2 —0),2) such that

9@l _ g imsup PO B O) Fe vl dy), Qo)

j]? jal—o0 EE

lim sup
|z|—o00

<0,

then {X(t)}i>0 admits a unique invariant m € Py_op9(R™). In addition, if 6 —3 +9 > 0, then
Theorem 1.1 (i) and (ii) hold with V(z) = Vge(z) + 1, ¢(t) =t/ andn =60 — 2+ 9.
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(i) If 0y >0, (1.13) holds for some 6 € (0,0] N Oy, and there exists Q@ € My such that

b ]l oo 9 c ;d )
lim sup laz)] =0, and limsup (o) + 1) (0) Jpe y v, dy), Q)

<0,

then {X (t)}i>0 admits a unique invariant m € Pg(R™). In addition, if 8 > 1, then the conclusion of
Theorem 1.1 (i) holds with V(x) =Vge(z)+ 1 and n=6.
(#3) Suppose that a(x) is bounded, and there exist @ > 0 and Q € M, such that

sup / (Jy*15(y) + ¥ pe(y) v(z,dy) < oo, (1.14)
reR™ n
and

< 0.

sy )+ Jae v v(@:dy), Q)

Then the conclusion of Theorem 1.1 (i) holds with V(x) = T?ng(m) for any ¢ > 0 sufficiently small
and any n > 1.

Irreducibility and aperiodicity are crucial structural properties of the underlying process in Theorems 1.1
to 1.3. Roughly speaking, they ensure that the process does not show singular behavior in its motion, and
together with the Foster-Lyapunov condition in (1.1) (which ensures controllability of the ¢o ®~1-modulated
moment of return-times to the petite set C, see [24, Theorem 4.1]) they lead to the ergodic properties stated.

Under an asymptotic flatness (uniform dissipativity) property (see (1.16)), we use a completely different
approach to this problem, the so-called synchronous coupling method (see [14, Example 2.16] for details),
to obtain ergodic properties for a class of 1t6 processes which are not necessarily irreducible and aperiodic.
Recall that an It6 process is a solution to a stochastic differential equation (SDE) of the following form

X(t) = m+/0 b(X(s)) ds—|—/0 o(X(s)) dBs
k(X(s—),v) (vp(dv,ds) — v(dv)ds .
L M G0) (e ds) —v(de) ) (115)

t
+/ / k(X (s—),v) vp(dv,ds), (t,x) € [0,00) x R™,
0 J{w: k(X (s=)w) 21}

where b: R — R", 0: R” — R™™ and k: R” x R — R" are Borel measurable, {B(t)};>0 is a standard
n-dimensional Brownian motion, and v,(dv,ds) is a Poisson random measure on B(R) @ B([0,00)), with
intensity measure v(dv)ds (a o-finite measure on B(R) ® B(R)). According to [13, Theorem 3.33], every
It process is a semimartingale Hunt process. In particular, it is a conservative strong Markov process with
cadlag sample paths. Conversely, again by [13, Theorem 3.33], for every n-dimensional semimartingale Hunt
process {X(t)}i>0, and every o-finite nonfinite and nonatomic measure v(dv) on B(R), there exist b(z),
o(z), k(z,v), {B(t)}+>0, and v,(dv, ds) as above (possibly defined on an enlargement of the initial stochastic
basis), such that {X (¢)};>¢ satisfies (1.15). By setting

Vp(dy,ds) = v ({(v,u) € R x [0,00): (k(X(u—),v),u) € (dy,ds)}),

and
v(z,dy) = v({u € R: k(z,u) € dy}),

(1.15) reads as
X(t) = x—i—/o b(X(s)) ds—l—/o o(X(s)) dBs +/0 /By (Vp(dy,ds) — v(X (s—),dy) ds)
+/O /cyvp(dy,dS), (t,z) € [0,00) X R™.
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Set a(z) = o(z)o(x)’, and let £ be as in (1.10). According to [40, Theorem I1.2.42] (with h(z) = 213 (z)),
for any f € CZ(R"), the process {M(t)}:>0, defined as in (1.11), is a P,-local martingale for every z € R™.
In addition, if (LB) holds true, then {M;(t)};>0 is a P,-local martingale for every f € C2°(R"™) and every
x € R™, i.e. (MP) is satisfied.

For z,z € R™ define

Ab(x) == bz +2) —bz), Ao(x) =oc(x+z2)—0c(x), A,v(z,dy) = v(z+z,dy) —v(z,dy),

Ab(z) = A,b(x) +/ yA,v(z,dy), and a(z;z) = A.o(x)A.o(x) .
If b(x) = b (resp. o(x) = o, or v(z,dy) = v(dy)), then of course A.b(x) (resp. A.o(x), or A.v(z,dy)) is
equal to zero.

Theorem 1.4. Assume that b(x) and a(x) are locally bounded and satisfy the linear growth condition in
(1.12), and that v(x,dy) is such that 2 € ©. If for some p € [2,0,] N Oy there exist Q € M4, and a
o-finite nonfinite and nonatomic measure v(dv) on B(R) such that (1.15) admits a unique strong solution
{X () }t>0, and

2 <Azl~)(x), Qz) + Tr (a(z;2)Q) + (p — 2) H\/éAza(x)Hz
+2°72 1+ (p—2)1Q7 ) /R\k(x +2,0) — k(m,v)@u(dv) (1.16)
202 1 i oo oy < _2E®) o
+m(1+(p—2)llé2 Dlzlg /le(fwzav) k(z, )|, v(dv) < ) |2lg

for some ¢(p) > 0 and all x,z € R™, where k: R™ x R — R™ is given in (1.15), then

_ 1/2

A _ et

W, (8. Ps,5,F1) < (;?) & —yle " (1.17)
2Q

for allt >0 and z,y € R™, where \g (Ag) stands for the largest (smallest) eigenvalue of Q. Furthermore,
{X () }i>0 admits a unique invariant ™ € P,(R™), and

_ 1/2
by .
Wupm) < (32) Wymme s (118)
2Q
for allt >0 and p € P,(R™).
In addition, if o(x) = o, a constant, v(x,dy) = v(dy), 1 € ©y, and (1.16) holds for somep € [1,0,]NOy,
then (1.17) and (1.18) remain valid.

We remark that ergodic properties of a Markov process with respect to the W,-distance are invariant
under the Bochner’s random time-change method. Recall that a subordinator {S(¢)}:>0 is a nondecreasing
Lévy process on [0,00) with Laplace transform E[e=*%t] = e=*(%) 4 ¢ > 0. The characteristic (Laplace)
exponent v: (0,00) — (0,00) is a Bernstein function, i.e. it is of class C*° and (—1)"¢™ (u) > 0 for all
n € N. It is well known that every Bernstein function admits a unique (Lévy-Khintchine) representation

w<u>—bsu+/(0 Aevsay) uzo,

where bg > 0 is the drift parameter and vg(dy) is a Lévy measure, i.e. a Borel measure on B((0,00))
satisfying |, (0,00) (1 Ay)v(dy) < oco. For additional reading on subordinators and Bernstein functions we refer

the reader to the monograph [74]. Suppose {X (t)}¢>0 is a Markov process on (X, B(X)) with transition kernel

p(t,z,dy), and let {S(¢)}+>0 be a subordinator with characteristic exponent 1 (u), independent of {X (¢)};>o.
The process X (t) := X (S(t)), t > 0, obtained from {X (¢)};>0 by a random time change through {S(t)}¢>o0,
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is referred to as the subordinate process {X (t)};>0 with subordinator {S(¢)};>0 in the sense of Bochner. It
is easy to see that {X¥(t)};>0 is again a Markov process with transition kernel

pw(t,amdy) = / p(s, z,dy) p(ds), t>0, zeR",
[0,00)

where p,(-) =P(S(t) € -). It is also elementary to check that if 7t(dx) is an invariant measure for {X (¢)}+>o0,
then it is also invariant for the subordinate process {X ¥ (t)}i>o.

Proposition 1.1. Assume that {X (t)};>0 admits an invariant m € P(X) such that W, (8, P, ) < c(z)r(t)
for some p > 1, and allt > 0 and x € X, where r: [0,00) — [1,00) is Borel measurable, and c¢: X — [0,00).
Then,

W, (8. P, ) < c(z)ryp(t) V() e [0,00) x X,

where Ty (t) = (E[(T(S(t)))pbl/p.

Ergodic properties of Markov processes under subordination in the f-norm are discussed in [20-22].

1.3. Literature review

Our work contributes to the understanding of the ergodic properties of Markov processes. Most of the existing
literature focuses on characterizing the exponential or subexponential ergodicity under the f-norm, and in
particular the total variation norm, see [3, 19, 24-26, 32, 33, 35, 58, 64-66, 78] and the references therein.
However, there have been some recent developments in understanding ergodic properties of Markov processes
(both continuous and discrete time) under the Wasserstein distances; see [12, 28-30, 34, 53, 56, 57, 59, 60, 85].
As already mentioned, exponential and subexponential convergence rates in the Wi-distance for general
Markov processes that are (possibly) not irreducible or aperiodic are established in [12, 28, 53], under the
Foster-Lyapunov condition in (1.1), contractivity of the underlying metric, and smallness of sublevel sets
of the corresponding Lyapunov function. Using the coupling approach, the authors in [29, 30, 59] studied
exponential ergodicity with respect to a class of Wasserstein distances for SDEs driven by an additive
Brownian noise term and a drift term satisfying an asymptotic flatness property at infinity. Under the
same assumption on the drift term, these results have been extended in [60, 85] to allow for more general
additive Lévy noises. Subexponential ergodicity with respect to the W,-distance for stochastic differential
equations driven by an additive Lévy noise term, with a drift term satisfying asymptotic flatness property
at zero, has been studied in [56]. By combining the Foster-Lyapunov method with the coupling approach,
exponential ergodicity with respect to a class of f-norms and Wasserstein distances (given in terms of the
underlying Lyapunov function) is established in [57] for a class of Mckean-Vlasov SDE with Lévy noise.
Lastly, exponential ergodicity with respect to the W;-distance for one-dimensional positive-valued stochastic
differential equations with jumps and the drift term satisfying asymptotic flatness property has been studied
in [34].

