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ing network with a large pool of statistically identical servers. The
arrival processes are Poisson, and service times and patience times
are assumed to be exponentially distributed and class dependent.
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godic) of a general (non-linear) running cost function of the queue
lengths. We consider this control problem in the Halfin-Whitt (QED)
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in [7, Section 5.2].
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1. Introduction. One of the classical problems in queueing theory is
to schedule the customers/jobs in a network in an optimal way. These prob-
lems are known as the scheduling problems which arise in a wide variety
of applications, in particular, whenever there are different customer classes
present in the network and competing for the same resources. The optimal
scheduling problem has a long history in the literature. One of the appealing
scheduling rules is the well known cu rule. This is a static priority policy
in which it is assumed that each class-i customer has a marginal delay cost
¢; and an average service time 1/u;, and the classes are prioritized in the
decreasing order of ¢;u;. This static priority rule has proven asymptotically
optimal in many settings [4,28,32]. In [12] a single-server Markov modulated
queueing network is considered and an averaged cu-rule is shown asymptot-
ically optimal for the discounted control problem.

An important aspect of queueing networks is abandonment /reneging, that
is, customers/jobs may choose to leave the system while being in the queue
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before their service. Therefore it is important to include customer aban-
donment in modeling queueing systems. In [5, 6], Atar et al. considered a
multi-class M /M /N+ M queueing network with customer abandonment and
proved that a modified priority policy, referred to as cu/6 rule, is asymp-
totically optimal for the long run average cost in the fluid scale. Tezcan and
Dai [13] showed the asymptotic optimality of a static priority policy on a
finite time interval for a parallel server model under the assumed conditions
on the ordering of the abandonment rates and running costs. Although static
priority policies are easy to implement, it may not be optimal for control
problems of many multi-server queueing systems. For the same multi-class
M/M/N 4+ M queueing network, discounted cost control problems are stud-
ied in [3,7,22], and asymptotically optimal controls for these problems are
constructed from the minimizer of a Hamilton-Jacobi-Bellman (HJB) equa-
tion associated with the controlled diffusions in the Halfin-Whitt regime.
In this article we are interested in an ergodic control problem for a multi-
class M/M/N + M queueing network in the Halfin-Whitt regime. The net-
work consists of a single pool of n statistically identical servers and a buffer of
infinite capacity. There are d customer classes and arrivals of jobs/customers
are d independent Poisson processes with parameters A}, ¢ = 1,...,d. The
service rate for class-i customers is pi', i = 1,...,d. Customers may re-
nege from the queue if they have not started to receive service before their
patience times. Class-i customers renege from the queue at rates ;' > 0,
i1 =1,...,d. The scheduling policies are work-conserving, that is, no server
stays idle if any of the queues is non-empty. We assume the system oper-
ates in the Halfin-Whitt regime, where the arrival rates and the number of
servers are scaled appropriately in a manner that the traffic intensity of the

system satisfies
d

ﬂ(l—z V) —— pER.
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In this regime, the system operations achieve both high quality (high server
levels) and high efficiency (high servers’ utilization), and hence it is also
referred to as the Quality-and-Efficiency-Driven (QED) regime; see, e.g.,
[7,16,17,19,21] on the many-server regimes. We consider an ergodic cost
function given by

lim sup % E[/OT T(Q”(S))dS] :

where the running cost r is a nonnegative, convex function with polynomial
growth and Q" = (QY, ..., QS)T is the diffusion-scaled queue length process.
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It is worth mentioning that in addition to the running cost above which is
based on the queue-length, we can add an idle-server cost provided that it
has at most polynomial growth. For such a running cost structure the same
analysis goes through. The control is the allocation of servers to different
classes of customers at the service completion times. The value function is
defined to be the infimum of the above cost over all admissible controls
(among all work-conserving scheduling policies). In this article we are in-
terested in the existence and uniqueness of asymptotically optimal stable
stationary Markov controls for the ergodic control problem, and the asymp-
totic behavior of the value functions as n tends to infinity. In [7, Section 5.2]
it is stated that analysis of this type of problems is important for modeling
call centers.

1.1. Contributions and comparisons. The usual methodology for study-
ing these problems is to consider the associated continuum model, which is
the controlled diffusion limit in a heavy-traffic regime, and to study the er-
godic control problem for the controlled diffusion. Ergodic control problems
governed by controlled diffusions have been well studied in literature [1,9]
for models that fall in these two categories: (a) the running cost is near-
monotone, which is defined by the requirement that its value outside a com-
pact set exceeds the optimal average cost, thus penalizing unstable behavior
(see Assumption 3.4.2 in [1] for details), or (b) the controlled diffusion is
uniformly stable, i.e., every stationary Markov control is stable and the
collection of invariant probability measures corresponding to the stationary
Markov controls is tight. However, the ergodic control problem at hand does
not fall under any of these frameworks. First, the running cost we consider
here is not near-monotone because the total queue length can be 0 when
the total number of customers in the system are O(n). On the other hand,
it is not at all clear that the controlled diffusion is uniformly stable (unless
one imposes non-trivial hypotheses on the parameters), and this remains an
open problem. One of our main contributions in this article is that we solve
the ergodic control problem for a broad class of non-degenerate controlled
diffusions, that in a certain way can be viewed as a mixture of the two cat-
egories mentioned above. As we show in Section 3, stability of the diffusion
under any optimal stationary Markov control occurs due to certain interplay
between the drift and the running cost. The model studied in Section 3 is
far more general than the queueing problem described and thus it is of sep-
arate interest for ergodic control. We present a comprehensive study of this
broad class of ergodic control problems that includes existence of a solution
to the ergodic HJB equation, its stochastic representation and verification
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of optimality (Theorem 3.4), uniqueness of the solution in a certain class
(Theorem 3.5), and convergence of the vanishing discount method (Theo-
rem 3.6). These results extend the well known results for near-monotone
running costs. The assumptions in these theorems are verified for the multi-
class queueing model and the corresponding characterization of optimality
is obtained (Corollary 3.1), which includes growth estimates for the solution
of the HJB.

We also introduce a new approximation technique, spatial truncation, for
the controlled diffusion processes; see Section 4. It is shown that if we freeze
the Markov controls to a fixed stable Markov control outside a compact
set, then we can still obtain nearly optimal controls in this class of Markov
controls for large compact sets. We should keep in mind that this property is
not true in general. This method can also be thought of as an approximation
by a class of controlled diffusions that are uniformly stable.

We remark that for a fixed control, the controlled diffusions for the queue-
ing model can be regarded as a special case of the piecewise linear diffusions
considered in [14]. It is shown in [14] that these diffusions are stable under
constant Markov controls. The proof is via a suitable Lyapunov function.
We conjecture that uniform stability holds for the controlled diffusions asso-
ciated with the queueing model. For the same multi-class Markovian model,
Gamarnik and Stolyar show that the stationary distributions of the queue
lengths are tight under any work-conserving policy [15, Theorem 2]. We also
wish to remark here that we allow p to be negative, assuming abandonment
rates are strictly positive, while in [15], p > 0 and abandonment rates can
be zero.

Another important contribution of this work is the convergence of the
value functions associated with the sequence of multi-class queueing mod-
els to the value of the ergodic control problem, say g4, corresponding to the
controlled diffusion model. It is not obvious that one can have asymptotic op-
timality from the existence of optimal stable controls for the HJB equations
of controlled diffusions. This fact is relatively straightforward when the cost
under consideration is discounted. In that situation the tightness of paths
on a finite time horizon is sufficient to prove asymptotic optimality [7]. But
we are in a situation where any finite time behavior of the stochastic process
plays no role in the cost. In particular, we need to establish the convergence
of the controlled steady states. Although uniform stability of stationary dis-
tributions for this multi-class queueing model in the case where p > 0 and
abandonment rates can be zero is established in [15], it is not obvious that
the stochastic model considered here has the property of uniform stability.
Therefore we use a different method to establish the asymptotic optimality.
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First we show that the value functions are asymptotically bounded below by
0. To study the upper bound we construct a sequence of Markov schedul-
ing policies that are uniformly stable (see Lemma 5.1). The key idea used
in establishing such stability results is a spatial truncation technique, un-
der which the Markov policies follow a fixed priority policy outside a given
compact set. We believe these techniques can also be used to study ergodic
control problems for other many-server queueing models.

The scheduling policies we consider in this paper allow preemption, that
is, a customer in service can be interrupted for the server to serve a customer
of a different class and her service will be resumed later. In fact, the asymp-
totic optimality is shown within the class of the work-conserving preemptive
policies. In [7], both preemptive and non-preemptive policies are studied,
where a nonpreemptive scheduling control policy is constructed from the
HJB equation associated with preemptive policies and thus is shown to be
asymptotically optimal. However, as far as we know, the optimal nonpre-
emptive scheduling problem under the ergodic cost remains open.

For a similar line of work in uncontrolled settings we refer the reader to [16,
19]. Admission control of the single class M /M /N + M model with an ergodic
cost criterion in the Halfin-Whitt regime is studied in [26]. For controlled
problems and for finite server models, asymptotic optimality is obtained
in [11] in the conventional heavy-traffic regime. The main advantage in [11]
is the uniform exponential stability of the stochastic processes, which is
obtained by using properties of the Skorohod reflection map. A recent work
studying ergodic control of a multi-class single-server queueing network is
[25].

To summarize our main contributions in this paper:

— We introduce a new class of ergodic control problems and a framework
to solve them;

— we establish an approximation technique by spatial truncation;

— we provide, to the best of our knowledge, the first treatment of ergodic
control problems at the diffusion scale for many server models;

— we establish asymptotic optimality results.

1.2. Organization. In Section 1.3 we summarize the notation used in the
paper. In Section 2 we introduce the multi-class many server queueing model
and describe the Halfin-Whitt regime. The ergodic control problem under
the heavy-traffic setting is introduced in Section 2.2, and the main results
on asymptotic convergence are stated as Theorems 2.1 and 2.2. Section 3
introduces a class of controlled diffusions and associated ergodic control
problems, which contains the queueing models in the diffusion scale. The
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key structural assumptions are in Section 3.2 and these are verified for a
generic class of queueing models in Section 3.3, which are characterized by
piecewise linear controlled diffusions. Section 3.4 concerns the existence of
optimal controls under the general hypotheses, while Section 3.5 contains
a comprehensive study of the HJB equation. Section 3.6 is devoted to the
proofs of the results in Section 3.5. The spatial truncation technique is in-
troduced and studied in Section 4. Finally, in Section 5 we prove the results
of asymptotic optimality.

1.3. Notation. The standard Euclidean norm in R? is denoted by |-|.
The set of nonnegative real numbers is denoted by R, N stands for the set
of natural numbers, and I denotes the indicator function. By Z‘i we denote
the set of d-vectors of nonnegative integers. The closure, the boundary and
the complement of a set A C R? are denoted by A, A and A°, respectively.
The open ball of radius R around 0 is denoted by Br. Given two real numbers
a and b, the minimum (maximum) is denoted by a A b (a V b), respectively.
Define a™ := a Vv 0 and a~ := —(a A 0). The integer part of a real number
a is denoted by |a]. We use the notation e;, i = 1,...,d, to denote the
vector with i-th entry equal to 1 and all other entries equal to 0. We also
let e := (1,...,1)T. Given any two vectors z,y € R? the inner product is
denoted by x - y. By J, we denote the Dirac mass at x. For any function
f:R? = R and domain D C R we define the oscillation of f on D as follows:

osc(f) = sup {f(x) = f(y) : =,y € D}.

For a nonnegative function g € C(R?) we let O(g) denote the space of

functions f € C(RY) satisfying sup,cga 1'_{57526‘) < oco. This is a Banach space
under the norm
|f ()]

fllg == sup ———.
H Hg veRd 1—|—g(:13)

We also let 0(g) denote the subspace of O(g) consisting of those functions f
satisfying
lim sup 7|f(x)| =0
By a slight abuse of notation we also denote by O(g) and o(g) a generic
member of these spaces. For two nonnegative functions f and g, we use the
notation f ~ g to indicate that f € O(g) and g € O(f).
We denote by L (]Rd), p > 1, the set of real-valued functions that are lo-

loc

cally p-integrable and by Wfo’f (R?) the set of functions in LI (R?) whose i-th
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weak derivatives, i = 1,...,k, are in L], C(]Rd). The set of all bounded contin-
uous functions is denoted by Cy(R?). By C**(R?) we denote the set of func-

tions that are k-times continuously differellftciable and whose k-th derivatives
are locally Holder continuous with exponent a. We define Cl]f RY), k& > 0,
as the set of functions whose i-th derivatives, i = 1,...,k, are continuous
and bounded in R? and denote by C¥(R?) the subset of Cff(R?) with com-
pact support. For any path X (-) we use the notation AX(¢) to denote the
jump at time t. Given any Polish space X, we denote by P(X) the set of
probability measures on X and we endow P(X’) with the Prokhorov metric.

For v € P(X) and a Borel measurable map f: X — R, we often use the

abbreviated notation
v(f) = /fdy.
X

The quadratic variation of a square integrable martingale is denoted by (-, -)
and the optional quadratic variation by [-,-]. For presentation purposes
we use the time variable as the subscript for the diffusion processes. Also
K1, ka,... and C1,C9, ... are used as generic constants whose values might
vary from place to place.

2. The Controlled System in the Halfin-Whitt Regime.

2.1. The multi-class Markovian many-server model. Let (Q,§,P) be a
given complete probability space and all the stochastic variables introduced
below are defined on it. The expectation w.r.t. P is denoted by E. We consider
a multi-class Markovian many-server queueing system which consists of d
customer classes and n parallel servers capable of serving all customers (see
Figure 1).

A ly/v lzly/' Adly

L

Figure 1: A schematic model of the system
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The system buffer is assumed to have infinite capacity. Customers of class
i € {1,...,d} arrive according to a Poisson process with rate A} > 0. Cus-
tomers enter the queue of their respective classes upon arrival if not being
processed. Customers of each class are served in the first-come-first-serve
(FCFS) service discipline. While waiting in queue, customers can abandon
the system. The service times and patience times of customers are class-
dependent and both are assumed to be exponentially distributed, that is,
class ¢ customers are served at rate pj' and renege at rate 7;'. We assume
that customer arrivals, service and abandonment of all classes are mutually
independent.

The Halfin- Whitt Regime. We study this queueing model in the Halfin-
Whitt regime (or the Quality-and-Efficiency-Driven (QED) regime). Con-
sider a sequence of such systems indexed by n, in which the arrival rates A}
and the number of servers n both increase appropriately. Let r}' := A7/ur
be the mean offered load of class i customers. The traffic intensity of the
n' system is given by p"* = n~! Zd r”. In the Halfin-Whitt regime, the

i=11%
parameters are assumed to satisfy the following: as n — oo,
AR
+ =5 XN >0, wi — i >0, v = v > 0,
n

)\?—TL)\Z o A,
(2.1) Jn

r? A
—- = p= — < 1, Zpizl.
" Hi i—1

This implies that
i — N\
Vn(l—p") — p = ZM eR.
; 223
=1

The above scaling is common in multi-class multi-server models [7,22]. Note
that we do not make any assumption on the sign of /.

State Descriptors. Let X' = {X['(t) : t > 0} be the total number of class
i customers in the system, Q7 = {QF(t): t > 0} the number of class i
customers in the queue and Z" = {Z*(t) : t > 0} the number of class i cus-
tomers in service. The following basic relationships hold for these processes:
foreacht>0andi=1,...,d,

Xi'(t) = Q1)+ 2 (t),

(2.2)
QMt) >0, ZMt) >0, and e-Z"(t) < n.
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We can describe these processes using a collection {A?, SHRY L, i=1,..., d}
of independent rate-1 Poisson processes. Define

i (A1),

RpMt) = R?(y? /0 t Q7 (s) ds>.

Then the dynamics take the form

(2.3)  XPMt) = XM0)+ AP(t) - SMt) - R!'t), t>0,i=1,....d.

Scheduling Control. Following [7,22] we only consider work-conserving
policies that are non-anticipative and allow preemption. When a server be-
comes free and there are no customers waiting in any queue, the server stays
idle, but if there are customers of multiple classes waiting in the queue, the
server has to make a decision on the customer class to serve. Service pre-
emption is allowed, i.e., service of a customer class can be interrupted at any
time to serve some other class of customers and the original service is re-
sumed at a later time. A scheduling control policy determines the processes
Z™, which must satisfy the constraints in (2.2) and the work-conserving
constraint, that is,

e-Z"(t) = (e- X"(t))An, t>0.
Define the action set A™(x) as
A"(z) = {aEfo_: a<z,ande-a=(e-z)An}.

Thus, we can write Z™(t) € A"(X"(t)) for each t > 0. We also assume that
all controls are non-anticipative. Define the o-fields

Fi o= U{X”(O), fl?(t), S’f(t), Rf(t) ci=1,...,d, 0<s< t} VAN,
and

Gy = 0{5/1?(75,7“), 68 (t, ), SRMt,r):i=1,...,d, r> 0},
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where

SAN(tr) = ANt+r) — ANY).
t

550 (t,r) = S?(u? J Z?(s)dsw?r) 5,
0

t
(e = 1 (50 [ Qroas+arr) - RO,
0

and N is the collection of all P-null sets. The filtration {F}*, ¢ > 0} repre-
sents the information available up to time ¢ while GJ* contains the informa-
tion about future increments of the processes.
We say that a working-conserving control policy is admissible if
(i) Z™(t) is adapted to Fj*,
(ii) F{* is independent of G;* at each time t > 0,
(iii) for each i = 1,...,d, and t > 0, the process 55’;‘(t,-) agrees in law
with S(u? - ), and the process 0R]'(t,-) agrees in law with R'(y/"-).

We denote the set of all admissible control policies (Z™, F",G™) by U".

2.2. The ergodic control problem in the Halfin- Whitt regime. Define the
diffusion-scaled processes

Xn=(XP,.. ., XD, Qn=(QF,....,QMT", and Z"=(Z},....Z]7,

by

X7(0) = (X0 = pont).
(2.0 00 = —=Qr).

Z0(t) = —=(Z0(t) - pint)

for t > 0. By (2.3), we can express X! as

~ ~ t A t ~
(25)  XP(t) = XP0)+ 0t - p? / Z0(s)ds — A7 / Qn(s) ds

+ M174L7i(t) - Mgz(t) - Mg,i(t) ;
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where (" = (¢7,...,4")7 is defined as

1
0= (NP — i),
i \/ﬁ(z pi pin)

and

Y 1 n/iyn n
My ,(t) = 7(141' (A1) — Ai't),

26) g0 = = (st (ur [ Zreas) —ur [ zrs)as)
5,0 = o= (o [ @roras) =1 [ @ras)

are square integrable martingales w.r.t. the filtration {F}'}.
Note that

o= ﬁ()\l — Ain) — piv/n(p; — i) PR b = T
Define
S = {ueRi: e-uzl}.

For Z" € 4" we define, for ¢t > 0 and for adapted U"(t) € S,

"(t) = (e X)) TU"(),
(2.7) ) L
ZMt) = X"(t)— (e- X"(t)) U™(¢).

If Q"(t) = 0, we define U™(t) := eq = (0,...,0,1)T. Thus, U represents
the fraction of class-i customers in the queue when the total queue size is
positive. As we show later, it is convenient to view U"(t) as the control.
Note that the controls are non-anticipative and preemption is allowed.

2.2.1. The cost minimization problem. We next introduce the running
cost function for the control problem. Let r: Ri — R4 be a given function
satisfying

(2.8) alzl™ < r(x) < (14 |2|™) for some m > 1,

and some positive constants ¢;, i = 1, 2. We also assume that r is locally Lip-
schitz. This assumption includes linear and convex running cost functions.



ERGODIC CONTROL IN THE HALFIN-WHITT REGIME 13

For example, if we let h; be the holding cost rate for class ¢ customers, then
some of the typical running cost functions are the following;:

These running cost functions evidently satisfy the condition in (2.8).
Given the initial state X"(0) and a work-conserving scheduling policy
Z™ e U™ we define the diffusion-scaled cost function as

R . 1 T
(2.9) J(X™(0),2™) = limsup — E{/ T(Q"(s))ds] ,
T—o0 T 0
where the running cost function r satisfies (2.8). Note that the running
cost is defined using the scaled version of Z". Then, the associated cost
minimization problem becomes
(2.10) V(X™0)) = _inf J(X"(0),Z").
Zneyn

We refer to Vn(X™(0)) as the diffusion-scaled value function given the
initial state X™(0) in the n'® system.

From (2.7) it is easy to see that by redefining r as r(z,u) = r((e - z)"u)
we can rewrite the control problem as

f/n(f(”(o)) = inf j(Xn(O),Un)7
where

T
(211)  J(X(0),0™) = limsup — EUO r(X7(s), T"(s)) ds| ,

T—o00

and the infimum is taken over all admissible pairs (X™, U™) satisfying (2.7).
For simplicity we assume that the initial condition X" (0) is deterministic
and X™(0) — x as n — oo for some z € RY,

2.2.2. The limiting controlled diffusion process. Asin [7,22], one formally
deduces that, provided X ™(0) — z, there exists a limit X for X" on every
finite time interval, and the limit process X is a d-dimensional diffusion
process with independent components, that is,

(212) dX; = b(Xt, Ut) dt + X dW;,



14 ARI ARAPOSTATHIS, ANUP BISWAS AND GUODONG PANG

with initial condition Xo = 2. In (2.12) the drift b(z,u): R? x S — R?
takes the form

(2.13) b(z,u) = {—R(z—(e-z)"u) — (e - 2)" Ty,
with
0= (0y,...,0)7,

R = diag(m,---;/%z%
I' .= diag (y1,.-.,74) -

The control U, lives in S and is non-anticipative, W (¢) is a d-dimensional
standard Wiener process independent of the initial condition Xy = =z, and
the covariance matrix is given by

w2t = diag (21, ...,2)q).

A formal derivation of the drift in (2.13) can be obtained from (2.5) and
(2.7). A detailed description of equation (2.12) and related results are given
in Section 3. Let & be the set of all admissible controls for the diffusion
model (for a definition see Section 3).

2.2.3. The ergodic control problem in the diffusion scale. Define 7: Ri X
R% — Ry by

Flx,u) = r((e-z)tu),

where 7 is the same function as in (2.9). In analogy with (2.11) we define
the ergodic cost associated with the controlled diffusion process X and the
running cost function 7(z,u) as

1 T
J(2,U) := limsup — EY [/O f(Xt,Ut)dt] , Ued.

T—o00

We consider the ergodic control problem

(2.14) o«(z) = Llfrgx J(z,U).

We call g.(z) the optimal value at the initial state x for the controlled
diffusion process X. It is shown later that o.(z) is independent of z. A
detailed treatment and related results corresponding to the ergodic control
problem are given in Section 3.

We next state the main results of this section, the proof of which can be
found in Section 5.
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THEOREM 2.1. Let X™(0) — = € R% as n — co. Also assume that (2.1)
and (2.8) hold. Then

liminf V*(X"(0)) > o.(z),

n—o0

where o4 () is given by (2.14).

THEOREM 2.2. Suppose the assumptions of Theorem 2.1 hold. In addi-
tion, assume that r in (2.9) is conver. Then

limsup V*(X™(0)) < o.(x).
n—oo
Thus, we conclude that for any convex running cost function r, Theo-
rems 2.1 and 2.2 establish the asymptotic convergence of the ergodic control
problem for the queueing model.

3. A Broad Class of Ergodic Control Problems for Diffusions.

3.1. The controlled diffusion model. The dynamics are modeled by a con-
trolled diffusion process X = {X;, ¢t > 0} taking values in the d-dimensional
Euclidean space R%, and governed by the It6 stochastic differential equation

(31) dXt = b(Xt,Ut) dt + G(Xt) th

All random processes in (3.1) live in a complete probability space (2, F, P).
The process W is a d-dimensional standard Wiener process independent of
the initial condition Xy. The control process U takes values in a compact,
metrizable set U, and U(w) is jointly measurable in (¢,w) € [0,00) x €.
Moreover, it is non-anticipative: for s < t, Wy — Wy is independent of

§s := the completion of o{ Xy, U,, W,., r < s} relative to (§,P).

Such a process U is called an admissible control, and we let 1 denote the set
of all admissible controls.

We impose the following standard assumptions on the drift b and the
diffusion matrix o to guarantee existence and uniqueness of solutions to
equation (3.1).

(A1) Local Lipschitz continuity: The functions

b= (..., b RIxU—=R?, and o = [07]: R R?
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are locally Lipschitz in z with a Lipschitz constant C'r > 0 depending
on R > 0. In other words, for all z,y € Br and v € U,

[b(x, u) = by, u)| + [lo(z) — o(y)[| < Crlz—yl.
We also assume that b is continuous in (z,u).
(A2) Affine growth condition: b and o satisfy a global growth condition of
the form
b, w2+ o(@)2 < Cr(1+[2f)  V(r.uw) €RIx T,
where ||o]|?> := trace (o07).
(A3) Local nondegeneracy: For each R > 0, it holds that

d
> a(2)&¢ > CRHEP Va € By,

i,j=1
for all £ = (&1,...,&)T € R?, where a := o0,

In integral form, (3.1) is written as

t t
(3.2) X, = X0+/ b(XS,US)der/ o(X,) dW, .
0 0

The third term on the right hand side of (3.2) is an It6 stochastic integral.
We say that a process X = {X;(w)} is a solution of (3.1), if it is F-adapted,
continuous in ¢, defined for all w €  and t € [0, 00), and satisfies (3.2) for
all t € [0,00) a.s. It is well known that under (A1)—(A3), for any admissible
control there exists a unique solution of (3.1) [1, Theorem 2.2.4].

We define the family of operators L*: C2(R%) — C(R%), where u € U plays
the role of a parameter, by

(33)  L'f(x) = %aij(x)@jf(m)—l—bi(x,u) 9.f(x), wel.