Our results on both exponential and subexponential ergodicity under the W,-distance contribute to this
active research topic. Of particular interest is the result obtained in Theorem 1.2 which seems to be completely
new in the literature, and which, in some cases, allows one to conclude that the obtained upper bound on
the rate of convergence is sharp.

As we have already remarked, irreducibility and aperiodicity are crucial structural properties of the
underlying process used in Theorems 1.1 to 1.3. There is a vast literature on these, and related questions
such as the strong Feller property and heat kernel estimates of Markov processes. In particular, we refer the
readers to [8, 15-18, 36, 42, 43, 45-48, 55, 67, 71, 77| for the case of a class of Markov Lévy-type processes
with bounded coefficients, and to [7, 9, 39, 44, 56, 62, 63, 68, 69, 72, 76, 86] for the case of a class of It
processes.

Recall that the Foster-Lyapunov condition in (1.1) implies that for any € > 0 the ¢ o ®~'-modulated
moment of the e-shifted hitting time 75 = inf{t > §: X (t) € C} of {X(t)}+>0 of C' (with respect to P,) is
finite and controlled by V() (see [24, Theorem 4.1]). However, this property in general does not immediately
imply ergodicity of {X(¢)}¢>0. Namely, we also need to ensure that a similar property holds for any other
“reasonable” set. If {X (¢)};>0 is irreducible with irreducibility measure @(dz), then indeed for any ¢ > 0
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the ¢ o ®~!-modulated moment of 7§, for any B € B(X) with @(B) > 0, is again finite and controlled by
V(z) (see [24, the discussion after Theorem 4.1]). However, {X (¢)};>0 can also show certain cyclic behavior
which destroys ergodicity (see [65, Section 5] and [64, Chapter 5]). By assuming aperiodicity, which excludes
this type of behavior, (sub)exponential ergodicity in the W)-distance of {X(t)};>¢ follows as discussed in
Theorem 1.1, and in the f-norm as discussed in [33, Theorem 1].

1.4. Organization of the article

In Section 2, we give the proofs of Theorems 1.1 to 1.4 and Proposition 1.1 together with some auxiliary
lemmas. Applications of the main results to several classes of Markov processes, including Langevin tempered
diffusion processes, Ornstein-Uhlenbeck processes with jumps, piecewise Ornstein-Uhlenbeck processes with
jumps under constant and stationary Markov controls, state-space models, and backward recurrence time
chains, are contained in Section 3.

2. Proofs of the main results

We start with the proof of Theorem 1.1.

Proof of Theorem 1.1. We consider the case when T = R, only. The case when T = Z, proceeds in an
analogous way, by employing the results from [25, Theorem 2.8] and [64, Theorem 15.0.2].

First, under the assumptions of the theorem, it has been shown in [24, Proposition 3.1] and [66, The-
orem 4.2] that {X(¢)};>0 admits a unique invariant 7 € Pgov(X). This, together with (1.2), implies that
m € Pp(X). We continue now with the proof of part (i). By the Kantorovich-Rubinstein theorem, we have

Wi (py, n2) = su /Xf(:z:)(ul(dx) — po(d)) Vi, pe € Pi(X),

p
{f: Lip(f)<1}

where the supremum is taken over all Lipschitz continuous functions f: X — R with Lipschitz constant
Lip(f) < 1. We apply [24, Theorem 3.2],

re(t) = po @), fulx) = ¢poV(x), Ui(z) = 2" and Wy(z) = ¢ /2,

Note that if f: X — R is such that Lip(f) < 1 and f(zo) = 0, then |f(2)| < d(z,z0) < P30 fi(x). Thus

sup
f+ Lip(f)<1

[ @) s (a) - ua(dw))‘ < ewp

[fI<WaofiVl

Aﬂ@%@@ﬂMMDZHM—MMmW

(recall the definition of the f-norm in (1.8)). Now, from [24, (3.5) and (3.6)] we have

(\111 ory(t)V 1)W1(6mPt,7'c) < (\111 ory(t)V 1)||6th — || wy0f.vi < EV(2),

and

IN

/ (U1 07.(s) V1)W1 (8, P, 8,Ps)ds / (U1 07:(s) V1) [|85Ps — 70w, (f.yv1 ds
0 0

¢(V(z) +V(y)) .

IN

for some ¢ > 0, and all ¢ > 0 and z,y € R™, which proves (1.3) and (1.4), respectively.
We next prove part (ii). Applying (1.3) and [24, (3.5)] with ¥;(z) = 1, and ¥y(z) = z, we obtain
E, [d(X (%), z0)"] < T,y + ¢V(z), for some ¢ > 0, and all ¢ > 0 and = € X. Hence

Eq [d(X(t), 0)P Lge(20) (X ()] < P77 (M, +EV(2))  V(t,z) €[0,00) X X. (2.1)
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Further, for t > 0, z € X, and II € C(§,P;, ), we have
/ (d(z,y))" TI(d, dy)
XxX

= d(z,y))" I(dz, d (d(x, )" TI(dz, d
‘/%t(mo)XBt(wO)( ( y)) ( y)+/(3t(w0)><'3t($0))b( ( y)) ( y) (22)

< (20! /X (o) Ti(dr,dy) + 2 /95 (d(,20))" [5. Po(dz) + (de)]

¢ (o)

Using (2.1) and (2.2), and the bound fgf(xo)(d(x7xo))p ni(dz) < P~ 7m,, we have
WE (8, Py, mt) < (24P~ Wy (85 Py, ) + 207177 (2my, + EV(x)) Y (t,2) € [0,00) x X,
and combining this with (1.3) we obtain
(1v (twAtlfp(r*(t))“"“/”)) WE(8, P, m) < 207 'eV(x) + 20~ (2m, + ¢ V()

for all t > 0 and = € X, from which (1.5) follows with & = 2max{1, ¢, &} /.
Moving on to the proof of part (iii), note that according to [65, Proposition 6.1], [66, Theorem 4.2], and
[26, Theorem 5.2], there exist constants ¢ > 0 and v > 0, such that

16,2 — ||y < éV(z)e™  V(tz)e[0,00) x X. (2.3)

Equation (1.6) now follows from the Kantorovich-Rubinstein theorem and (1.2). Let p € [1,7]. First, from
(2.3) we obtain E, [d(X¢,z0)"] < ™, + ¢V(x), for some ¢ > 0, and all ¢ > 0 and = € X, which again implies
(2.1). By (2.1) and (2.2), we have

WP (8, Py, 1) < (26)P7 Wy (8, Py, mr) + 207 P77 (2my, + ¢ V(2)) Y (t,x) €[0,00) x X,
and combining this with (1.6) we obtain
(LVETPYWP(8, P, ) < 2P71eV(x) + 2P~ (2my + ¢V(x)) VY (t,z) € [0,00) x X,
from which (1.7) follows again with ¢ = 2max{1, ¢, ¢}/?. This completes the proof. O

We proceed with the proof of Theorem 1.2.

Proof of Theorem 1.2. We again consider the case when T = R only. The case when T = Z proceeds in a

similar manner.
Fix some zg € X, p € [1,9] and ¢ € (0,0 — 9 — €). For s > 0, define fs: X — [0,00) by

o, if L(x) < %,
Jol) = {L(x)—;, if L(z) > 5.
We have .
[ @) ntan) > (3) a((ws L) > 1) vs>0. (2.4
X
Ve

Since, by assumption, [;(L(z))" " m(dz) = oo, there exists an increasing diverging sequence {s,}nen C

[0, 00) such that
S p
o : > gpghImemt :
(2> n({z: L(z) > sp}) > 2PsP (2.5)
Note also that (fs(ac))pg 20—pgp—0 (L(m))e < 29% sP=9V(z) for all s > 0 and x € X. This follows from the
facts that fs(x) =0 for s > 0 and = € X such that L(z) < s/2,
s L
Fa) B vsa e 0,00 0%,
2

0 <

N|»
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and 6 > p > 1. Thus, by the Foster-Lyapunov equation (1.1) (see [66, Theorem 1.1]), we obtain

20—»
/(fs(x))péwoPt(dx) < 2 bt 4 V(ay)  Vst>0. (2.6)
X
Select a sequence {t, }nen C [0,00) such that
0—p
Sz_ﬁ_E_L = (btn + V(.’E())) . (2 7)

Combining (2.4)-(2.7) above we have

( /X (fsn(m))pﬂ(dx))l/” - ( /X (for @) Sus P, (dx))l/p e

(2 (ota+ V(@) T ¥nen.

V

Y

C

The result then follows by [82, Proposition 7.29], which asserts that

‘(/X(f(a:))p Ul(dx))l/p N (/x(f(x))p Hz(dx)>l/p

for all py, o € Pp(X) and Lipschitz f : X — R with Lipschitz constant Lip (f) O

< Lip(f) Wp(p1, 12)

For the proof of Theorem 1.3 we need two auxiliary results given in Lemmas 2.1 and 2.2 below. First,
recall that {X (¢)}>0 is said to be conservative if P, (X (¢t) € R") =1 for all ¢ > 0 and = € R", and note that
this is equivalent to

IPI(klim - oo) —1 VzeR",

—00

where 73, == inf{t > 0: X; € Bf} for k € N (here it is also essential that { X (¢)};>0 has cadlag sample paths).
Namely, for t > 0 and = € R™ it holds that

P,(X(t) € R") = ]P’w< lim 7 > t) > }Px( lim 7 = oo) — lim IP’x< lim 7 > t) = lim P,(X(t) € R").
k—oco t—00 k—oco t—o0

k—o0

Lemma 2.1. Assume (LB) and (MP). Then for any x € R"™ and any nonnegative f € C°(R™) such that
the map y — [. f(y + 2) v(y,dz) is locally bounded, {My(t)};>0 is a Py-local martingale (with respect to
{Fi}ti=0)-

Proof. For k € N, let x;, € C2(R"™) be such that 1s, (z) < xx(z) < 1s,,,(z) and xx(z) < xrp41(x) for
x € R™. Then, for any z € R", k,j € Nand s,t > 0, s <, [31, Theorem 2.2.13] implies that

Eﬂc[Mka(t/\Tj) "FS] = Mka(S/\Tj)'

Next, by employing the monotone and dominated convergence theorems, we easily see that

E.[f(X(tAT))] = lim Eu[f(X(tAT))xk(X({EAT)))]

k—o0

/0 Lf(X(sAT;))ds

] < oo VY(z,j) eR"xN,

and

= f(x)+lerI;oEw [/0 £(f(X(s/\Tj))Xk(X(s/\Tj)) ds

:f(x)+Ex|:/()'t£f(X(S/\Tj))dS:| V(z,j) € R" x N.

Hence, for each z € R", ¢t > 0 and j € N, M;(¢ A 7;) is integrable. Also,
Jim By [Myy, (¢ A )| Fs] = B [My(tAT) | Fo], and lim My (s A7) = My(s A7),
— 00 — 00

for all z € R, t > s > 0, and j € N. The assertion now follows from the conservativeness of {X (t)}+>0. O
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For f € CY(R") we let

of(wy) = fla+y) - flz) =y, Vf(@), zyeR",

dalfl@) = [ ot vedy), and 3@ = [ ofw)viedy), @R

whenever the integrals are well defined.

12

Lemma 2.2. Suppose that 6y, > 0, and that (1.13) holds for some 6 € (0,0y] N O. Then, we have the

following:

(1) If 0 € (0,1), and f € C*(R™) satisfies

sup 2]~ max (|f (2)|, |2| [V £ (@)1, |2* IV £ (2)]]) < oo,

then J1v[f](x) vanishes at infinity.
(it) If 0 > 1, and f € C*(R™) satisfies

sup ' =" max(|V f ()], |2 [V f(@)]l) < oo,

then 3+ [f](z) vanishes at infinity when 0 € [1,2), and the map x — (1 + |z)2~? 3, [f](x) is bounded

when 6 > 2.

(éii) If (1.14) holds for some 6 > 0, then there exist ¢ > 0 and r = r({) > 0, such that for any ¢ €

(0,401Q1 =) we have
IvVoc@) < (Vo cle)  Vae B

(2.8)

Proof. The proof of parts (i) and (ii) follows as a straightforward adaptation of [7, Lemma 5.1] by setting

Co(0) = sup /n(ly\“IyIG)V(%dy), Co(0) = sup /ﬁ\yl%(%dy%

zeR™ zERP

and

é’o(r; 0) = sup \y|9v(:v,dy), r>0.
zER™ Be

To prove part (iii), we use the identity

/ D@Q’C(x;y)v(x,dy) = / / (1 —t)<y7V2\~7Q’<(m—l—ty)y> dtv(z,dy)
Rn n Jo

Consider the set
Ay = {(ty) € 0,1 xR": [o +tylg < 3lle},  z€R™.

On this set we have the bound

[(y, VVq.c(@ +ty)y)| < e(C+ )yl SIRI* 11 Y ()

(2.10)

for some ¢ > 1. Since ¢||Q||/? < 6, and |y|o > |ty|lo > L|z|g on the set A, there exists p = p(¢) > 1 such

that .
CT2(1 4 ¢yl SRl Il < oflul

for all z € BS, and (t,y) € A;. Hence, using (2.10) and (2.11) and Fubini’s theorem, we have

/I (100, T Vale 4 ) i, dy) < 26C ( /.

c
P

vl y(z, dy)>\7Q,<(x)

(2.11)

(2.12)
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for all z € B ,. Next, since |z + ty|q > 3|z|q on the set AZ, we have a bound of the form

~ B Y210 %
(4, V Vg c(x +ty)y) < C(C2 + Q)Iyze“‘?' VIVg.c(x) (2.13)

for all z € B¢ and (¢,y) € AS, where, without loss of generality, we use the same constant ¢ as in (2.10).

Since 6 > 2¢ \/m , it is clear that there exists ¢ > 0, independent of ¢, such that
<C2 + |i|> P eSIQI I < G c¥2 (|yP1a(y) + M ine(y))  Vlw,y) € BS, x R™. (2.14)
Thus, by (1.14), (2.13), and (2.14), there exists ¢ > 0 such that
//6(1 — 1)y, VVq.c(z + ty)y) dtv(w,dy) < ¢¢*Vgc(r) Ve B.. (2.15)

The estimate in (2.8) follows from (1.14), (2.9), (2.12), and (2.15). This completes the proof. O
‘We next prove Theorem 1.3.

Proof of Theorem 1.3. In cases (i) and (ii), we take V(z) = Vg, ¢(z) + 1, while in case (iii) we use V(z) =
Vo.c(x) with ¢ > 0 sufficiently small. Then, in view of Lemma 2.2 it is straightforward to see that there exist
constants ¢ > 0, ¢ > 0, and r > 0, such that

(6-2+9)/p

LV(z) < elg (z) — ¢ (V(z)) VzeR"™,

in case (i), and
LV(xz) < ¢clg (x)—¢V(x) VzeR",

in cases (ii) and (iii). Observe that the above relations, together with [66, Theorem 2.1] and Lemma 2.1,
imply that {X(¢)}:>0 is conservative. Finally, according to Lemma 2.1 and [24, Theorem 3.4] the process
{X (t)}+>0 satisfies (1.1) with ¢(t) = ¢""*""/ in case (i), and ¢(¢) = t in cases (ii) and (iii) (for some b > 0
and closed petite set C). O

The proof of Theorem 1.4 is based on the following lemma.

Lemma 2.3. Let {X(t)}i>0 be an Ito process with locally bounded coefficients b(x) and a(x) and satisfying
the linear growth condition in (1.12), and v(x,dy) such that 6y > 0. Then, for any 6 € [0,0] N O, there
ezists a constant ¢ > 0 such that

E,[IX®)°] < (1+]z%)e"  V(t,x) €[0,00) x R™.
Proof. Let ¢ € C*(R™) be such that p(z) > 0 and ¢(z) < |z]|? for € R", and ¢(z) = |z|? for z € B°.

Further, for k € N, let ¢, € CZ(R™) be such that ¢i(z) > 0, ¢i(z) = ¢|s,,,(z), and @r(z) N ¢(x), as
k — oo, for every & € R™. Then, according to It6’s formula and the conservativeness of {X (¢)};>0 we have

B[ (X An)] = ) +Ex | [ La(x(e) 0

< or(x) + cr(t ATh) 4 cx By {/Mm or(X(s)) ds}

(=)

< wk(o:)+ckt+ck/0 E; [pr (X (s Amh))] ds

for all k € N, ¢t > 0, and € R™, where the constants ¢, > 0 depend on 0, b(z), a(z), and the quantities

sup/ (Iy* 1 (y) + [y|°Lpe(y)) v(z,dy) and sup (|<pk(x)l+|Vwk(x)|+lv2wk(x)\),
Rn ze€B,

ESING
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for r > 0 large enough. Clearly, the functions ¢ () can be chosen such that ¢ = sup,cy ¢ < co. Now, since
the function ¢t — E, [(pk (X (t A Tk))] is bounded and cadlag, Gronwall’s lemma implies that

E,. [gok(X(t A Tk))] < (1 + gok(:v)) et — 1

for all k € N, t > 0, and € R™. By letting k¥ — 0o, Fatou’s lemma and the conservativeness of {X (¢)}:>0
imply that
E,[o(X(1)] € (14 ¢(z))e” -1 Y (t,z) € [0,00) x R™.

Finally, we have that
E.[[X(0)|°] < Eo[e(X(#)] +1 < (1+¢(x) e < (1+ || e V(t,z) € [0,00) x R™.
This completes the proof. O

We next prove Theorem 1.4.

Proof of Theorem 1.4. For p € [2,0y] N Oy, define V() = |z[g,, x € R", and
1 o 0% f
Z A @)+ 2 ) g )

+f <f(z T R DT <z)> A(edy),  zcR.

i=1

Calculating £V, (; z), using (1.16), we obtain

LV, (x;2) = 122 |z|€2_2 (2 (A.b(z),Qz) + Tr (a(x; z)Q)) + p(p2— 2) |Z|€2_4|AZO‘/($>Q2|2

+ /n /0 (1= t)(y, V?Ve (2 + ty)y) dt A, v(z,dy)

= Dlefy® (2800, Q2) + T (ala:2)Q) ) + P el .o ()P
b [ 00 (ol i 4o - 2 i QU+ ) i Av(a, )
< Slely? (2(A:5(2).Q2) + T (a(a:2)Q) + (0~ 2) [VQ Ao (@)
+o(t+0=21071) [ 1ol | (=0l 5 A, dy)
< Slel? (2(4:b(@).Q2) + T (a(2:2)Q) + (0~ 2 [VQ Awo(2))

+p2p74(1 +(p— 2)||Q*1||)|z|’g;2 /R \yIZQ A,v(z,dy)
2r—3
+ p—1

(14 G=201Q71) | Iolh Acviz.ay
= 2l (2 (A:b(x),Qz) + Tr (a(x:2)Q) + (0~ 2) [VQ Azo ()

#2731+ (p=21Q ) [ Iyl Aviedy)
2r—2
p(p—1)

T 1L+ @-21Q7 )G /IMPAV®dw>
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— g Bl (2 (Ab(x),Qz) + Tr (a(z;2)Q) + (p — 2) |V Q Aso(x)[?