We refer to L" as the controlled extended generator of the diffusion. In

(3.3) and elsewhere in this paper we have adopted the notation 9; := 88%_

and 0;; := % We also use the standard summation rule that repeated
105

subscripts and superscripts are summed from 1 through d. In other words,
the right hand side of (3.3) stands for
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Of fundamental importance in the study of functionals of X is Itd’s for-
mula. For f € C%(R?%) and with L* as defined in (3.3), it holds that

(3.4) F(X0) = f(Xo)+ /0 LV f(X,)ds + My, aus.,

where
M, = /<Vf(XS),G(XS)dW5>
0

is a local martingale. Krylov’s extension of Itd’s formula [27, p. 122] extends
(3.4) to functions f in the local Sobolev space W?O’f:(Rd), p>d.

Recall that a control is called Markov if Uy = v(t, X;) for a measurable
map v: Ry x R? — U, and it is called stationary Markov if v does not
depend on t, i.e., v: R* — U. Correspondingly (3.1) is said to have a strong
solution if given a Wiener process (W¢, §;) on a complete probability space
(2,3, P), there exists a process X on (Q,F,P), with Xo = xg € R?, which is
continuous, §;-adapted, and satisfies (3.2) for all ¢ a.s. A strong solution is
called unique, if any two such solutions X and X’ agree P-a.s., when viewed
as elements of C([0, 00), R?). It is well known that under Assumptions (A1)
(A3), for any Markov control v, (3.1) has a unique strong solution [20].

Let Ugpn; denote the set of stationary Markov controls. Under v € gy,
the process X is strong Markov, and we denote its transition function by
P(z,-). It also follows from the work of [8,31] that under v € $lgy, the tran-
sition probabilities of X have densities which are locally Hélder continuous.
Thus LY defined by

Lf(x) := %aij(x) 03 f(x) + b (z,0(x)) 0if(x), v € Usm,

for f € C*(R%), is the generator of a strongly-continuous semigroup on
Cp(R?), which is strong Feller. We let PY denote the probability measure
and E? the expectation operator on the canonical space of the process un-
der the control v € {gy, conditioned on the process X starting from x € R?
att = 0.

We need the following definition:

DEFINITION 3.1. A function h: R? x U — R is called inf-compact on a
set A C R? if the set AN {x : mingey h(z,u) < ﬂ} is compact (or empty)
in R? for all 8 € R. When this property holds for A = R?, then we simply
say that A is inf-compact.

Recall that control v € gy is called stable if the associated diffusion
is positive recurrent. We denote the set of such controls by Ugssnm, and let



18 ARI ARAPOSTATHIS, ANUP BISWAS AND GUODONG PANG

Ly denote the unique invariant probability measure on R? for the diffusion
under the control v € $ggni. We also let M := {p, : v € Uggm}. Recall that
v € YUggy if and only if there exists an inf-compact function V € C2(R%), a
bounded domain D C R?, and a constant ¢ > 0 satisfying

LV(z) < —¢ Vo € D°.

We denote by T(A) the first exit time of a process {X;, t € Ry} from a set
A C R4, defined by

T(A) == inf{t>0: X; & A}.

The open ball of radius R in R?, centered at the origin, is denoted by B,
and we let T := T(Bg), and g := 1(B%).

We assume that the running cost function r(x,u) is nonnegative, contin-
uous and locally Lipschitz in its first argument uniformly in v € U. Without
loss of generality we let kg be a Lipschitz constant of r(-,u) over Bg. In
summary, we assume that

(A4) 7: R4 x U — R, is continuous and satisfies, for some constant Cp > 0
’T(x,u)—r(y,u)‘ < CR|'I_y| VIE,yGBR,VUGU,
and all R > 0.

In general, U may not be a convex set. It is therefore often useful to
enlarge the control set to P(U). For any v(du) € P(U) we can redefine the
drift and the running cost as

(3.5)  b(z,v) = /Ub(x,u)v(du), and 7(x,v) = /Mr(x,u)v(du).

It is easy to see that the drift and running cost defined in (3.5) satisfy all
the aforementioned conditions (A1)—(A4). In what follows we assume that
all the controls take values in P(U). These controls are generally referred to
as relazed controls. We endow the set of relaxed stationary Markov controls
with the following topology: v, — v in gy if and only if
[ 1@ [ sl ade — [ 5@ [ gowpau] o
R4 U n—oo JRd U

for all f € LY(R?) N L2(R?%) and g € Cy(R? x U). Then iUgy is a compact
metric space under this topology [1, Section 2.4]. We refer to this topology
as the topology of Markov controls. A control is said to be precise if it takes
value in U. It is easy to see that any precise control U; can also be understood
as a relaxed control by Uy(du) = dy,. Abusing the notation we denote the
drift and running cost by b and r, respectively, and the action of a relaxed
control on them is understood as in (3.5).
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3.2. Structural assumptions. Assumptions 3.1 and 3.2, described below,
are in effect throughout the analysis, unless otherwise stated.

AssuMPTION 3.1.  For some open set K C R?, the following hold:

(i) The running cost r is inf-compact on K.

(ii) There exist inf-compact functions V € CQ(Rd) and h € C(R% x U), such
that
36) L"V(z) < 1—h(z,u) V(z,u) € K°x U,
3.6
L'V(z) < 1+7r(z,u) V(x,u) e CxU.

Without loss of generality, we assume that V and h are nonnegative.

REMARK 3.1. In the statement of Assumption 3.1, we refrain from using
any constants in the interest of notational economy. There is no loss of
generality in doing so, since the functions V and h can always be scaled to
eliminate unnecessary constants.

The next assumption is not a structural one, but rather the necessary re-
quirement that the value of the ergodic control problem is finite. Otherwise,
the problem is vacuous. For U € U define

(3.7) ov(x) = limsup 7. BV [ /0 Tr(Xs,US)ds].

T—o0

ASsuMPTION 3.2. There exists U € 4l such that gy(z) < oo for some
r € RY.

Assumption 3.2 alone does not imply that o, < oo for some v € $ggm.
However, when combined with Assumption 3.1, this is the case as the fol-
lowing lemma asserts.

LEMMA 3.1.  Let Assumptions 3.1 and 3.2 hold. Then there exists ug €
HUssm such that g, < co. Moreover, there exists a nonnegative inf-compact
function Vo € C2(RY), and a positive constant 1 such that

(3.8) L*Vy(x) < n—r(x,up(z)) VzeRY,
Conversely, if (3.8) holds, then Assumption 3.2 holds.

PRrROOF. The first part of the result follows from Theorem 3.1 (e) and
(3.23) whereas the converse part follows from Lemma 3.2. These proofs are
stated later in the paper. O
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REMARK 3.2. There is no loss of generality in using only the constant 7
in Assumption 3.2, since Vy can always be scaled to achieve this.

We also observe that for X = R? the problem reduces to an ergodic
control problem with near-monotone cost, and for X = & we obtain an
ergodic control problem under a uniformly stable controlled diffusion.

3.3. Piecewise linear controlled diffusions. The controlled diffusion pro-
cess in (2.12) belongs to a large class of controlled diffusion processes, called
piecewise linear controlled diffusions [14]. We describe this class of controlled
diffusions and show that it satisfies the assumptions in Section 3.2.

DEFINITION 3.2. A square matrix R is said to be an M-matrix if it can
be written as R = sI — N for some s > 0 and nonnegative matrix N with
property that p(N) < s, where p(N) denotes the spectral radius of N.

Let I' = [y¥] be a given matrix whose diagonal elements are positive,
74 =0 fori=1,...,d—1, and the remaining elements are in R. (Note that
for the queueing model, I' is a positive diagonal matrix. Our results below
hold for the more general I'.) Let £ € R? and R be a non-singular M-matrix.
Define

(3.9) b(z,u) = £— Rz — (e-z)"u) — (e-2) T'u,
with u € § := {u € ]Rff_ e-u= 1}. Assume that
e'R > 0.
We consider the following controlled diffusion in R%:
(3.10) dX: = b(Xe, Up) dt + X dW,

where ¥ is a constant matrix such that X7 is invertible. It is easy to see
that (3.10) satisfies conditions (A1)—(A3).

Analysis of these types of diffusion approximations is an established tradi-
tion in queueing systems. It is often easy to deal with the limiting object and
it also helps to obtain information on the behavior of the actual queueing
model.

We next introduce the running cost function. Let 7: R? x S — [0, 00) be
locally Lipschitz with polynomial growth and

(3.11) cif(e- )T < r(z,u) < 02(1 + [(e- ZL‘>+]m) ,
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for some m > 1 and positive constants ¢; and co that do not depend on u.
Some typical examples of such running costs are

d
r(z,u) = [(e-z)T]™ Z hiul*, with m > 1,
i=1
for some positive vector (hy,...,hq)T.

REMARK 3.3. The controlled dynamics in (3.9) and running cost in
(3.11) are clearly more general than the model described in Section 2.2.
In (3.10), X denotes the diffusion approximation for the number customers
in the system in the Halfin-Whitt regime and its i*" component X? denotes
the diffusion approximation of the number of class ¢ customers. Therefore,
(e X)T denotes the total number of customers in the queue. For R and I’
diagonal as in (2.13), the diagonal entries of R and I' denote the service
and abandonment rates, respectively, of the customer classes. The i-th co-
ordinate of U denotes the fraction of class-i customers waiting in the queue.
Therefore, the vector-valued process X;—(e- X;)*U; denotes the diffusion ap-
proximation of the numbers of customers in service from different customer
classes.

PROPOSITION 3.1.  Let b and r be given by (3.9) and (3.11), respectively.
Then (3.10) satisfies Assumptions 3.1 and 3.2, with h(zx) = colx|™ and

(3.12) K = {z:dlz] < (e-2)"}
for appropriate positive constants co and 9.

PrROOF. We recall that if R is a non-singular M-matrix, then there exists
a positive definite matrix Q such that QR+ R"(Q is strictly positive definite
[14]. Therefore for some positive constant g it holds that

rolyl> < yTIQR+R'Qly < wy'lyl> vy e R

The set K in (3.12), where § > 0 is chosen later, is an open convex cone, and
the running cost function r is inf-compact on K. Let V be a nonnegative
function in C?(RY) such that V(z) = [27Qz] "2 for |z| > 1, where the
constant m is as in (3.11).
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Let || > 1 and u € S. Then

m[xTQ;} e 2T
+m [JJTQ:E]

VYV (z) - b(z,u) = ¢-VV(x)— QR+ RTQlx

m/z_le (R—T)(e-z)Tu

< - VV(@) = m[aTQa] " (Flal? — Clal(e-2)*)

for some positive constant C. If we choose § = 7%, then on KN {|z| > 1}
we have the estimate

_ %o [xTQx] m/271|x\2.

(3.13) VV(x) - b(z,u) < £-VV(x)
Note that £-V is globally bounded for m = 1. For any m € (1, 00), it follows
by (3.13) that

m/2—1 mko

e Q2]

(3.14) VV(2)-b(z,u) < m(TQx)[z'Qx]

L mITC@) L me@)
- AQ) MNQ)

for x € KN {|x| > 1}, where A(Q) and A\(Q) are the smallest and largest
eigenvalues of () respectively. We use Young’s inequality

Ja|™

—1
jab| < + e b >0,
m

in (3.14) to obtain the bound
mko

8A(Q)

for some constant x; > 0. A similar calculation shows for some constant
k9 > 0 it holds that

(3.15) VV(z) - b(z,u) < (AQ) "™

K1 —

(3.16)  VV(z)-b(z,u) < ro(l+[(e-2)*]™) Ve e Kn{lz| > 1}.

Also note that we can select k3 > 0 large enough such that

1 mk ™2 m
(3.17) i}trace(EETV2V(x))‘ < K3+ 16X(2)) (AQ)) ™.

Hence by (3.13)-(3.17) there exists x4 > 0 such that

RO Q)| ™ Tice () + (e - )] T ()

16M(Q)

(3.18) L“V(z) < kK4
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for all z € R?. It is evident that we can scale V, by multiplying it with a
constant, so that (3.18) takes the form

(3.19)  L"V(z) < 1—colz|™Ike(z) + c1f(e - )] Iic(2) Vo € RY.

By (3.11) the running cost r is inf-compact on . It then follows from (3.11)
and (3.19) that (3.6) is satisfied with h(z) := co|z|™.
We next show that (3.10) satisfies Assumption 3.2. Let

Then we can write (3.10) as
(3.20)  dXy = ({—R(Xy— (e~ X¢)Tup) — (e x) " T'ug) dt + T dW;.