+2"(1+ (- 2)1Q 7)) /\k(x +2,0) = k(z,v)[§ v(dv)
2p—2

+p(p 1)

1+ -21Q7 IN)I=lg /\k +2,0) (fﬂvv)l’é\/(dv)>

< —c(p) Vp(2)

for all z, z € R™. Next, for z, z € R™, let 7 := inf{t > 0: X*T*(t) = X*(¢)} (possibly +00), where {X*(t)}+>0
denotes the solution to (1.15) with X*(0) = z for z € R™. By It6’s formula and the conservativeness of
{X(t)}tzo we obtain

E[Vp (X" (t AT AT) — XT(EAT AT)) ]—Vp(Z)
— EM) "E X®(s); X7 (s) — X*(s)) ds}
= [ XE(s AT A T); X’”+Z(SAT)—XZ(3ATATk))ds]

= / [ﬁVP(X:”(s ATATE); X T2(sATATL) — X (SATA Tk))] ds
0

for all t > 0 and k € N, since, for t > 7, X*T?(t) = X®(¢) a.s. by the pathwise uniqueness of the solution to
(1.15). From this and Lemma 2.3 we conclude that the function t — E [V, (X*T#(t AT AT,) — XT(EATATY))]

is differentiable a.e. on (0, 00). Note that [£V, (z;2)| < c|z|P for some ¢ > 0 and all z,z € R", We conclude
now that

d

th[Vp(Xw+Z(t ATATE) = XP(tATATE))]

= E[EVP(XI(S/\T/\Tk);Xw+z(t/\7'/\Tk) — X (tATATY))]
< —c(p)E[Vp (X"t ATATL) — X (EAT ATY))] a.e. on (0, 00)
for all £k € N. Thus by Gronwall’s lemma, it follows that
E[Vp(X* T2t ATk) — X7(tATk))] = E[Vp (X"t ATAT) = X (AT AT))] < Vp(2)e P,
and Fatou’s lemma implies that
E[V, (X7(t) - X7(8)] < Vp(2)e @
for all ¢ > 0 and x,z € R™. Next, from the bound Ag|z[* < [2[3, < Ag|z|* we obtain
E[|X7F2(t) = X (O] < (Ag) " E[IX"*(t) = X" (1)lp)]
< (AQ)_T’/Z (XQ)W |2|P e—cp)t

for all t > 0 and z, z € R™, thus establishing (1.17).

Finally, in order to establish (1.18), we follow the idea from [59, Proof of Corollary 1.8] or [49, Proof of
Theorem 2.1]. Observe first that, according to Lemma 2.3, for any u € P,(R"™), uP; € Pp(R™) for all t > 0.
Next, let py, gy € Pp(R™) be arbitrary. According to (1.17), we have

c(p)t

— (e
A _
Wy (m1 Py, noPy) < (/\Z) Wp(u1, po)e v vt>0.

_ /2
(/\Q> efc@p)‘o <1
A

Fix tg > 0 such that
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Then, the mapping p — pP, is a contraction on P,(R™). Thus, since (P,(R™), W,) is a complete metric
space, the Banach fixed point theorem entails that there exists a unique 7y € P,(R™) such that o Py, (dx) =
79(dz). By defining m(dx) = t;* J" Mo Ps(dx) ds, we can easily see that P, (dx) = m(dx) for all ¢ > 0, i.e.
nt(dx) is an invariant probability measure for {X (¢)};>¢. By employing Lemma 2.1 again, we also see that
m € P,(R™). Finally, for any p € P,(R") we have

c(p)t

_ 1/3
)
Q) W, (, m)e” 7 Vi>0,

W, (kP T) = W,y(kPy TPy < ( !
2Q

which also proves uniqueness of 7t(dz).
To prove the second assertion, we adapt the proof of [4, Lemma 7.3.4], where an analogous result is shown

for p = 1. Define
2
Vipla) = ——%— c>0, z€R",
(e+2l3)

and observe that in this case £ reduces to

~ - i af n
Lf(x;z) = ZAzb (m)ax(z) Vz,z € R™.
i=1 '

Calculating £V, ,(x; z), using (1.16), we obtain

- (e +1) +pl23) 215
LV, p(w52) = e
(e + |Z|Q)
2t + 1o
—c(p) W
< —c(p) Ve p(2) Vz,zeR".

(Qz, ALb(x))

ep(2)

As before, by Itd’s formula and the conservativeness of {X(t)}+>0, combined with the fact that the Lévy
noise does not depend on the state, we obtain

]E[V&p (Xg”z(t ATATE) — XT(EATA Tk))] —Vep(2)

¢
= / IE[EVEJ,(X””(S/\T/\Tk);XgHZ(s/\T/\Tk) —XZ(S/\T/\T]C))} ds
0

for all £ > 0 and k € N, and

%]E[Vap(X“'z(t ATATE) = XP(tATATE))]

= IE[EVEJ,(X‘T(t/\T/\Tk);Xm+Z(t/\7'/\Tk) — X*(tATATR))]
< —c(p)EVep (X" ATAT) — XT(EATATE))] a.e. on (0, 00)

for all £ € N. Thus by Gronwall’s and Fatou’s lemmas it follows that
E[Ve, (X7F(t) = X7(1))] < Vep(z)e !

for allt > 0 and z, z € R™. Taking limits as € — 0, and using monotone convergence, the assertion follows. [

In what follows we give an alternative proof of Theorem 1.4 in the case when o(xz) = o and v(z,dy) =
v(dy). Let X (t) == Q/*X(t) for t > 0. Clearly, {X () }+>0 is again an It6 process which satisfies

X(t) =x+Q" /tb(Q_I/zX(S)) ds+ Q"0 B(t) + QL(t) V>0,
0
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where {L(t)};>0 is an n-dimensional pure-jump and zero-drift Lévy process determined by v(dy). The cor-
responding transition probability satisfies

p(t,x,dy) = P*(X(t) € dy)
= PO (X (1) € Q72 dy) = plt,Q V22, Q V2 dy) Y (t,x) € [0,00) x R” .
Thus, we have B
(Ab(x),Qz) = (Q7*Ag1.b(Q 1), Qz)
= (Ag12.0(Q" ), Q"*z) (2.16)
_<p)
p

IA

Q™ "22|q = —%MQ Vz,zeR".

Now, in [11] it has been shown that (2.16) implies that

C(mt

Wy (8P, 8,P) < |z —yle”
for all t > 0 and x,y € R". Finally we get
Wy (8. Ps, 8, P,) = W, (p (t Q"?x,Q"*dz),p(t,Q"*y, Q72d2))

(o)~ IQ 7 a — w)l e

ik C(p)t
[z —yle
Proof of Pmposition 1 1. According to [82 Theorem 4.1], for each s € [0,00) there exists II; € C(8,P;, m)
such that W, ( fXXX II;(dy, dz). Now, we have that

IN

IN
\y‘ >
Q |0

for all t > 0 and =,y € R™, which is (1.17).
Lastly, we prove Proposition 1.1.

WS, PY\m) = inf / (d(y )" I1(dy, d2)
neC(s,PY,m) JxXxX

/ (d(y.2))" / 0, (dy, d)  (ds)
XxX [0,00)

S 0 )Wg(éwpsaﬂ) p't(ds)

(c(x))” /[0 )(rp(s))p ne(ds) = (c(2)"E[(r(S®)))"] V(t,xz) € [0,00) x X,

IN

IN

which completes the proof. O

3. Examples

In this section, we consider applications of the main results to several classes of Markov processes, includ-
ing Langevin tempered diffusion processes, Ornstein-Uhlenbeck processes with jumps, piecewise Ornstein-
Uhlenbeck processes with jumps under constant and stationary Markov controls, state-space models and
backward recurrence time chains. Further examples can be found in [24, 25, 32, 33, 78].

3.1. Langevin tempered diffusion processes

We first consider a class of Langevin tempered diffusion processes. Let a € (0,1/n), and let 7 € C?(R")
be strictly positive, (x) = c|z|~/* for some ¢ > 0 and all 2 € B°, and Jgn m(x)dz = 1. Further, for
B€0,(1+a(2—n))/2] and z € R™, let

o(x) = (7‘((1:))75 L, a(z) = U(x)a(x)/ _ (W(z))iZﬁ I,
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and
b(z) = % (a(z) Vlog(n(z)) + V -a(z)') = ! _225 (77(3:))_2'8V10g(7r(x)) .

Then, in [33, Proposition 15] it has been shown that the SDE

X(t)::c—|—/tb(X(s))ds—i—/tU(X(S))st, t>0, z€eR”,

admits a weak solution (Q, F,{F; }i>0, {B(t)}>0, {X(t) }+>0, P), which is a conservative strong Markov pro-
cess with continuous sample paths. Moreover, it is irreducible, aperiodic, every compact set is petite, and
nt(dz) := 7(z)dx is its unique invariant probability measure. Here, (Q, F, {F:}i>0, {B(t) }+>0, P) is a standard
n-dimensional Brownian motion. Note also that according to Itd’s formula {X (¢)}:>0 satisfies (MP) with

Lf(z) = (b(z),Vf(z))+ %Tr(a(x)VQf(x)) , x eR™.

Proposition 3.1. (i) If g8
V(z) =1+Vy, 2(z) an
(i) If « € (0,1/(n —|—1)) an

6 v, % 1+ a(l —n))), then the assertions of Theorem 1.1 (iit) hold with
dn=2 for any v € [o, 1 + (2 —n) — 25).
dpe

[ «), then the assertions of Theorem 1.1(i) and (ii) hold with

2(a—B)

V(z) =14V, 2(2), o) = =", and n= a_l('y —2(a— )

for any v € Ba— 28,1+ «(2 —n) — 28).

(iit) Under the assumptions of (ii), 0 € Py-1(1—an)—.(R™) for v € (0,07 (1 — a(n +1))). Let p € (0, (1 —
(n+1)a) A2(a— ) and e € [a'p,2a7 (o — B)) be fived. Then, for every p € [1,a (1 — na — p)]
and v € (0,2a " (a — B) — €) there exist a positive constant ¢ and a diverging increasing sequence
{tn}nn C [0,00), depending on the above parameters, such that (1.9) in Theorem 1.2 holds with V(z)
as above, 0 = a1+ a(2—n) — 28 —p), and ¥ = a~ (1 — na — p).

Proof. (i) In [33, Theorem 16 (i)] it has been shown that for 8 € [, 3(1+a(1—n))) and v € (0,1+a(2—
n) — 2/3) the Foster-Lyapunov condition in (1.1) holds with V(x) as above, ¢(t) = t and C' = B, for
some 7 > 0 large enough. Also, the relation in (1.2) easily follows from the form of V(z) and ¢(t), and
the choice of 7.

(ii) In [33, Theorem 16 (ii)] it has been shown that for @ € (0,1/n), € [0,«) and v € (2(a— ), 1 + (2 —
n) — 2f3), the Foster-Lyapunov condition in (1.1) holds with V() and ¢(t) as above and C' = B, for
some 7 > 0 large enough. The relation in (1.2) can again be easily verified due to the form of V(x) and
¢(t), and the choice of 7.

(iii) Since ¥ + & —a+n —1 > —1, we have [p,|z|""*m(dz) = oo. The assertion now follows from
Theorem 1.2 by taking L(x) = |z|.
This completes the proof. O

Remark 3.1. Observe that the rates obtained in Proposition 3.1 (ii) and (iii) match. Also, in Proposi-
tion 3.1 (ii) we assume that o € (0, (n+1)7'). Namely, for a € [(n+1)"!,n7!) it holds that [, |z|n(dz) =
oo, and hence convergence in the W)-distance cannot hold. On the other hand, in this case, [33, Theo-
rem 16 (ii)] shows subexponential convergence in the f-norm. In the following subsections we give examples
of Markov processes which are ergodic in the W,-distance but not in the f-norm. For additional results on
ergodic properties of Langevin tempered diffusion processes with respect to the f-norm see [24] and [33].

3.2. Ornstein-Uhlenbeck processes with jumps

We next consider a class of It6 processes with linear drift. Let H be an n x n matrix, and let {L(¢)};>0 be
an n-dimensional Lévy process determined by Lévy triplet (bL, ar,vVy (dy)) It is well known that the SDE

t
X(t):a:+H/ X(s)ds+ L(t), t>0, zeR",
0
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admits a unique conservative strong solution {X (¢)};>o which is a strong Markov process with cadlag sample
paths (see e.g. [2, Theorem 3.1 and Proposition 4.2]). In particular, {X (¢)};>0 is an Ité process satisfying
(MP) with b(z) = by, + Mz, a(z) = ar, and v(z,dy) = vr(dy). This process is known as an Ornstein-
Uhlenbeck process with jumps. In the case when {L(t)}:>0 is a standard Brownian motion, {X (¢)};>¢ is the
classical Ornstein-Uhlenbeck process. If H is a Hurwitz matrix (a square matrix whose eigenvalues have all
strictly negative real parts), it has been shown in [73, Theorems 4.1 and 4.2] that {X (¢)};>0 admits a unique
invariant 7t € P(R") if, and only if,

[ ot va(dy) < oo
Moreover, if this is the case, then lim;_, o, 8, P; (f) = 7T(f) for all z € R™ and f € Cy(R"™), i.e. for any
x € R™, the transition kernel p(t,z,dy) converges weakly, as ¢t — oo, to 7t(dy). However, this is not enough
for Wp-convergence of p(t,x,dy) to 7(dy) (see [82, Theorem 6.9]). Assume additionally that 1 € ©,, and

let p € [1,0y] N O,. Since H is Hurwitz, there exists Q € M such that —(QH + H'Q) € M (see [27,
Lemma 2.2]). The left-hand side of (1.16) then reads

2 <Azl~1(m), Qz)=2(Hz,Qz) = ((QH + HQ)z,2) Va,zeR"™.

Now, by setting

b

_ .. P((QH+H'Q)z2)
olp) = . 21413

the assertions of Theorem 1.4 follow. We remark here that this result does not necessarily imply ergodicity of
{X(t)}+>0 in the f-norm. Indeed, let n = 1, and take L; = 0 for ¢ > 0. Then it is easy to see that X; = z efl*
for ¢t > 0. Thus, 7(dz) = d9(dx), and 8, P; converges to m(dx), as t — oo, in W)-distance for any p > 1, but
clearly this convergence cannot hold in the f-norm.

If 6y > 1, and {X(t)},>0 satisfies the assumptions in [7, Theorem 3.1] (which ensure that {X(¢)},>¢ is
irreducible and aperiodic, and that the support of the corresponding irreducibility measure has nonempty
interior), then according to [2, Proposition 4.3] and [79, Theorems 5.1 and 7.1] (which imply that every
compact set is petite for {X (¢)}+>0) the conclusions of Theorem 1.3 (ii) hold true for any 8 € (1,6,] N O,.
If #, > 0, then under the same assumptions as above, [26, Theorem 5.2], [65, Proposition 6.1], and [66,
Theorem 4.2] (and [2, Proposition 4.3], and [79, Theorems 5.1 and 7.1]) imply that for any 6 € (0,6,] N O,
the process {X (t) }+>0 is exponentially ergodic in the f-norm with f(x) = Vg ¢(x)+1. However, this does not
necessarily imply ergodicity of {X (¢)}+>0 in the W,-distance. To see this take again n = 1, and let {L(t) }+>0
be a one-dimensional symmetric a-stable Lévy process with « € (0, 1) and symbol (characteristic exponent)
q(&) = 1€|*. Thus, 1 ¢ Oy, and 0y = a. We claim that 7 ¢ P;(R). Assume this is not the case. Then,

//Iylp(tw,dy)ﬂ(dx) = /\x|7r(da:) <oo Vt>0.
RJR R

In particular, for every ¢ > 0 it holds that fR|y| p(t, z,dy) < oo, m-a.e. On the other hand, according to [73,
Theorem 3.1], we have

Pf(z) = / F(e + ) e (dy)

forall t >0, z € R and f € By(R), where p;(dy) is a probability measure on R with characteristic function

1 e Ht

f(§) = e loaTOd — AT >0, ceR,

and B, (R) denotes the space of bounded functions in B(R). Hence, p(dy) is the law of a symmetric a-stable
random variable. Now, the monotone convergence theorem implies that

/ i p(t, 2, dy) = / et 4 ylp(dy) < 0o ¥(t,z) € [0,00) X R,
R R

which is impossible.
Let us mention that ergodic properties of Ornstein-Uhlenbeck processes with jumps in the f-norm, and
in particular in the total variation norm, have been considered in [41, 61, 75, 83, 84].
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3.3. Piecewise Ornstein-Uhlenbeck processes with jumps

We extend the results from the previous subsection to a class of It6 processes with a piecewise linear drift.
Consider an n-dimensional SDE of the form

Xﬁ)x+A%QﬁMdsh[a@@»dM@+L@, t>0, zeR", (3.1)

where

(i) the function b: R™ — R™ is given by

b(z) =1 — Mz — {e,z)tv) — (e,x) " I'v,

where | € R™, v € R™ has nonnegative components and satisfies {(e,v) = 1 with e = (1,...,1)’ € R,
M € R™ ™ is a nonsingular M-matrix such that the vector ¢’M has nonnegative components, and
I' = diag(v1,...,7n) withv; >0 fori=1,...,n;

(ii) {B(t)}i>0 is a standard m-dimensional Brownian motion, and the covariance function o: R™ — R™*™
is locally Lipschitz continuous and satisfies, for some ¢ > 0,

lo(@)||? < c(1+z]?) VzeR;

(iii) {L(t)}+>0 is a n-dimensional pure-jump Lévy process specified by a drift by, € R™ and Lévy measure
vi(dy).

Recall that a n x n matrix M is called an M-matrix if it can be expressed as M = ul,, — N for some
w1 > 0 and some nonnegative n X n matrix N with the property that p(N) < u, where I,, and p(IN) denote
the n x n identity matrix and the spectral radius of IV, respectively. Clearly, the matrix M is nonsingular
if p(N) < p. It is well known that the SDE in (3.1) admits a unique conservative strong solution {X (¢)}:>0
which is a strong Markov process with cadlag sample paths (see e.g. [2, Theorem 3.1 and Proposition 4.2]).
In particular, {X(#)}+>0 is an It6 process satisfying (MP) with b(z) = by, + b(z), a(z) = o(z)o(x)’, and
v(z,dy) = vr(dy). This process is often called a piecewise Ornstein-Uhlenbeck process with jumps. It
arises as a limit of the suitably scaled queueing processes of multiclass many-server queueing networks with
heavy-tailed (bursty) arrivals and/or asymptotically negligible service interruptions. In these models, if the
scheduling policy is based on a static priority assignment on the queues, then the vector v in the limiting
diffusion (3.1) corresponds to a constant control. The process {X (¢)}:>0 also arises in many-server queues
with phase-type service times, where the constant vector v corresponds to the probability distribution of
the phases. For a multiclass queueing network with independent heavy-tailed arrivals, the process {L(t)}+>0
is an anisotropic Lévy process consisting of independent one-dimensional symmetric a-stable components.
Under service interruptions, {L(t)};>¢ is either a compound Poisson process, or an anisotropic Lévy process
described above together with a compound Poisson component. More details on these queueing models can
be found in [7, Section 4].