It is shown in [14] that the solution X; in (3.20) is positive recurrent and
therefore ug is a stable Markov control. This is done by finding a suitable
Lyapunov function. In particular, in [14, Theorem 3] it is shown that there
exists a positive definite matrix @ such that if we define

(3.21) O(x) = (e-2)® + Rz —eqole- )] Qlx — eqp(e- x)],
for some suitably chosen constant # and a function ¢ € C2(R), given by
(0 ify >0,
oly) =430 ify < -0,
smooth if —5<y <0,
where § > 0 is a suitable constant and 0 < ¢/(y) < 1, then it holds that
(3.22) LYy(x) < —kq|z|?,

for |z| large enough and positive constant &;. We define Vy := e®¥ where a
is to be determined later. Note that |V (z)| < R2(14 |z|) for some constant
Ko > 0. Hence a straightforward calculation shows that if we choose a small
enough, then for some some constant 3 > 0 it holds that

L*"Vo(z) < (=Fialz]* + a®|2]Ra(1 + [2])*) Vo(z)

N

—Fg)z|*Vo(z)

for all |z| large enough. Since Vy(z) > [(e-z)*]™, m > 1, for all large enough
|z| we see that V) satisfies (3.8) with control ug. Hence Assumption 3.2 holds
by Lemma 3.1. O
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3.4. Existence of optimal controls.
DEFINITION 3.3. Recall the definition of g7 in (3.7). For 5 > 0 we define
4P = {U elU: gy(z) < B for somez € R?}.
We also let ngM = 4P N Ugnr, and
0. = inf {8>0: 4° +£ o},
0« = inf {B>0: ﬂgM;&g},
0« = inf {n(r): me G},

where

G .= {ﬂGP(RdXU): /

L' f(z)m(da,du) =0 Vfe ch(Rd>} :
RdxU

and L"f(x) is given by (3.3). It is well known that G is the set of ergodic
occupation measures of the controlled process in (3.1), and that § is a closed
and convex subset of P(R? x U) [1, Lemmas 3.2.2 and 3.2.3]. We use the
notation 7, when we want to indicate the ergodic occupation measure asso-
ciated with the control v € Uggn. In other words,

0y (dz, du) = py(dx)v(du | z).

LEMMA 3.2. If (3.8) holds for some Vy and ug, then we have 1,,(r) < 7.
Therefore, 0, < 0.

PROOF. Let (X, up(X:)) be the solution of (3.1). Recall that tp is the
first exit time from Bpg for R > 0. Then by It6’s formula

TATR
Ego [VO(XT/\TR)] - V(](.%') S nT — Ego |:/ T(XS,’U,O(XS)) ds| .
0

Therefore letting R — oo and using Fatou’s lemma we obtain the bound

T
Ruo [/ r(XS,uO(XS)) ds} < 0T +Vo(z) — r%idn Vo,
0

and thus .
1
lim sup T EYo [/ (X, uo(Xs)) ds} < 7. O
0

T—o00



ERGODIC CONTROL IN THE HALFIN-WHITT REGIME 25

In the analysis we use a function 7 € C(R? x U) which, roughly speaking,
is of the same order as r in K x U and lies between r and a multiple of » + h
on K¢ x U, with I as in Assumption 3.1. The existence of such a function
is guaranteed by Assumption 3.1 as the following lemma shows.

LEMMA 3.3. Define
H = (KxU)U {(az,u) ERIxU: r(z,u) > h(x,u)},

where K is the open set in Assumption 3.1. Then there exists an inf-compact
function h € C(R? x U) which is locally Lipschitz in its first argument uni-
formly w.r.t. its second argument, and satisfies

(3.23) r(z,u) < h(z,u) < %(1+h(:c,u)}1%c(:c,u)—i—r(a:,u)]lq.[(a:,u))

for all (x,u) € R? x U, and for some positive constant ko > 2. Moreover,

(3.24) L'"V(z) < 1—h(x,u)lye(z,u) + r(z,u) Iy(x,u)

for all (x,u) € R x U, where V is the function in Assumption 3.1.
PRrOOF. If f(x,u) denotes the right hand side of (3.23), with kg = 4, then

flz,u) —r(z,u) > h(z,w) Iye(z,u) + r(x,u) Iy(z,u)
> h(x,u)Ie(z) + r(z,u) Ix(z),

since r(z,u) > h(z,u) on H \ (K x U). Therefore, by Assumption 3.1, the
set {(w,u): f(x,u) —r(z,u) < n} is bounded in R? x U for every n € N.
Hence there exists an increasing sequence of open balls D,,, n = 1,2,...,
centered at 0 in R? such that f(z,u)—r(x,u) > n for all (x,u) € D xU. Let
g: R? = R be any nonnegative smooth function such that n —1 < g(z) < n
for £ € Dpy1 \ Dp, n=1,2,..., and g(z) = 0 on Dy. Clearly, h :=r + g is
continuous, inf-compact, locally Lipschitz in its first argument, and satisfies
(3.23). That (3.24) holds is clear from (3.6) and the fact that H 2 KxU. O

REMARK 3.4. It is clear from the proof of Lemma 3.3 that we could fix
the value of the constant kg in (3.23), say ko = 4. However, we keep the
variable ko because this provides some flexibility in the choice of h, and also
in order to be able to trace it along the different calculations.
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REMARK 3.5.  Note that if A > r and r is inf-compact, then H = K x U
and h := r satisfies (3.23). Note also, that in view of (3.11) and Proposi-
tion 3.1, for the multi-class queueing model we have

r(z,u) < 02(1 + [(e- :L')+]m)
ngmil
1 Aco
ngmil
1 Aco
ngmil
1 Aco
ngmil
— 1AcgAcid™

ngmil

— 1AcgAcid™

<

(1+ (1 Aco)lz|™)

IN

(14 cole™ Te(e) + (e )] ()

(1+ ) Tee () + %r(w, u) I (z)

1

(1 + h(z) Ige(z) + 7(z, u) Ik (2))

(1 + h(l’) HHC($7 U) + T(l‘a U) H"H(l‘a U)) :
Therefore h(x,u) = co + cod™ !|z|™ satisfies (3.23).

REMARK 3.6. We often use the fact that if g € C(R? x U) is bounded
below, then the map P(R? x U) > v + v(g) is lower semicontinuous. This
easily follows from two facts: (a) g can be expressed as an increasing limit
of bounded continuous functions, and (b) if ¢ is bounded and continuous,
then 71— 7t(g) is continuous.

THEOREM 3.1. Let B € (0x,00). Then

(a) For allU € UP and x € R? such that oy(z) < B, then
1 T,
(3.25) limsup — EY [/ hXs,Us) ds] < ko(1+5).
t—o0 T 0
(b) Ox = 0x = Ox-
(¢) For any B € (0«,00), we have ilgM C Ussm.-

(d) The set of invariant probability measures MP corresponding to controls
in ilgM satisfies

/Rd ﬁ(w,v(m)) py(dz) < ko(1+P) Yy € MP.

In particular, LISM is tight in P(RY).
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(e) There exists (V,5) € C2(RY) x Ry, with V inf-compact, such that

(3.26) min [L*V (z) + h(z,u)] = 6.

uelU

PRrOOF. Using Ito’s formula, it follows by (3.24) that
1
(3:27) = (B V(Xrneg)] = V()

TNTR
<1-—-EY U h(Xs, Us) Ipge (X, Us)ds]
0

1 TNATR
+ = EY U r(Xs,Us)]IH(XS,US)ds] .
0

Since V is inf-compact, (3.27) together with (3.23) implies that

2 1 T
(3.28) — limsup — EV U h(XS,Us)ds] < 2
k T 0

0 T—oo

1 T
+ 2 limsup T EY [/ T’(XS,US)dS] .
0

T—o0

Part (a) then follows from (3.28).
Now fix U € ¢4% and z € R? such that gy (z) < . The inequality in (3.25)
implies that the set of mean empirical measures {Cg .+ t > 1}, defined by

g;{t(A X B) =

& | =

t
EY [/ ]IAxB(XS,US)ds}
0

for any Borel sets A € R? and B C U, is tight. It is the case that any
limit point of the mean empirical measures in P(R? x U) is is an ergodic
occupation measure [1, Lemma 3.4.6]. Then in view of Remark 3.6 we obtain

(3.29) m(r) < limsup Cgt(r) < B

t—o0
for some ergodic occupation measure 7. Therefore g, < 0,. Disintegrating
the measure 7 as m(dz,du) = v(du | x) p,(dx) we obtain the associated
control v € $Uggn. From ergodic theory [33], we also know that

1 T
lim sup T EY [/ r(Xs,v(X))ds| = m(r) for almost every x.
T—o0 0

It follows that g, < 9., and since it is clear that g, < g., equality must hold
among the three quantities.
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Ifve ﬂgM then (3.28) implies that (3.29) holds with U = v and 7 = m,.
Therefore parts (c¢) and (d) follow.

Existence of (V, ), satisfying (3.26), follows from Assumption 3.2 and
[1, Theorem 3.6.6]. The inf-compactness of V follows from the stochastic

representation of V' in [1, Lemma 3.6.9]. This proves (e). O

Existence of a stationary Markov control that is optimal is asserted by
the following theorem.

THEOREM 3.2. Let G denote the set of ergodic occupation measures cor-
responding to controls in Ussn, and SP those corresponding to controls in
ngM, for B > o0«. Then

(a) The set % is compact in P(RY) for any B > ox.
(b) There exists v € Usy such that o, = 0«.

PROOF. By Theorem 3.1(d), the set G° is tight for any 8 > o.. Let
{m,} C GP, for some B > o, be any convergent sequence in P(R%) such
that 7, (r) — 0« as n — oo and denote its limit by 7. Since G is closed,
7. € G, and since the map 7 — 7t(r) is lower semicontinuous, it follows that
(1) < 0. Therefore 68 is closed and hence compact. Since mi(r) > o, for all
7 € G, the equality 7, (r) = g, follows. Also v is obtained by disintegrating
. O

REMARK 3.7. The reader might have noticed at this point, that As-
sumption 3.1 may be weakened significantly. What is really required is the
existence of an open set H C R? x U and inf-compact functions V € C?(R%)
and h € C(R? x U), satisfying
(H1) infy, ey r(z,u) — 0.

|z| =00
(H2) L"V(z) < 1—h(z,u) Ly (z,u)+r(z,u) Ly (2, u) Y(z,u) € R¢xU.

In (H1) we use the convention that the ‘inf’ of the empty set is +oo. Also
note that (H1) is equivalent to the statement that {(z,u) : r(z,u) < ¢} NH
is bounded in R x U for all ¢ € Ry. If (H1)-(H2) are met, we define
H = HU {(z,u) € R x U: r(z,u) > h(z,u)}, and, following the proof
of Lemma 3.3, we assert the existence of an inf-compact h € C(R? x U)
satisfying (3.23). In fact, throughout the rest of the paper, Assumption 3.1 is
not really invoked. We only use (3.24), the inf-compact function h satisfying
(3.23), and, naturally, Assumption 3.2.
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3.5. The HJB equation. For € > 0 let

re(z,u) = r(z,u) +eh(z,u).
By Theorem 3.1 (d), for any 7t € %, 8 > 0., we have the bound
(3.30) ni(re) < B+eko(1+5).

Therefore, since 7. is near-monotone, that is,

liminf min r.(z,u) > inf n(r.),
2|00 u€l nes

there exists . € Argmin,.g 7(r:). Let m, € § be as in the proof of
Theorem 3.2. The suboptimality of 7, relative to the running cost r. and
(3.30) imply that

(3.31) m(r)

IN

7'[5(7"5>

IN

0 (72)
< 0x +ko(1 + o04) Ve>0.
It follows from (3.31) and Theorem 3.1(d) that {m.: e € (0,1)} is tight.

Since 7. +— 7-(r) is lower semicontinuous, if 7 is any limit point of 7. as
£\ 0, then taking limits in (3.31), we obtain

(3.32) m(r) < limsup m.(r) < 0x.
e\

Since G is closed, 7t € G, which implies that 7t(r) > o.. Therefore equality
must hold in (3.32), or in other words, 7 is an optimal ergodic occupation
measure.

THEOREM 3.3.  There exists a unique function VE € C3(R?) with VE(0) =
0, which is bounded below in RY, and solves the HJB

(3-33) rnel%} [LUVE('T) +T€(x7u)] = Oe),
where o = infreq 7(re), or in other words, os is the optimal value of

the ergodic control problem with running cost r.. Also a stationary Markov
control ve is optimal for the ergodic control problem relative to . if and only
if it satisfies

(3.34) H.(2,VVE(2)) = b(z,v:(z)) - VVE(2) + re(2,0:(2))  a.e. in RY,
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where

(3.35) He(e,p) = min [b(e,u) - p+re(e,w)]
U

Moreover,

(a) for every R > 0, there exists kr such that

(3.36) osc V¢ < kpg;

Br

(b) if ve is a measurable a.e. selector from the minimizer of the Hamilto-
nian in (3.35), i.e., if it satisfies (3.33), then for any d > 0,

Ts
Ve(x) > E¥ [/ (re(Xs,ve(Xs)) — 02) ds} + i}glf Ve,
0 )

(¢) for any stationary control v € gsm and for any § > 0,

Ts
Vi) < B [ (0 o06) - 00) s+ VECX)
0
where Ts is hitting time to the ball Bs.