We first discuss the case when I'v = 0. This corresponds to the case when the control gives lowest priority
to queues whose abandonment rate is zero. When 1 € ©,, we define

[ = l+bL+/cyVL(dy). (3.2)

Proposition 3.2. In addition to the assumptions of [7, Theorem 3.1] (which ensure that {X(t)}i>0 is
irreducible and aperiodic with_irreducibility measure having support with nonempty interior), suppose that
I'v=0,2¢€0,, and <6,M71l> < 0.

(4) If
la(z)]|

lim sup =0, (3.3)
then there exists Q € My such that the assertions of Theorem 1.3 (i) hold true with ¥ = 1.
(@) If a(x) is bounded, and [, Wl v (dy) < oo for some O > 0, then there exists Q € M such that the
assertions of Theorem 1.3 (i) hold.
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Proof. (i) In [7, Theorem 3.2 (i)] it has been shown that there exist Q € M., ¢=&(0) > 0, and ¢ = &(0) >
0, such that for any 6 € [1, 6] N ©y, we have

LVqe(z) < ¢—EVge-1(z) Yz eR".

It is easy to see that the above relation implies that there exist r» > 0, ¢ > 0, and ¢ > 0, such that

LV(x) < ¢lg, (x) —¢ (v(x))(eﬂ)/e

VreR"™,
with V(x) = Vg ¢(z) 4+ 1. The assertion now follows from Theorem 1.3 (i), together with [2, Proposition
4.3], [24, Theorem 3.4], and [79, Theorems 5.1 and 7.1].

(ii) Let b(z) = b(xz)+1—1. As shown in the proof of [7, Theorem 3.2 (ii)], there exist Q € M, é=1¢(¢) >0
and ¢ = ¢(¢) > 0, such that for any ¢ € (O,HHQH_VQ),

(b(x), VVqc(z)) < e—eVoelx) VaeR™.

This together with Lemma 2.2 (iii) imply that, for any ¢ > 0 sufficiently small, there exist ¢ = é(¢) >0
and ¢ = ¢(¢) > 0, such that

ﬁ\F}Q,g(l‘) < é— éT?Qg(.I) VoeR™.

Again, Tt is straightforward to see that the above relation implies that there exist » > 0, ¢ > 0 and
¢ > 0, such that N N
LVqc(x) < élg () —cVoe(r) VaeR™.

The assertion now follows from Theorem 1.3 (iii), and the results from [2, 24, 79] cited in part (i). O

Remark 3.2. It has been shown in [7, Theorem 3.3 (b) and Lemma 5.7] that the assumptions 1 € ©, and
(e, M _1i> < 0 are both necessary for the existence of an invariant probability measure of {X (¢)};>0. Using
this, we can exhibit an example where we have ergodicity with respect to the f-norm but not with respect
to W,-distance. Suppose that I'v = 0, (e, M~l) < 0, a(z) satisfies (3.3), and {L(t)}+>0 is a rotationally
invariant a-stable process with o € (1,2). Then [7, Theorem 3.1 (i)] shows that {X(¢)}:>0 admits a unique

invariant 7w € Py_1_,(R™) for ¢ € (0,0 — 1), and

. a—1—t V) . —
Jim ¢ 62 P:(-) — 7(-)|lTv = 0

forallz € R™ and ¢ € (0,a—1). Here, ||-|| 7y stands for the total variation norm, i.e. the f-norm with f(z) = 1.
However, [,.|z|m(dz) = oo by [7, Theorem 3.4 (b)], so we cannot have convergence in W;-distance.

We next exhibit a lower bound on the polynomial rate of convergence in Proposition 3.2 (i), which is
analogous to [7, Theorem 3.4]. We let

Oy = sup{9 > 0: /n(<€7M_1y>+)9VL(dy) < OO}~ (3.4)

Note that, in general, 6, > 6. In [7] it is assumed that {L(t)};>0 is a compound Poisson process with
drift bz, and Lévy measure v (dy) which is supported on a half-line of the form {(w: ¢ € [0,00)} with
(e, M~1w) > 0, and a(z) satisfies (3.3). This implies that 6, = 6, and subsequently, this equality is used in
the proof of [7, Lemma 5.7 (b)] to establish that, provided I'v = 0, [5. ((e, M_1$>+)p_1 m(dz) < oo implies
p € Oy for p > 1. We use this fact, namely that the conclusions of [7, Lemma 5.7 (b)] hold under the weaker
assumption that 6, = 6, in the proof of the following proposition.

Proposition 3.3. In addition to the assumptions of [7, Theorem 3.1], assume that I'v = 0, <e,M‘1l~> <
0, and 6, = 0, € (2,00). Then, due to Proposition 3.2 (i), {X(t)}i>0 admils a unique invariant 7@ €
Py, —1—.(R™), L € (0,0 — 1). Neat, fixr p € (0,(6v —2) A1) and e € (p,1). Then, for anyp € [1,0y — p — 1]
and v € (0,1 —¢) there exist ¢ > 0 and a diverging increasing sequence {t, }nen C [0,00), depending on these
parameters, such that (1.9) holds with 6 = 0, — p, ¥ =60 — 1, and V() = Vg e(x) + 1, where Q € My is
given in Proposition 3.2 (7).
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Proof. Observe first that ¥ + & > 0, — 1. Thus, according to [7, Lemma 5.7 (b)], we have

/n(<e,M71z>+)19+6 n(dx) = 0.

The assertion now follows from the proof of Proposition 3.2 (i) (together with [2, Proposition 4.3], [24,
Theorem 3.4], and [79, Theorems 5.1 and 7.1]), and Theorem 1.2 by setting L(x) = (e, M~12)* and ¢(t) =
$O0=1/o O]

We now discuss the case when I'v # 0. For x € R™, we write > 0 (z = 0) to indicate that all components
of z are nonnegative (nonnegative and at least one is strictly positive). Also, for z,y € R™ we write x > y if,
and only if, z —y > 0.

Proposition 3.4. In addition to the assumptions of [7, Theorem 3.1], suppose that 6 > 0,

lim sup lat)] =0, (3.5)

|| =00 |J)|2

and that one of the following holds:

(i) Mv>Tv=0;
(it) M =diag(mq,...,mq) withm; >0,i=1,...,n, and ['v # 0.

Then there exists QQ € My such that the assertions of Theorem 1.3 (ii) hold true.
Proof. In [7, Theorem 3.5] it has been shown that there exist Q@ € My, ¢ =¢&(0) > 0, and é = ¢(f) > 0, such
that for any 6 € (0,60y] N ©,, we have

EVQﬁ(LL‘) <c— EVQ’Q(.%) VreR".

As in Proposition 3.2, it is easy to see that the above relation implies that there exist r > 0, ¢ > 0 and ¢ > 0,
such that
LV(x) < ¢lg, (x) —cV(x) VzeR",

with V(z) = Vg e(z) + 1. The assertion now follows from Theorem 1.3 (ii), together with the results from
[2, 24, 79] cited in the proof of Proposition 3.3. O

In the case when I'v # 0 (under (i) or (ii) in Proposition 3.4) the dynamics are contractive in the W,-
distance. This is shown by establishing an asymptotic flatness (uniform dissipativity) property for {X (¢) }:>o-
As a consequence, we assert exponential ergodicity of {X(¢)};>0 with respect to W), without assuming
irreducibility and aperiodicity, i.e. we allow the SDE in (3.1) to be degenerate.

Proposition 3.5. Suppose that 2 € O, o(x) is Lipschitz continuous, and either (i) or (ii) in Proposi-
tion 3.4 holds. Then there exists Q € M4 such that the matrices

MQ+QM, and (M—ev'(M—1))Q+Q(M — (M —I')ve') (3.6)

are in M. Let k denote the smallest eigenvalue of the positive definite matrices in (3.6), and \g, Ag denote
the largest, smallest eigenvalue of Q, respectively. For p > 1, let

_p( & (p-DLip*(VQo)
c(p) = B) <)\Q - AQ ) )

where Lip(v/Q o) is the Lipschitz constant of v/Q o(x) with respect to the Hilbert-Schmidt norm, and suppose
that c(p) > 0 for some p € [2,0y] N O,. Then the assertions of Theorem 1.4 hold true. If o(z) = o and
1 € Oy, the assertions of Theorem 1.4 hold true for any p € [1,0,] N O,
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Proof. Existence of the matrix @ has been proven in [7, Theorem 3.5]. We prove that (1.16) holds with ¢(p)
defined above. First, clearly,

Tr (a(z;y — )Q) + (p — 2) H\/éAy—gaa(af)H2 < (p-1)Lip*(vVQo) ly — a/?
- (p—1)Lip*(VQo) | ) (3.7)
= N y—$|Q

for all z,y € R™. We next discuss the term <Ay,$l~1(x)lQ(y—sc)> for z,y € R™. Clearly, A,_,b(z) = A,_.b(z)
for z,y € R". With & = —M ~}(Mv — I'v), we have b(z) =1 — M(z + (e,x)™ 9). If both z and y are on the
same half-space, i.e. {e,z) > 0 and (e, y) > 0, or the opposite, then

(820, Qy— ) < ~Ely— o

So suppose, without loss of generality, that (e,z) > 0 and (e,y) < 0. Then we have

<y -, Ql_J(x)> = <y —x, Ql> — <y -z, QM.’E> — <y -z, QMﬁe’x> (3.8a)
(y—2,Qb(y)) = (y—2,Ql) —(y —=,QMy). (3.8b)

We distinguish two cases.

(i) (y —x,QMbe’z) < 0. Then of course subtracting (3.8a) from (3.8b), we obtain

(Ay—ab(2),Qy — )

—(y —2,QM(y — 2)) + (y — v, QMie')
—(y—2,QM(y — z))

K 2
5 [y =zl

IN

IN

(i) <y - x,QMf}e’x> > 0. Since (e, z) > 0, we must have <y - x,QM@> > 0. This in turn implies, since
(e,y) <0, that
(y—z,QMoe'y) < 0. (3.9)

Adding (3.8a) and (3.9) and subtracting (3.8b) from the sum, we obtain

(Ay—ab(2),Qy —2)) < —(y—,QM(y —2)) — (y — x,QMie (y — ))
<~y 2 QM+ )y —2)) < ~Sly—af?, o
Finally, combining (3.7) and (3.10), we obtain
2(Ay—ub(x), Qy — x)) + Tr (a(z;y — 2)Q) + (p — 2) | VQ Ay—s0(2)|”
& A e IR
_ _ch(p) -1 VaoyeR",
thus completing the proof. O

The hypothesis in Proposition 3.5 that ¢(p) > 0 is, of course, always true if o(x) = o, in which case we
have ¢(p) = p%. This is the scenario for multiclass queueing models with service interruptions described
Q
in [7, Section 4.2].
Some examples of degenerate SDEs of the form (3.1) for which Proposition 3.5 is applicable are the
following.

(1) {L(t)}+>0 is given by L(t) = RL(t) for t > 0, where R € R™*" has rank smaller than min{n,r}, and

{L(t)}+>0 is a r-dimensional Lévy process. As a special case {L(t)};>0 may be composed of mutually
independent a-stable processes. This is the case in the queueing example described below.
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(ii) {L(t)}+>0 is a degenerate subordinate Brownian motion, as studied in [87].

The following is an example of a degenerate SDE that arises in applications for which Proposition 3.4 is
applicable. Consider a two class GI/M/k + M queue with class-1 jobs having a Poisson process, and class-2
jobs having a heavy-tailed renewal arrival process. Service and patience times are exponentially distributed
with rates m; and ; for i = 1,2, respectively. Assume that the arrival, service and abandonment processes
are mutually independent, and that the number of servers is k. Consider a sequence of such models indexed
by k, operating in the critically loaded asymptotic modified Halfin-Whitt regime as k — oo. Let {Af(t)}tzo
denote the arrival process for class i = 1,2, with arrival rates A\¥. Assume that m; and ~; for i = 1,2 are
independent of k, and that 3= — X\; > 0 as k — oo, for i = 1,2. The arrival process {A¥(t ) }i>o satisfies a

functional central limit theorem (FCLT) with a Brownian motion limit {A; (¢ V>0 = {V i Bi(t) }e>0, where
{B1(t)}+>0 is a standard Brownian motion, i.e.

{20 = (k772450 = NiD)}p =2= [(A1O)iz0-

Here, 2L, denotes the convergence in the space D = D([0,00),R) of cadlag functions endowed with the

Skorokhod J; topology. We assume that the arrival process {A%(#)};>¢ satisfies a FCLT with a symmetric
a-stable Lévy process {Ay(t)}1>0, @ € (1,2), in the limit, i.e.

{A5(O}iz0 = {k7V(A5(0) = D)} 150 == {A2(D)}iz0-

k
Here, Mo denotes the convergence in the space D with the M; topology. Let pf = "_ and p; = ’L for

ml

i =1,2. The modified Halfin-Whitt regime requires the parameters satisfy

2
. 1_1/(1 _ _ JR—
kll)n;o k (1 Z pl> pE and ; pi =

In addition, we assume that k~7*(\f — k)\;) — I; as k — oo for i = 1,2. Next, let {XF()}+>0 denote the

number of class-i jobs in the system. Define the scaled processes XF(t) = k=" (XF(t) — kp;t) for t > 0.

Let {Uik(t)}tzo be the scheduling control process, representing allocations of service capacity to class i.
!/

Let Xk(t) = ()A(f(t),f(é“(t)) and U*(t) = (Ulk(t),UQk(t))/ for ¢ > 0. We consider work conserving and
preemptive scheduling policies resulting in constant controls at the limit, i.e. {U*(¢)};>0 kJ:1> {V(t)}t>o0,
>0 —— >

where V(t) = v for t > 0 with v € R? being a probability vector. Then, as in [7, Theorem 4.1], it can
shown that {X*(t)}1>0 % {X(t)}t>0, where the limit process {X (¢)}+>0 is a solution to the following
— 00

two-dimensional degenerate a-stable driven SDE:
aX1(1) = (I =ma(Xa(t) = (e, X () 1) = e, X (1) For ),
axXa(t) = (I = ma(Xa(t) = (e X()) Fva) = 7ale, X (1) v ) dt + ()

which is (3.1) with I = (I3,15)", M = diag(m, ms), I’ = diag(y1,72), o(z) = (0,0, and L(t) = (0, Ay(t))’
for t > 0. Observe that the process {X (¢)};+>0 does not fall into any of the four categories in [7, Theorem 3.1].
In fact, one can consider multiple classes of jobs with all heavy-tailed arrival processes that have different
scaling parameters a;’s for i = 1,..., k, in their corresponding FCLTs. The centered queueing process should
be scaled as k~ "/, where o := min,_ 1, klai}, and the limit process has the components { X;(t)};>o driven
by independent o- stable processes if the arrival process of class ¢ has the parameter «; equal to the minimum
a, and the other components are degenerate without stochastic driving terms.

We remark here that without assuming irreducibility and aperiodicity, establishing subgeometric ergodicity
in the case I'v = 0 is difficult. Consider the following example. Let n =1, o(x) =0, L(¢t) = 0 for ¢t > 0, and
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Clearly, b(z) satisfies all the assumptions in [7], and
¢
X*(t) = :x—l—/ b(X*(s)) ds, t>0, zeR.
0

A straightforward calculation shows that

z—t, 0<t<z
, 20,
Xo(t) = et -1, t>ux,
—l+et4zet, <0
Let | |
Ty
d(z,y) = ————, z,y € R.
(z,9) PR E— y

Then it is easy to see that the conditions (1)—(3) in [12, Theorem 2.4] hold. However, condition (4) does not
hold. Namely, for arbitrary ¢ty > 0 let 2,y > to. Then, d(X*(t), X¥(t)) = d(z,y) for all to <t <z Ay.

Let us mention that ergodic properties of piecewise Ornstein-Uhlenbeck processes with jumps in the total
variation norm have been considered in [7, 23, 70].

3.4. Piecewise Ornstein-Uhlenbeck processes with jumps under stationary Markov controls

In Subsection 3.3 we consider a model with a constant control, i.e. with the vector v € A := {u € R™: v >
0, {e,u) = 1} being constant and fixed. If the scheduling policy (control) is a function of the state of the
system, then v(z) in the limiting SDE (3.1) is, in general, a Borel measurable map from R™ to A. We call
such a v(x) a stationary Markov control and denote the set of such controls by $gy. If Ly =0 for ¢ > 0, or
it is a compound Poisson process, it follows from the results in [37] that, under any v € g, (3.1) admits
a unique conservative strong solution which is a strong Markov process with cadlag sample paths. In the
general case, we consider the subclass of stationary Markov controls for which

by(z) = 1— M(z—(e,z)Tv(x)) — (e,2) " T'v(x),

is locally Lipschitz continuous. We let ﬁsm denote the class of such controls. Clearly, for any v € ﬁ:lsm, the
drift b, () has at most linear growth. Other parameters are as in Subsection 3.3. Again, the SDE of the form
(3.1), with b(x) replaced by b, (), admits a unique conservative strong solution {X () };>0 which is a strong
Markov process with cadlag sample paths. Also, it is an It6 process satisfying (MP) with b(x) = bz, + by (z),
a(z) = o(z)o(z), and v(x,dy) = v (dy).

Recently, in [6] the authors have studied ergodic properties with respect to the total variation norm of
this model with {L(t)};>0 being either (or a combination of) a rotationally invariant a-stable Lévy process,
an anisotropic Lévy process consisting of independent one-dimensional symmetric a-stable components, or a
compound Poisson process. Observe that in this situation we cannot follow the procedure from the constant
control case. Namely, the matrices @ € M used in constructing the appropriate Lyapunov functions V(x)
depend on v.

Proposition 3.6. Grant the assumptions of [7, Theorem 3.1], and suppose that M = diag(mq,...,m,),
with m; >0 fori=1,... n.

(i) Assume that the diagonal components of I' are strictly positive, a(x) satisfies (3.5), and {L(t)}i>0 is
either a rotationally invariant a-stable Lévy process, an anisotropic Lévy process consisting of indepen-
dent one-dimensional symmetric a-stable components (in both cases we assume that o € (1,2)), or a
compound Poisson process satisfying 1 € ©. We allow {L(t) }+>0 to have a drift. Then, for any v € sy,
and 0 € [1,0y]N Oy, the assertions of Theorem 1.1 (i) hold true with n = 0, and V(z) = (\_7(33))0 +1,
where V € C%*(R™) (given explicitly in [6, Definition 1]) is bounded from below away from zero, is
Lipschitz continuous, and satisfies

v v
0 < liminf (z) < limsupﬂ < 0.
|z]—o0 || lz|—oo |7
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(i) Assume <e7M_1l~> < 0, where [ is given in (3.2), a(x) satisfies (3.3), and {L(t)}s>0 is a pure-jump
Lévy process (possibly with drift) satisfying 2 € ©+. Then, for any v € Yo and 0 € [2,6y] N Oy, the
assertions of Theorem 1.1 (i) and (ii) hold true with ¢(t) =t“""/°, n =0 — 1, and V(z) as in (i).