THEOREM 3.4. Let V&, o, and v, for e > 0, be as in Theorem 3.3. The
following hold:

(a) The function V€ converges to some Vi € C%(R?), uniformly on compact
sets, and p: — 0«, as € \( 0, and V, satisfies

(3.37) miﬂrjl [L'Vi(z) + r(z,u)] = o«.
ue
Also, any limit point v, (in the topology of Markov controls) as e \, 0
of the set {v.} satisfies
LYVy(z) + r(z,v.(z) = 0, a.e. in R,

(b) A stationary Markov control v is optimal for the ergodic control prob-
lem relative to r if and only if it satisfies

(3.38) H(z,VVi(z)) = b(z,v(z)) - VVi(z)+r(z,v(z)) a.e. in RY,

where

H(z,p) = gle%l [b(z,u) - p+ r(z,u)].

Moreover, for an optimal v € Ugn, we have

T—o00

1 T
lim Eg[/ r(Xs,v(Xs)) ds| = o4 vz € RY.
0
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(¢) The function Vi has the stochastic representation

T
(3.39) Vi(z) = lim inf EY [/ r(Xs,v(Xs)) — o« ds}
N0 yeUyng 1y Lo r( )~ e

— %i{‘% EY [/0%5 (r(Xs, v2(X5)) — 04) ds]

for any v € gy that satisfies (3.38).

(d) If U is a convex set, u — {b(z,u) - p + r(z,u)} is strictly convex
whenever it is not constant, and u +> B(:U,u) is strictly convex for all
x, then any measurable minimizer of (3.33) converges pointwise, and
thus in YUgn, to the minimizer of (3.37).

Theorem 3.4 guarantees the existence of an optimal stable control, which
is made precise by (3.38), for the ergodic diffusion control problem with the
running cost function r. Moreover, under the convexity property in part (d),
the optimal stable control can be obtained as a pointwise limit from the
minimizing selector of (3.33). For instance, if we let

then by choosing h and h + |u|? as in Proposition 3.1, we see that the
approximate value function V¢ and approximate control v. converge to the
desired optimal value function V, and optimal control v,, respectively.

Concerning the uniqueness of the solution to the HJB equation in (3.37),
recall that in the near-monotone case the existing uniqueness results are as
follows: there exists a unique solution pair (V, ¢) of (3.37) with V' in the class
of functions C?(R?) which are bounded below in R¢. Moreover, it satisfies
V(0) =0 and ¢ < g,. If the restriction ¢ < p, is removed, then, in general,
there are multiple solutions. Since in our model r is not near-monotone in
R?, the function V; is not, in general, bounded below. However, as we show
later in Lemma 3.10 the negative part of V, grows slower than V, i.e., it holds
that V,” € o(V), with o(-) as defined in Section 1.3. Therefore, the second
part of the theorem that follows, may be viewed as an extension of the
well-known uniqueness results that apply to ergodic control problems with
near-monotone running cost. The third part of the theorem resembles the
hypotheses of uniqueness that apply to problems under a blanket stability
hypothesis.
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THEOREM 3.5. Let (V, 0) be a solution of

(3.40) IJ]EIEIJI [L”V(x) +r(z,u)] = 0,

such that V= € o(V) and V(0) = 0. Then the following hold:

(a) Any measurable selector v from the minimizer of the associated Hamil-
tonian in (3.38) is in Ussm and oy < 0.

(b) If 6 < 0. then necessarily p = 0. and V = V,.
(¢c) IfV e O (minyey h(- ,u)), then p = o, and V="V,.

Applying these results to the multi-class queueing diffusion model we have
the following corollary.

COROLLARY 3.1. For the queueing diffusion model with controlled dy-
namics given by (3.10), drift given by (3.9), and running cost as in (3.11),
there exists a unique solution V', satisfying V (0) = 0, to the associated HJB
in the class of functions C*(R*)NO(|z|™), whose negative part is in o(|z|™).
This solution agrees with V, in Theorem 3.4.

Proor. Existence of a solution V follows by Theorem 3.4. Select V ~
|z|™ as in the proof of Proposition 3.1. That the solution V' is in the stated
class then follows by Lemma 3.10 and Corollary 4.1 that appear later in
Sections 3.6 and 4, respectively. With h ~ |z|™ as in the proof of Propo-
sition 3.1, it follows that min,cy fl(a:,u) € O(]:J;\m) Therefore uniqueness
follows by Theorem 3.5. O

We can also obtain the HJB equation in (3.37) via the traditional van-
ishing discount approach as the following theorem asserts. Similar results
are shown for a one-dimensional degenerate ergodic diffusion control prob-
lem in [29] and certain multi-dimensional ergodic diffusion control problems
(allowing degeneracy and spatial periodicity) in [2].

THEOREM 3.6. Let Vi and o, be as in Theorem 3.4. For a > 0 we define
o
Vo(z) := inf EY [ / e (Xy, Uy) dt| .
0

The function V,, — V4 (0) converges, as o\, 0, to Vi, uniformly on compact
subsets of R?. Moreover, aV,(0) — 04, as a \, 0.
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The proofs of the Theorems 3.3-3.6 are given in Section 3.6. The following
result, which follows directly from (3.31), provides a way to find e-optimal
controls.

PROPOSITION 3.2.  Let {v:} be the minimizing selector from Theorem 3.3
and { iy, } be the corresponding invariant probability measures. Then almost
surely for all x € RY,

i 7 8| [ (e as] = [ o) o

T—o00

< ox+ Eko(l + Q*) .

3.6. Technical proofs. Recall that r.(z,u) = r(z,u) 4+ eh(x, u), with h as
in Lemma 3.3. We need the following lemma.
For o > 0 and € > 0, we define

«

(3.41) VE(z) == inf EY [ / e (X, Uy)dt|
0

where we set 79 = r. Clearly, when € = 0, we have V) =V, .
We quote the following result from [1, Theorem 3.5.6, Remark 3.5.8].

LEMMA 3.4. Provided ¢ > 0, then V. defined above is in C*(RY) and is
the minimal nonnegative solution of

gleiél [L'VE(z) + re(z,u)] = aVi(z).
The HJB in Lemma 3.4 is similar to the equation in [7, Theorem 3] which
concerns the characterization of the discounted control problem.

LEMMA 3.5. Let u be any precise Markov control and L% be the corre-
sponding generator. Let ¢ € C2(RY) be a nonnegative solution of

LYo —ap = g,

where g € L;’;C(Rd). Let k: Ry — R4 be any nondecreasing function such
that ||gl| Lo (Br) < K(R) for all R > 0. Then for any R > 0 there exists a

constant D(R) which depends on k(4R), but not on u, or ¢, such that

0sc §DR<1+ainf )
osC ¢ (R) inf ¢
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PROOF. Define § := a(g — 2k(4R)) and ¢ := 2k(4R) + ap. Then § < 0
in Byr and ¢ solves
LY¢—ap = g in Byg.
Also
9]l Lo (Bar) < @(26(4R) + ||gll Lo (Bar))
< 30(26(4R) — ||gll oo (Byr))

3 inf |g
inf ]

< 3IBarl Mgl LB -
Hence by [1, Theorem A.2.13] there exists a positive constant Cy such that

sup o) < Cy inf o(x),
zE€B3R z€B3Rr

implying that

(3.42) a sup p(z) < C’H(2/@(4R)+ inf acp(:):)).
rEB3R rEB3R

We next consider the solution of
L% = 0 in Bsgp, ¥ = ¢ on 0Bsg.
Then
L' (p—1) = ap+g in Bsg.

If p(2) = infyep,, ¢(z), then applying the maximum principle ( [1, Theo-
rem A.2.1], [18]) it follows from (3.42) that

(3.43) sup [ — 9] < C(1+ ap(#)) .

Again 1) attains its minimum at the boundary ( [1, Theorem A.2.3], [18]).
Therefore ¢ — (&) is a nonnegative function and hence by the Harnack
inequality, there exists a constant Cp > 0 such that

Y(x) — (@) < Cr(v(@) —e(@)) < CHé(l + ap(2)) V€ Bag.
Thus combining the above display with (3.43) we obtain

osc o < sup (¢ — ) +sup ¥ — p(2) < C(1+ Cr)(1+ ap(2)) .
Bar Bar Bar

This completes the proof. O
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LEMMA 3.6. Let VS be as in Lemma 3.4. Then for any R > 0, there
exists a constant kr > 0 such that

osc Ve < kg forallae (0,1], ande € [0,1].
R

PRrROOF. Recall that pu,, is the stationary probability distribution for the
process under the control ug € Uggy in Lemma 3.1. Since ug is suboptimal
for the a-discounted criterion in (3.41), and V¢ is nonnegative, then for any
ball Bg, using Fubini’s theorem, we obtain

iuo (Br) inf VE < / VE () rao (d2)
Bgr Rd

IN

o0
/d EZo [/ e ¥y, (Xt,uo(Xt)) dt| py,(dz)
R 0

1
= o P (Te)

1
< a(77+€k‘0(1 +77)) )

where for the last inequality we used Lemma 3.2 and Theorem 3.1 (a).
Therefore we have the estimate

oinf Ve < MHekod+m)
Brp ¢~ Huo (BR)

The result then follows by Lemma 3.5. O
We continue with the proof of Theorem 3.3.

PROOF OF THEOREM 3.3. Consider the function V¢ := V — VZ(0). In
view of Lemma 3.5 and Lemma 3.6 we see that V. is locally bounded uni-
formly in a € (0,1] and € € (0, 1]. Therefore, by standard elliptic theory, V¢
and its first and second order partial derivatives are uniformly bounded in
LP(B), for any p > 1, in any bounded ball B C R?, i.e., for some constant
Cp depending on B and p, HV;HWM(B) < Cp [18, Theorem 9.11, p. 117].
Therefore we can extract a subsequence along which V.2 converges. Then the
result follows from Theorems 3.6.6, Lemma 3.6.9 and Theorem 3.6.10 in [1].
The proof of (3.36) follows from Lemma 3.5 and Lemma 3.6. O

REMARK 3.8. In the proof of the following lemma, and elsewhere in the
paper, we use the fact that if U/ C Uggnr is a any set of controls such that the
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corresponding set {y, : v € U} C M of invariant probability measures is
tight then the map v ~ 7, from the closure of U to P(R% x U) is continuous,
and so is the map v — pu,. In fact the latter is continuous under the total
variation norm topology [1, Lemma 3.2.6]. We also recall that § and M are
closed and convex subsets of P(R?xU) and P(R?). Therefore {m, : v € U} is
compact in G. Note also that since U is compact, tightness of a set of invariant
probability measures is equivalent to tightness of the corresponding set of
ergodic occupation measures.

LeMMA 3.7. If {ve: € € (0,1]} is a collection of measurable selectors
from the minimizer of (3.33), then the corresponding invariant probability
measures {u.: € € (0,1]} are tight. Moreover, if v., — v« along some
subsequence €, \( 0, then the following hold:

(@) pe, = to, s €n N0,

(b) v is a stable Markov control,
(c) fRd (2, v (7)) pio, (dx) = limeo 0 = 0«

PROOF. By (3.25) and (3.31) the set of ergodic occupation measures cor-
responding to {v.: € € (0,1]} is tight. By Remark 3.8 the same applies
to the set {pe : € € (0,1]}, and also part (a) holds. Part (b) follows from
the equivalence of the existence of an invariant probability measure for a
controlled diffusion and the stability of the associated stationary Markov
control (see [1, Theorem 2.6.10]. Part (c¢) then follows since equality holds
in (3.32). O

We continue with the following lemma that asserts the continuity of the
mean hitting time of a ball with respect to the stable Markov controls.

LEMMA 3.8. Let {v,: n € N} C ﬂgM, for some B > 0, be a collection
of Markov controls such that v, — ¥ in the topology of Markov controls as
n — 0o. Let puy, i be the invariant probability measures corresponding to the
controls vy, U, respectively. Then for any 6 > 0, it holds that

E’r[t) —— E2[%] Vo € B§.
n—oo

PROOF. Define H(z) := minyey h(z,u). It is easy to see that H is inf-
compact and locally Lipschitz. Therefore by Theorem 3.1 (d) we have

sup pn(H) < ko(1+8),
neN
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and since p, — fi, we also have i(H) < ko(14+03). Then by [1, Lemma 3.3.4]
we obtain

(3.44) SupEgn[/ H(X ds}—HE”[/ H(X )ds} < .

neN

Let R be a positive number greater than |z|. Then by (3.44) there exists a
positive k£ such that

Ez[/;‘sﬂ{bmoc) } < R [/ H(X) Lo gy (X )ds] S%

for v € {{v,}, 0}. From this assertion and (3.44) we see that

5
sup EZ[/ ]I{H>R}(Xs)ds} — 0.
0

ve{{vn}, 2} R0

Therefore in order to prove the lemma it is enough to show that, for any
R > 0, we have

n—oo

Ts Ts
E;n |:/ ]I{HSR}(XS) d8:| E— Ev |:/ ]I{HSR}(XS) d8:| .
0 0
But this follows from [1, Lemma 2.6.13 (iii)]. O

LEMMA 3.9. Let (V= 0.) be as in Theorem 3.3, and v satisfy (3.35).
There exists a subsequence €, \ 0, such that V" converges to some V, €
C2(RY), uniformly on compact sets, and V, satisfies

(3.45) min [L"V,(z) + r(z,u)] = o..

uel

Also, any limit point v, (in the topology of Markov controls) of the set {v.},
as € \( 0, satisfies

(3.46) LYVi(z) + r(z,ve(z) = o0, a.e. in R,

Moreover, V, admits the stochastic representation

(347) Vi(z) = inf  EY [ /0 %J(T(XS,U(XS)) —g*)ds+V*(X%,;)}

B8
vEUgso Usn

= EY [/0%6 (r(Xs, v (Xs)) — 04) ds + V*(st)] .