(iii) In addition to the assumptions in (i) assume that 6, = 6 € (2,00), where By is given in (3.4).
Then, due to (ii), for any v € Sh, {X () }i>0 admits a unique invariant , € Py, _1_,(R™) for
v € (0,0, —1). Next, fiz p € (0,(0y —2) A1) and e € (p,1). Then, for any v € Sy, such that N'v(z) = 0
a.e,p € 1,0y —p—1] and ¢ € (0,1 — ), there exist ¢ > 0 and a diverging increasing sequence
{tn}tnen C [0,00), depending on these parameters, such that (1.9) holds for the corresponding m,(dx)
with 8 =60, —p, 9 =0 — 1, and V(z) as above.

Proof. (i) Observe first that in the case when {L(¢)};>0 is a rotationally invariant a-stable Lévy process or
an anisotropic Lévy process consisting of independent one-dimensional symmetric a-stable components,
©y = [0,a). In [6, Theorem 3 and the discussion after Theorem 5] it has been shown that for any
v € g and 0 € [1,0,] N O, there exist ¢ = &(0,v) > 0 and & = &8, v) > 0, such that

LOV)(@) <e—é(V@)’ VzeRr.
It is easy to see that the above relation implies that there exist » > 0, ¢ > 0, and ¢ > 0, such that
LV(xz) < ¢lg (x) —cV(x) VoeR™.

The assertion then follows from Theorem 1.1 (iii), together with [2, Proposition 4.3], [24, Theorem 3.4],
and [79, Theorems 5.1 and 7.1].

(ii) In Theorem 5 and the discussion following the proof of this theorem in [6] it has been shown that for
any v € 8y and 0 € (1,60,] N O, there exist r = r(6,v) > 0, ¢ = &(A,v) > 0, and & = &6, v) > 0, such
that

6—1

L(V)(z) < clyg —¢ (V(z)) VzeR".

It is easy to see that the above relation implies that there exist # > 0, ¢ > 0, and ¢ > 0, such that

(0-1)/0

LV(z) < élg, (z) — & (V(z)) VzeR",
with V(z) given as above. The assertion now follows from Theorem 1.1 (i) and (ii), together with the
results from [2, 24, 79] cited in part ().

(iii) Clearly, ¥ + & > 6, — 1. Thus, according to [7, Lemma 5.7 (b)],

/n(<e,M71:z:>+)19+€ 7, (dz) = 0.

The assertion now follows from (the proof of) (ii) (together with the results from [2, 24, 79] cited in

part (i)), and Theorem 1.2 by setting L(z) = V(z) and ¢(t) =t "/, O
As discussed in Subsection 3.3, the hypothesis that 6, = 6, is true if {L(t)};>0 is a compound Poisson
process (possibly with drift) with Lévy measure vz (dy) supported on a half-line of the form {tw: t € [0,00)}
with (e, M~tw) > 0.
Ergodic properties in the f-norm of piecewise Ornstein-Uhlenbeck processes with jumps under stationary
Markov controls have been considered in [5, 6].

3.5. State-space models

Let F: R® — R™ be continuous, and such that |F(z)| < c|z| for some ¢ > 0 and all x € R™. Further, let
X (0) be an R™-valued random variable, and let {W (k)}ren be a sequence of i.i.d. R"-valued random vari-
ables independent of X (0). Assume that the common distribution of {W(k)}ren has a nontrivial absolutely
continuous component which is bounded away from zero in a neighborhood of the origin. Then the Markov
process defined by

X(k+1) = F(X(k) +W(k+1), k>0,
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is irreducible, aperiodic, and all compact sets are petite (see [78, Proposition 5.2]). Further, assume that
there exist constants [ € N, [ > 2, € € (0,1), and ¢, > 0, such that

]E[\Wlﬂ < o0, and |F(z)| < clo|—¢lz|'™° VaeBE.

Proposition 3.7. Under the above assumptions, the assertions of Theorem 1.1 (i) and (it) hold with V(z) =
lz|t, ¢(t) =t“"V, andn=1—1.

Proof. In [78, Proposition 5.2] it has been proved that the Foster-Lyapunov condition in (1.1) holds with
V(z) and ¢(t) as above, and C' = B for some 7 > 0. The result now follows from Theorem 1.1 (i) and (ii). O

Ergodic properties of state-space models in the f-norm have been studied in [32, 78].

3.6. Backward recurrence time chain

Let {pi}i>o0 C (0,00) be such that pg =1, p; < 1 for i € N, and Hj‘:opj — 0, as ¢ — o0. Let {X (k)}x>0 be
a Markov process on {0, 1,...} defined by the transition kernel p(z,7 + 1) = 1 — p(i,0) := p; for i > 0. The
process {X (k)}x>0 is irreducible and aperiodic, and it admits a unique invariant w € P({0,1,...}) if, and

only, if
oo
c = ZHpj < 00.

i=1j=1
In this case, 71(0) = 71(1) = (2+¢)~!, and (i) = (2+ ¢) " [[Zg p; for i > 2.

Proposition 3.8. (i) If there exist ig € N and « > 1, such that p; = HTO‘ for i > g, then the assertions
of Theorem 1.1(%) and (it) hold with

V(@) =i+ 41, pt) =t Fmm , and n=B(1+a)—1 for BE [Y1+a)l).

(i4) Under the assumptions in (i), @ € Pe_,({0,1,...}) for v € (0,c). Next, fix p € (0,(a — 1) A1) and
e € [p,1). Then, for every p € [1,a — p] and v € (0,1 — €) there exist a positive constant ¢ and a
diverging increasing sequence {t,}neny C [0,00), depending on these parameters, such that (1.9) holds
with V(i) as above, 0 =14+ a — p, and ¥ = a — p.

Proof. (i) In [25, Section 3] it has been shown that the Foster-Lyapunov condition in (1.1) holds with a
Lyapunov function V(i) which asymptotically behaves like V(i), ¢(t) as above, and C being a finite set
for any a > 0 and § € (0, 1). Taking into account (1.2), the assertion follows.

(ii) From the assumptions on the sequence {p;};>0 we see that lim;_,. i'*® 7t(i) > 0. Now, since ¥ + & —
1 —a > —1, we have Y7, i’ (i) = oco. The assertion now follows from Theorem 1.2 by taking
L(i) = . O

4. Concluding Remarks

We remark on some other approaches in the study of exponential or subexponential ergodicity of Markov
processes. By analyzing polynomial moments of hitting times of compact sets directly, polynomial ergodicity
results are established in [80, Theorem 6] for a class of irreducible (with respect to the Lebesgue measure)
and aperiodic diffusion processes. In a follow-up work, by using analogous techniques, the same author
established polynomial ergodicity of a class of diffusion processes without directly assuming irreducibility
and aperiodicity of the process, but employing instead a so-called (local) Dobrushin condition (also known
as Markov-Dobrushin condition) [81, Theorem 6]. This approach is based on a Foster-Lyapunov condition of
the form (1.1), and instead of assuming irreducibility and aperiodicity of {X (¢)}+>0, it is assumed that (i)
V(z) has precompact sub-level sets, and (ii) for every § > 0 there exists t5 € T \ {0} such that

sup |p(ts, z,dz) = p(ts,y,dz)| 1y < 1,
(@) e{(uw): V(w)+V(v) <)
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(see [53, Chapter 3]). Observe that this condition actually means that for each (z, y) satisfying V(z)+V(y) < §
the probability measures p(ts,z,dz) and p(ts,y,dz) are not mutually singular. Intuitively, the Dobrushin
condition encodes irreducibility and aperiodicity of {X(¢)};>0, and petiteness of sub-level sets of V(z).
Based on these assumptions, and using an appropriate Markov coupling of {M (t)};>0, it follows that the
®~'-modulated moment of the corresponding coupling time is finite and controlled by V(z) 4+ V(y). This
then implies (sub)geometric ergodicity of {X (¢)}:>0 in the total variation norm (see [38, Theorem 4.1] or
[53, Chapter 3]).

We remark that irreducibility and aperiodicity (together with (1.1)) imply that the Dobrushin condition
holds on the Cartesian product of any petite set with itself. Namely, according to [65, Proposition 6.1], for any
petite set C there exists tc € T\ {0} such that for the measure x(dt) (in the definition of petiteness) the Dirac
measure in tc can be taken (together with some non-trivial measure vy (dz)). Thus, p(tc, z, B) > v« (B) for
any = € C and B € B(X), which implies that

sup Hp(tc,x7dz) —p(tc,y,dz)HTV < 1. (4.1)
(z,y)eCxC

If, in addition, {X(t)}:>0 is Cp-Feller (i.e. x — [, f(y)p(t,z,dy) is continuous and bounded for any ¢t € T
and any continuous and bounded function f(x)), and the support of the corresponding irreducibility measure
has nonempty interior, then every compact set is petite (see [79, Theorems 5.1 and 7.1]) and thus (4.1) holds
for any bounded set C'. This shows that, at least in this particular situation, the approach based on the
Dobrushin condition is more general than the approach based on irreducibility and aperiodicity. Situations
where it has a clear advantage are discussed in [1, 54]. In [54], the author considers a Markov process
obtained as a solution to a Lévy-driven SDE with highly irregular coefficients and noise term; while in [1], a
diffusion process with highly irregular (discontinuous) drift function and uniformly elliptic diffusion coefficient
has been considered. In these concrete situations it is not clear whether one can obtain irreducibility and
aperiodicity of the processes, whereas the authors obtain (4.1) for any compact set C (see [54, Theorem 1.3]
and [1, Lemma 3]). For additional results on ergodic properties of Markov processes based on the Dobrushin
condition we refer the readers to [38, 53].
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