It follows that Vi is the unique limit point of VE as e \ 0.
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PROOF. From (3.36) we see that the family {V¢: ¢ € (0, 1]} is uniformly
locally bounded. Hence applying the theory of elliptic PDE, it follows that
{Ve: €€ (0,1]} is uniformly bounded in W120’€(]Rd) for p > d. Consequently,
{Ve: e € (0,1]} is uniformly bounded in Cllo’z for some > 0. Therefore,
along some subsequence €, \, 0, Vo — V, € W?>? N1 CYY as n — 0o, uni-
formly on compact sets. Also, lim.\ o 0. = 0« by Lemma 3.6 (c). Therefore,
passing to the limit we obtain the HJB equation in (3.45). It is straightfor-
ward to verify that (3.46) holds [1, Lemma 2.4.3].

By Theorem 3.3 (¢), taking limits as € \, 0, we obtain

Ts
(3.48) Vi(z) < EUinf . EY UO (r(Xs,v(Xs)) — 04) ds + Va(Xx,) |-
v B>0 “'SM

Also by Theorem 3.3 (b) we have the bound
VE(z) > —o:E¥[Ts5] + iélf Vve.
5
Using Lemma 3.8 and taking limits as €, \ 0, we obtain the lower bound
(3.49) Vi(z) > —o0.EV[T5] —i—iélf Vi.
6

By Lemma 3.7 (¢) and Theorem 3.1 (d), v, € Ugsm, and 7, (k) < ko(1+ 04).
Define

(3.50) olz) = B [ /0 (X 0.(X2)) ds] |

For |z| > 0 we have

Ts

EP [Tje, <ty (Xeg)] = EV [H{WS} ﬁ(Xs,v*<Xs>)ds]

TRATs

Therefore by the dominated convergence theorem and the fact that p(z) <
0o we obtain

Eyr [SD(XTR)H{TR<¥5}] R/‘—oo> 0.

By (3.48) and (3.49) we have |V,| € O(¢). Thus (3.49) and (3.50) imply that

liminf E* [Vo(Xrp) Irpery] = 0.

and thus

(3.51) limint B [V. (Xoney)] = B [Va(Xz,)]
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Applying 1t6’s formula to (3.46) we obtain

(3.52) Vi(z) = E [/OU TR(T(XS,U*(XS)) — 0+) ds + Vi(Xiyncp)

Taking limits as R — oo, and using the dominated convergence theorem, we
obtain (3.47) from (3.48). O

Recall the definition of o(-) from Section 1.3. We need the following
lemma.

LEMMA 3.10. Let Vi be as in Lemma 3.9. It holds that V. € o(V).

PROOF. Let v, be as in Lemma 3.9. Applying It6’s formula to (3.24) with
u = v, we obtain

(3.53) EY [ /0 K h(Xs, v4( X)) Inge (X, 04 (X)) ds}

IN

Ey [/6 (X, 0e(Xs)) T (X, va (X)) ds} + B [t] + V().
0

Therefore, adding the term

Eg* [/T6 T(Xs7 U*(Xs)) HH(X57U*<XS)) d3:| - (1 + 29*) Eg* [i—‘;]
0

to both sides of (3.53) and using the stochastic representation of Vi we
obtain

350 F) = 2 B | TR 0(0) as] - 20+ 0) B[
< 2Vi(z) + V(z) — 2 i]gf Vi.

From the stochastic representation of Vi we have V., (z) < p.EY[t5] —
infp; V.. For any R > § we have

5 5
: v (X, > (i e e
(3.55) EU [/0 h(Xs, v.(X)) ds] > (BngfU h) E,[tq] Ve BS

It is also straightforward to show that lim; % = 1. Therefore, since

h is inf-compact, it follows by (3.54)-(3.55) that the map x — EY*[%;] is in
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o(F'), which implies that V,” € o(F'). On the other hand by (3.54) we obtain
F(z) < V(z) — 2supp, Vi for all x such that Vi(z) < 0, which implies
that the restriction of F' to the support of V.~ is in O(V). It follows that
V., €o(V). O

We next prove Theorem 3.4.

PROOF OF THEOREM 3.4. Part (a) is contained in Lemma 3.9.
To prove part (b), let © be any control satisfying (3.38). By Lemma 3.10
the map V + 2V, is inf-compact and by Theorem 3.4 and (3.24) it satisfies

LV +2V,)(@) < 1+ 20 —r(a, 5(x)) — hlw, 5(x)) Ie (@, 5(a)

< 24 20, — 2ky ' h(x, v(2)) Vo € RY.

This implies that v € $ggn. Applying 1t6’s formula we obtain

T
(3.56) lim sup %Eg [/0 E(Xs,@(Xs))ds] < ko(1+ 04).

T—o00

Therefore 7t; (fz) < oo. By (3.24) we have

and since r < h, this implies by (3.56) that

1 _
(3.57) limsup — E; V(X71)] < 1+ko(1+04).

T—o0

Since V,© € o(V), it follows by (3.57) that

lim sup %EZ V. (X7)] = 0.

T—o00

Therefore, by It6’s formula, we deduce from (3.37) that

T

(3.58) lim sup 1 E? [/ r(Xs,0(Xs))ds| < ox.
T—o0 T 0

On the other hand, since the only limit point of the mean empirical measures

Cxﬁ,n as t — 00, is 7y, and 75(r) = o4, then, in view of Remark 3.6, we obtain

liminf; oo (3 4(7) > 0«. This proves that equality holds in (3.58) and that

the ‘limsup’ may be replaced with ‘lim’.
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Conversely, suppose v € Lgy is optimal but does not satisfy (3.38). Then
there exists R > 0 and a nontrivial nonnegative f € L*(Bpg) such that

fe(x) = Lpy(2)(L"V(x) + re(,0(2)) — e¢)

converges to f, weakly in L!'(Bg), along some subsequence £ \, 0. By ap-
plying 1t6’s formula to (3.33) we obtain

(3.59) % (B2 [VE(Xrneg)] — VE(x)) + % EY [ /O e re (X, 0(Xs)) ds]
1 TATR
> ot g B [ () ).

Define, for some 6 > 0,

Glz) = B [/:6 re (X, 0(X5)) ds} .

Since V¢ is bounded from below, by Theorem 3.3 (c) we have V¢ € O(G).
Invoking [1, Corollary 3.7.3], we obtain

: 1,
lim fIEI[W‘(XT)] =0,

T—o00

and

lim EY[V(Xrary)] = Eo[VE(X7)].

R—o0

Therefore, taking limits in (3.59), first as R * oo, and then as T — oo, we
obtain

(3.60) T(re) > 0e +m(fe) -

Taking limits as € \, 0 in (3.60), since u, has a strictly positive density in
Bpg, we obtain
(1) > 0« + T(f) > 0,
which is a contradiction. This completes the proof of part (b).
The first equality (3.39) follows by Lemma 3.9, taking limits as § \ 0.

To show that the second equality holds for any optimal control, suppose ©
satisfies (3.38). By (3.24) we have, for § > 0 and |z| > §,

_ B TRATs
B [V(Xeg) Lirpetsy] < V(az)+s§p V™ +EY [/ (14+7(Xs,0(Xy))) ds| .
8 0
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It follows that (see [1, Lemma 3.3.4])

limsup E? [V(XTR)H{TRdé}] < 0,

R—o0

and since V,~ € 0(V) we must have

limsup E? [V*_(XTR)]I{TRda}] = 0.
R—o0

By the first equality in (3.47) we obtain V" € O(y), with ¢ as defined in
(3.50) with v, replaced by ©. Thus, in analogy to (3.51), we obtain

liminf B3 [V (Xepne,)] = Ep[Va(Xe,)]

The rest follows as in the proof of Lemma 3.9 via (3.52).
We next prove part (d). We assume that U is a convex set and that

c(z,u,p) == {blz,u) -p+r(z,u)}

is strictly convex in w if it is not identically a constant for fixed = and p. We
fix some point u € U. Define

B = {zeR?: c(z, ,p) = c(z,u,p) for all p} .

It is easy to see that on B both b and r do not depend on w. It is also easy
to check that B is a closed set. Let (Vi,v.) be the limit of (V¢ v.), where
Vi is the solution to (3.37) and v, is the corresponding limit of v.. We have
already shown that v, is a stable Markov control. We next show that it
is, in fact, a precise Markov control. By our assumption, v, is the unique
minimizing selector in (3.34) and moreover, v. is continuous in z. By the
definition of r. it is clear that the restriction of v to B does not depend on
e. Let v.(x) = v'(x) on B. Using the strict convexity property of ¢(z, -, VVi)
it is easy to verify that v. converges to the unique minimizer of (3.37) on B.
In fact, since B¢ is open, then for any sequence z* — x € B¢ it holds that
ve(zf) — wvi(x). This follows from the definition of the minimizer and the
uniform convergence of VV¢ to VV,. Therefore we see that v, is a precise
Markov control, v, = v on B, and v. — v, pointwise as ¢ — 0. It is also easy
to check that pointwise convergence implies convergence in the topology of
Markov controls. ]

We now embark on the proof of Theorem 3.5.
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ProoF oF THEOREM 3.5. The hypothesis that V- e o(V) implies that
the map V + 2V is inf-compact. Also by (3.24) and (3.40) it satisfies

LP(V+2V)(z) < 1420 —r(z,d(z)) — h(z, 0(z)) Iy (z, 9(z))

< 2426 —2ky h(z,0(x)) Vo eRY.

Therefore [ h(z,d(z))dm; < oo from which it follows that g5 < co. This
proves part (a).
By (3.24) we have

t
E,[V(Xy)] < V(z)+t+E; [/ r(Xs, 9(Xs)) ds| ,
0
and since p; < 00, this implies that

1 .
(3.61) lim sup T Ey [V(X7)] < 1+405.

T—o0

Since V'~ € o(V), it follows by (3.61) that
. 1 oo
limsup — EJ[V ™ (Xr)] = 0.
T—o0 T
Therefore, by 1t6’s formula, we deduce from (3.40) that
lim sup 1 go [V (Xr)] + 1 g /TT(X 3(Xs))ds| ) = o
T—o0 T " T 0 > ° '

This implies that o; < 0 and since by hypothesis ¢ < p. we must have
0 = 0
Again by (3.24) we have

. . TRATs
E? [V(XTR)]I{TRdé}] < V(:z:)—i—s;p V™ +E? [/ (1+r(Xs,0(Xy))) ds] .
) 0

It follows by [1, Lemma 3.3.4] that

limsup EY [V(Xer) Iepesy] < 0,

R—o00
and since V'~ € o(V) we must have

(3.62) lim sup Eg [Vi(XTR)]I{TR<’%5}j| = 0.

R—o00
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Using (3.62) and following the steps in the proof of the second equality in
(3.47) we obtain

V(z) > E? [/OTé(T(XS;ﬁ(XS)) —04)ds —I—i]%f 14

> Vi(x) —sup V*+1an
Bs

Taking limits as 6 \, 0 we have V, < V. Since L? (Vi — V) >0 and V,(0) =
V(0), we must have V =V, on R%, and the proof of part (b) is complete.
To prove part (c) note that by part (a) we have p; < oo. Therefore
[ hdm; < oo by Theorem 3.1 (a), which implies that [|V|dus < oo by the
hypothesis. Therefore E2(|V(X;)|) converges as t — oo by [23, Proposition
2.6], which of course implies that + E2(|V(X1)]) tends to 0 as t — co. Sim-
ilarly, we deduce that 1 E2*( V(X,)|) as t — co. Applying Itd’s formula to
(3.40), with u = v,, we obtain ¢ < p.. Another application with u = ©
results in ¢ = g3. Therefore ¢ = g.. The result then follows by part (b). O

We finish this section with the proof of Theorem 3.6.
PRrROOF OF THEOREM 3.6. We first show that lim,\o aV,(0) = .. Let

V(t,z) == e~V(x), and T,(t) := T, At. Applying It6’s formula to (3.24) we
obtain

. ™(t)
EY [V(ta(t), Xe,)] < V(@) —EY [/ aV(s,Xs)ds]
0

T (t)
/ ™ (1 = h(Xs, Us)) Ipge (X, Us) ds]

+Eg{
0

Tn (t)
/ o—as (1+T’(XS,U5)) ]IH(XS,US)dS] )

H-«:g[
0

It follows that
Tn(t) 1
(3.63) EV [/ e_o‘sh(Xs,US)HHC(XS,US)ds] < —+V(2)
0
Tn (t)
+Eg[/ e s (XS,U)]IH(XS,US)ds].
0

Taking limits first as n * 0o and then as t /" oo in (3.63), and evaluating U
at an optimal a-discounted control v}, relative to r we obtain the estimate,
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using also (3.23),
«| [ ~ 2
(3.64) 2k, * Ele U e_o‘sh(XS,vZ(Xs))ds} < S 4 V(@) +2Va(e).
0
By (3.23) and (3.64) it follows that

Volz) < VE(z) < EVa [ /0 s re (Xs, v (X)) ds]

IN

Vo(z) + eko (of1 + V() + Va(2)).
Multiplying by « and taking limits as a \, 0 we obtain

limsup aV,(0) < o < (14 ¢€kp) limsup aV,(0) + ko .
a\0 a\0

The same inequalities hold for the ‘liminf’. Therefore, lim,\ g @V, (0) = 0.
Let

Vo= h{n (Va — Va(0)) .

(Note that a similar result as Lemma 3.5 holds.) Then V satisfies

V() < lm E} U (1 (Xa (X)) —Q*)ds} voe |y
0 B>0

This can be obtained without the near-monotone assumption on the running
cost, see for example [1, Lemma 3.6.9 or Lemma 3.7.8]. It follows from (3.39)
that V < V,. On the other hand since L**(V — V) > 0, and V(0) = V,(0),
we must have V = V, by the strong maximum principle. O

4. Approximation via Spatial Truncations. We introduce an ap-
proximation technique which is in turn used to prove the asymptotic con-
vergence results in Section 5.

Let vy € tggm be any control such that 7,,(r) < co. We fix the control
vo on the complement of the ball B; and leave the parameter u free inside.
In other words for each [ € N we define

o) = {b(x,u) if (z,u)€ B xU,

b(x,vo(z)) otherwise,

ri(z,u) =

{r(m,u) if (z,u) € By xU,

r(x,vo(x)) otherwise.
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We consider the family of controlled diffusions, parameterized by | € N,
given by

(41) dX; = bl(Xt,Ut) dt + O'(Xt) dWy,

with associated running costs r;(z,u). We denote by Usn(l,vg) the sub-
set of gy consisting of those controls v which agree with vy on Blc. Let
Mo := Ty, (). It is well known that there exists a nonnegative solution ¢g €
W2P(R4), for any p > d, to the Poisson equation (see [1, Lemma 3.7.8 (ii)])

loc

L"po(x) = no— h(z,vo(z)) =z € ]Rd,

which is inf-compact, and satisfies, for all § > 0,

T ~
po(r) = EP [/ (h(Xs,v0(Xs) —m0) ds + po(Xx,) Vo € RY.
0

We recall the Lyapunov function V from Assumption 3.1. We have the
following theorem.

THEOREM 4.1. Let Assumptions 3.1 and 3.2 hold. Then for each | € N
there exists a solution V' in Wiﬁ(ﬂ%d), for any p > d, with V(0) = 0, of the
HJB equation

(4.2) min [LiVi(2) + ni(z,w)] = o,

where Lj is the elliptic differential operator corresponding to the diffusion
in (4.1). Moreover, the following hold:

(i) o is non-increasing in l;

(ii) there exists a constant Cy, independent of 1, such that V(z) < Cy +
2¢0(x) for alll € N;

(iii) (VY™ € o(V + @o) uniformly over | € N;

(iv) the restriction of V! on By is in C2.

PROOF. As earlier we can show that
l U >
Vi(x) = (1]%5 E; [/0 e “r(Xs, Us)ds

is the minimal nonnegative solution to

(4.3) min [LVi(2) +7i(w,0)] = aVi(o),
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and Vci € Wi;’c’(]Rd), p > d. Moreover, any measurable selector from the
minimizer in (4.3) is an optimal control. A similar estimate as in Lemma 3.5
holds and therefore there exists a subsequence {a,}, along which V! (z) —
V! (0) converges to V! in Wi;g(Rd), p>d, and a,, V. (0) = g as oy, \, 0,
and (V' g;) satisfies (4.2) (see also [1, Lemma 3.7.8]).

To show that 7, (r) = g, v' is a minimizing selector in (4.2), we use
the following argument. Since 7,,(r) < oo we claim that there exists a
nonnegative, inf-compact function g € C(R?) such that m,, (g (1 + 7)) <
00. Indeed, this is true since integrability and uniform integrability of a
function under any given measure are equivalent (see also the proof of [1,
Lemma 3.7.2]). Since every control in Hgnm(l,v) agrees with vy on By, then

for any zo € B} the map

v — EY [/j 9(Xs) (1 +r(Xs,v(Xs)) ds

is constant on LUgn(Z, vp). By the equivalence of (i) and (iii) in Lemma 3.3.4
of [1] this implies that

sup T(g-(1+7)) < o VieN,
veUsm (L,v0)

and thus r is uniformly integrable with respect to the family {m,: v €
Usm(l,v9)} for any [ € N. It then follows by [1, Theorem 3.7.11] that

44 —  if  m(r), IEN,
( ) o ’UGUSM(Z,’U()) ( )

This yields part (i). Moreover, in view of Lemmas 3.5 and 3.6, we deduce
that for any 4 > 0 it holds that supp, |V < kg, where ks is a constant
independent of [ € N. It is also evident by (4.4) that g; is decreasing in [
and g; < ng for all I € N. Fix § such that min,cy ﬁ(x, u) > 2ng on B§. Since
(o is nonnegative, we obtain

(4.5) EY [/OT(S (E(Xs, UD(XS)) — 770) ds] < po(x) Ve e RY.

Using an analogous argument as the one used in the proof of [1, Lemma 3.7.8]
we have

(4.6) Vi(z) < EY [/OT(S (r(Xs,v(Xs)) — ar) ds] +rs Vo€ Usm(l, o).
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Thus by (4.5)—(4.6), and since by the choice of 6 > 0, it holds that r < h <
2(h — o) on Bj, we obtain

(4.7) Vi(z) < EX [/;52(13()(5,@0()(5))—770) ds| + ks

< ks + 2¢0(x) vz e RY.

This proves part (ii).

Now fix [ € N. Let v, be a minimizing selector of (4.3). Note then that
v!, € Usm(l, vo). Therefore v!, is a stable Markov control. Let v}, — ! in
the topology of Markov controls along the same subsequence as above. Then
it is evident that v' € Usn(l,vp). Also from Lemma 3.8 we have

l

Eo" %] — EY[t5] Vae BS, V5>0.
Using [1, Lemma 3.7.8] we obtain the lower bound
(4.8) Viz) > —o/EY %) — ks

By [1, Theorem 3.7.12 (i)] (see also (3.7.50) in [1]) it holds that

19) Vi) = B | [ (1 106) - ) ds 4 V1K)

AV

Ts
EY U (X, 0'(X,)) ds| — o BY [t5] — k5 Vo € BY.
0
By (3.23) we have
kg h(x, u) Tgg(z,u) < 14 7(z,u) Iy (z,u) .
Therefore using the preceding inequality and (4.9) we obtain

(4.10) Vi(z) + (1 + 0) BV [s] +

> ;0 EY U;& (X, 0! (X)) Ty (X, 0! (X)) ds] .

By (3.24), (4.9) and the fact that V is nonnegative, we have

1) 2 | [ R 00) e (X0 5] - V(o) - B

< 8 [ O ) o ()

< Vi) + o B[] + s -
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Combining (4.7) and (4.10)—(4.11), we obtain,

EY [/06 R(X,, 0l (X)) ds} < ho(1+ o) 5[5
+ 2V (2) + 2ko(po(x) + Ks)

for all [ € N. As earlier, using the inf-compact property of h and the fact
that g; < ng is bounded, we can choose § large enough such that

(4.12) noEY[ts] < EY [ /0 TaB(XS,vl(Xs)) ds| < koV(z)
+ 4k0(g00($) + R(;)

for all [ € N. Since h is inf-compact, part (iii) follows by (4.8) and (4.12).
Part (iv) is clear from regularity theory of elliptic PDE [18, Theorem 9.19,
p. 243). O

Similar to Theorem 3.3 we can show that oscillations of {V!} are uniformly
bounded on compacts. Therefore if we let | — oo we obtain a HJB equation

(4.13) min L'V (2) 4+ r(z,u)] = 6,

with V € C2(Rd) and lim;_,., o; = 0. By Theorem 4.1 we have the bound
(4.14) V(z) < Co+2p0(x),

for some positive constant Cy. This of course, implies that VT (z) < Cp+
2¢0(x). Moreover, it is straightforward to show that for any v € LUggy with
0y < 00, we have

lim sup %E; V(X:)] < o0.

t—o00

Therefore, if in addition, we have

. 1
lim sup n EY[¢o(Xt)] < o0,
t—00

then it follows by Theorem 4.1(iii) that
: |
(4.15) limsup -V~ (Xy) —— 0.

t—o0 t—o0
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THEOREM 4.2. Suppose that ¢g € O(minueU h(- ,u)) Then, under the

assumptions of Theorem 4.1, we have lim; oo 0 = 0 = 04, and V = V,.
Moreover, Vi € O(po).

PRrROOF. Let {0;} be any sequence of measurable selectors from the min-
imizer of (4.2) and {m} the corresponding sequence of ergodic occupation
measures. Since by Theorem 3.1 {m} is tight, then by Remark 3.8 if v is
a limit point of a subsequence {0;}, which we also denote by {7;}, then
Tt = T is the corresponding limit point of {7 }. Therefore by the lower
semicontinuity of 7t — 7t(r) we have

0 = lim m(r) > 7(r) = o4

l—o0

It also holds that
(4.16) L'V (z) +r(z,0(x)) = o, as.
By (4.15) we have .
liminf — E, [V (Xr)] = 0,

and hence applying It6’s rule on (4.16) we obtain g3 < ¢. On the other
hand, if v, is an optimal stationary Markov control, then by the hypothesis
wo € O(ﬁ), the fact that 7, (}Nz) < 00, (4.14), and [23, Proposition 2.6], we
deduce that E3* [VJF (Xt)] converges as t — oo, which of course together with
(4.15) implies that T EY [V(Xt)] tends to 0 as ¢ — oo. Therefore, evaluating
(4.13) at v, and applying Itd’s rule we obtain g,, > 9. Combining the two
estimates, we have g; < 0 < 0., and thus equality must hold. Here we
have used the fact that there exists an optimal Markov control for r by
Theorem 3.4.

Next we use the stochastic representation in (4.9)

41 Vi) = 5| [7 e - o) as+ Viee)| . ee s

Fix any = € B§. Since ilgqf\‘}[ is compact, it follows that for each § and R with
0 <0 < R, the map Fsp(v): ugf\j} — R, defined by

Fsr(v) == EY [/O%WR (X5, v(Xs)) ds}

is continuous. Therefore, the map Fj := limp oo Fs,R is lower semicontinu-
ous. It follows that

(4.18) Eg[/;ér(xs,@(xs)) ds] < lim EZ [/O%ér(xs,m(xs))ds}

l—o00
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On the other hand, since h is inf-compact, it follows by (4.12) that T5 is
uniformly integrable with respect to the measures {]P’gl } Therefore, as also
shown in Lemma 3.8, we have

(4.19) lim EX[%] = E2[%;].

l—o00

Since V! — V, uniformly on compact sets, and g; — 9«, as [ — oo, it follows
by (4.17)—(4.19) that

V(r) > EY [/015 (r(Xs,9(X5)) — 04) ds + V(X%é)] , x € BS.

Therefore, by Theorem 3.4 (b), for any § > 0 and x € B§ we obtain

Vi) < B [0 0060) - 00) s 4 Vi)
< V(x) + EJ[V*(Xg,)] — BL[V(Xs,)]

and taking limits as & \, 0, using the fact that V(0) = V,(0) = 0, we
obtain V, < V on R% Since L?(V, — V) > 0, we must have V, = V. By
Theorem 4.1 (ii), we have V. € O(yp). O

REMARK 4.1. It can be seen from the proof of Theorem 4.2 that the
assumption @y € O(h) can be replaced by the weaker hypothesis that
7 E¥ [¢o(X7)] = 0as T — oo.

REMARK 4.2. It is easy to see that if one replaces r; by

r(a:,u)—i—%f(u), for x € By,

ri(z,u) =
r(z,vo(z)) + 7 f(vo(z)), otherwise,
for some positive valued continuous function f, the same conclusion of The-
orem 4.2 holds.

If we consider the controlled dynamics given by (3.20), with running cost
as in (3.11), then there exists a function V ~ |z|™ satisfying (3.6). This
fact is proved in Proposition 3.1. There also exists a Lyapunov function
Vo € O(\x!m), satisfying the assumption in Theorem 4.2, relative to any
control vy with 71, (h) < 00, where h is selected as in Remark 3.5. Indeed,
in order to construct Vy we recall the function ¢ in (3.21). Let Vp € CQ(Rd)
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be any function such that Vy = @ZJ% on the complement of the unit ball
centered at the origin. Observe that for some positive constants «; and ko
it holds that

iz < ¢(z) < molaf?.

Then a straightforward calculation from (3.22) shows that (3.8) holds with
the above choice of V. By the stochastic representation of (g it follows that
wo € O(Vp). We have proved the following corollary.

COROLLARY 4.1. For the queueing diffusion model with controlled dy-
namics giwen by (3.20), and running cost given by (3.11), there exists a
solution (up to an additive constant) to the associated HJB in the class of
functions in C?(R?) whose positive part grows no faster than |z|™ and whose
negative part is in o(|z|™).

We conclude this section with the following remark.

REMARK 4.3. Comparing the approximation technique introduced in
this section with that in Section 3, we see that the spatial truncation tech-
nique relies on more restrictive assumption on the Lyapunov function Vg
and the running cost function (Theorem 4.2). In fact, the growth of & also
restricts the growth of r by (3.23). Therefore the class of ergodic diffusion
control problems considered in this section is more restrictive. For example,
if the running cost r satisfies (3.11) and A ~ |z|™, then it is not obvious that
one can obtain a Lyapunov function Vy with growth at most of order |z|™.
For instance, if the drift has strictly sub-linear growth, then it is expected
that the Lyapunov function should have growth larger than |z|"™. Therefore,
the class of problems considered in Section 3 is larger than those considered
in this section.

5. Asymptotic Convergence. In this section we prove that the value
of the ergodic control problem corresponding to the multi-class M /M /N+ M
queueing network asymptotically converges to g., the value of the ergodic
control for the controlled diffusion.

Recall the diffusion-scaled processes X ", Q" and Z" defined in (2.4), and
from (2.5) and (2.6) that

t t
6.1 Xi'(t) = X'(0) + £t - M?/ Zi'(s)ds =" i(s)ds
0
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where Mﬁyi(t), Mg‘l(t) and Mﬁi(t), i = 1,...,d, as defined in (2.6), are
square integrable martingales w.r.t. the filtration {F}'} with quadratic vari-
ations

_ A

IR () = M / Z0(s)ds,

n

0

N n gt
(MR N(E) = % Q7 (s)ds.

0

5.1. The lower bound. In this section we prove Theorem 2.1.

PROOF OF THEOREM 2.1. Recall the definition of V" in (2.10), and con-
sider a sequence such that sup, V™(X™(0)) < co. Let ¢ € C2(R?) be any
function satisfying ¢(z) := |z|™ for |x| > 1. As defined in Section 1.3, AX (t)
denotes the jump of the process X at time t. Applying It6’s formula on ¢
(see, e.g., [24, Theorem 26.7]), we obtain from (5.1) that

Blo(X7())] = Blp(X70)] + 5| [ O1(X7(5). /()¢ (7(9) s
+E [ /0 5 (XT(s), Z1(5))¢" (X7 (s)) ds}

+E2(A¢(X?<s>) (X)) - AXT(s)
B 1

- 3¢ () AR AR )
where
Of(w.2) = £ — iz —1ila ),

1 Atz 4 (- 2)
(2, 2) = 2(#?p1+nl+ il |

Since {¢}'} is a bounded sequence, it is easy to show that for all n there exist
positive constants k;, ¢ = 1,2, independent of n, such that

O (z,2)¢'(z) < Ka(L+|(e-2)"|™) — rofa|™,

05 (w,2) ¢ (x) < m(1+|(e-x)" ") + “Zlal™,



54 ARI ARAPOSTATHIS, ANUP BISWAS AND GUODONG PANG

provided that z — 2z < (e-z)" and % < 1. We next compute the terms

~ =
corresponding to the jumps. For that, first we see that the jump size is of
order ﬁ We can also find a positive constant k3 such that

sup |¢"(y)| < ms(1+[z[™2) vz e R
ly—z|<1

Using Taylor’s approximation we obtain the inequality

Ap(R7(5) ~ ¢ (K} (s) AXT(s) < 5 swp [o"(w)] [A(KT()].
ly—XT (s—)I<1

Hence combining the above facts we obtain

(52) E Z(Aw(fc?(s)) (X)) - AXT(s)

- 3¢ (KI5 AT (AT

< B Y w14 X067 (AR ()

s<t

_ HsE{/Ot(l N \X{’(s)\mZ)(A? RO 7?@?(8)) ds]

n n n

t
K2 | o N
< E[/ (/{4 + f‘X{‘(s)’m + £5((e - X”(s))+)m> ds} ,
0
for some suitable positive constants k4 and ks, independent of n, where in
the second inequality we use the fact that the optional martingale [X7] is

the sum of the squares of the jumps, and that [X?] — (X7) is a martingale.
Therefore, for some positive constants C7 and C5 it holds that

(5.3) 0 < E[p(X7(t))]
< E[p(X7(0))] +C1t—/;2E[/O |X{‘(s)‘mds]

- CQIE[/Ot((e - X”(s))ﬂmds} .

By (2.8), we have
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which, combined with the assumption that sup, V*(X™(0)) < oo, implies
that

sup limsup ;E[/OT((e.X”(s)y)mds] < 0.

n T—o00

In turn, from (5.3) we obtain

1 T m
sup limsup T]E[/O | XT(s)| ds} < 0.

n T—oo

Repeating the same argument for coordinates i = 2,...,d, we obtain
: 1 T oy m
(5.4) sup limsup — E | X7 (s)|"ds| < oo.
n T—o0 T 0

We introduce the process

X (0)=2p (1)
UMt) = (eeXm(t) T 7
ed, otherwise.

=1,...,d, if(e-X"(t))T >0,

Since Z" is work-conserving, it follows that U™ takes values in S, and U]*(t)
represents the fraction of class ¢ customers in queue. Define the mean em-
pirical measures

1 T ;
P (A x B) = T E[/O Taxp(X"(s),U™(s))ds
for Borel sets A C R? and B C S.

From (5.4) we see that the family {®7.: T > 0, n > 1} is tight. Hence
for any sequence T}, — oo, there exists a subsequence, also denoted by T},
such that ®F, — 7", as k — oo. It is evident that {7 : n > 1} is tight. Let
7 — 7 along some subsequence, with 71 € P(R? x S). Therefore it is not
hard to show that

lim V(X7(0)) > / #ar, u) m(der, du)

n—0o0 RAxU
where, as defined earlier, 7(z,u) = 7((e-x)Tu). To complete the proof of the
theorem we only need to show that 7t is an ergodic occupation measure for
the diffusion. For that, consider f € C3°(R?) . Recall that (X7, X} = 0 for
i # j [30, Lemma 9.2, Lemma 9.3]. Therefore, using It6’s formula and the
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definition of ®7., we obtain

59 3 EUE@)] = 1 EUE0)
d
+ iU <; A?(l‘,U) . fxz(l‘) + B;n(l',u)fx,xz(l')> @%(dx,du)
s<T
-3 Z Foay (X7(s=)) AXP (s )AX;L(S)] ,
i,j=1
where

Al (z,u) = £ — u?(a:z — (e- :U)+ul) — e x)Tuy,

. 1 N+ () — ) (e x) Ty
Bl (z,u) = 2<,WZ++ ( \/ﬁ)( Y

We first bound the last term in (5.5). Using Taylor’s formula we see that

d
AF(ET() — SV (s0)) - AXT(s)

i=1

-5 Z Fora, (X7(5=)) AXP(5)AXP (5)

1,5=1

k[ flles Z
= |AX](s)AXD(s)]
\/ﬁ t,j=1
for some positive constant k, where we use the fact that the jump size is
ﬁ. Hence using the fact that independent Poisson processes do not have

simultaneous jumps w.p.1, using the identity Q? = in — Zf, we obtain

(5.6) EZ[Af (X"(s ZVf (X"(s—)) - AX"™(s)

s<T

-5 Z fouo, (X™(s—))AX] (s )AX;L(S)}

1,5=1

kaHc3 [/ ( ?f(s)g@f(s))ds].
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Therefore, first letting 7' — oo and using (5.2) and (5.4) we see that the
expectation on the right hand side of (5.6) is bounded above. Therefore, as
n — oo, the left hand side of (5.6) tends to 0. Thus by (5.5) and the fact
that f is compactly supported, we obtain

/ L"f(z) m(de,du) = 0,
RIxU

where
LYf(z) = NOiif(x)+ <€i — pi(x; — (e~ ) ) — yile - x)*u,) O0if(z).
Therefore T € G. O

5.2. The upper bound. The proof of the upper bound in Theorem 2.2
is a little more involved than that of the lower bound. Generally it is very
helpful if one has uniform stability across n € N (see, e.g., [11]). In [11]
uniform stability is obtained from the reflected dynamics with the Skorohod
mapping. However, here we establish the asymptotic upper bound by using
the technique of spatial truncation that we have introduced in Section 4.
Let vs be any precise continuous control in $ggy satisfying vs(z) = ug =
0,...,0,1) for |z| > K > 1.

First we construct a work-conserving admissible policy for each n € N
(see [7]). Define a measurable map w: {z € RY : e-2 € Z} — Z4 as follows:
for z = (z1,...,2q4) € R, let

d
w(z) = (Lzlj,..., |za—1), [2a) + > (2 — p,-J)) .
i=1
Note that |w(z) — z| < 2d. Define

up(z) = w((e-z—n)Tvs(2"), z¢€ R?,

an . [ T1L—p1n Ld — pdn
: T T I ,

A, = {xeRi: sup |xi—pm|§K\/ﬁ}-
K3

We define a state-dependent, work-conserving policy as follows:

X — up (X7, if X" € A,
672X = o
Xp A (n= it X)), otherwise,
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Therefore, whenever the state of the system is in A, the system works under
the fixed priority policy with the least priority given to class-d jobs. First we
show that this is a well-defined policy for all large n. It is enough to show
that X" — up(X™) > 0 for all ¢ when X" € A,. If not, then for some ¢,
1 <4 <d, we must have X" — u,(X™) < 0 and so X' < (e- X" —n)" +d.
Since X™ € A,,, we obtain

—Kvn+pn < X}

= (Z(X[L — pm))Jr +d

i=1
< dKyn+d.
But this cannot hold for large n. Hence this policy is well defined for all

large n. Under the policy defined in (5.7), X™ is a Markov process and its
generator given by

d
= > N(flx+e) - +ZM?Zz" fl@—e) = f(z))
=1

+§)ﬁﬁmww—@w¢m»,xez¢
=1

where Z™[x] is as above and Q"[z] := x — Z"[x]. It is easy to see that, for
x ¢ Ay,
i—1 1t
Qﬂﬂ——[¢—<n—§: )]
7j=1

LEMMA 5.1.  Let X™ be the Markov process corresponding to the above
control. Let q be an even positive integer. Then there exists ng € N such that

sup limsup E[/ | X" (s |qu} < o0,

n>ng T—o0

where X™ = (X{‘, e ,XQ)T 18 the diffusion-scaled process corresponding to
the process X™, as defined in (2.4).
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PROOF. The proof technique is inspired by [6, Lemma 3.1]. Define

Zﬁz Ly —pin) -,

where 3;,7 =1, ...,d, are positive constants to be determined later. We first
show that for a suitable choice of §;, ¢ = 1,...,d, there exist constants Cj,
1 = 1,2, independent of n > ng, such that

(5.8) Lofa(z) < O1n? = Cofa(z), zeZl.

Choose n large enough so that the policy is well defined. We define Y;" :=
— pin. Note that

(a£1)?—a? = £qa-a?2+0(a?), a€eR.

Also, p'ZMz] = pla; — pl'QF[x]. Then
d

(5:9) Lufale) = 32BN a7V + 0¥ )|
i=1

d
=3 B[ V12 + Oy 2]

i=1
d
=3 Bl = uQu ] [av Y1+ 0 (12
=1
d .
< BN i+ I — Q) O (Y1)
=1
d
0 B YR (N = s = (3 = )@ )
=1
<

d
S8 (N (b = ) (V" + pin) JO(1Y472)
=1

d
+ 3 By (N - = (0 - Q) al )
=1

where in the last inequality we use the fact that Q7'[z] < x; for x € Zi. Let

0 = AN —pipm = O0(/n).
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The last estimate is due to the assumptions in (2.1) concerning the param-
eters in the Halfin-Whitt regime. Then

d
(5.10) 3 Bg¥ V(N = ik = (F — Q7 al)

=1

d d
= =g Y B+ Y Big¥ 1Y (67 — (0 = i)QElal) -

i=1 i=1
If x € A, and n is large, then
Qx] = up(z) = w((e Sz — n)+v5(£n))
< (erxz—n)T+d < 2dK+/n.

Let z € AS. We use the fact that for any a,b € R it holds that a™ — b =
&[a — b] for some £ € [0,1]. Also

+

1—1 +
[npi—<n—2npj> ] =0, 1=1,....d.
j=1

Thus we obtain maps &, &: R? — [0, 1]¢ such that

i—1 +1t
—Qilz] = |npi—|n— ) np - Q7 [«]
[P < le PJ) ]
i—1
= &(@)(npi — ;) — &) Y (w; —np;), =€ Aj.
j=1

Hence from (5.10) we obtain

d

d
> gy (N = = (0F —u)QFa]) < O(Vm)g Y Bl
=1

i=1

d
—q Y Bi((1 = &(@)uf + &) Y7
=1

d

i—1
+q ) BV Y (5? — (=) &) Y Yj”> :
j=1

=1
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where we used the fact that on A,, we have

1—1 + +

[J}i - (n— Z@) ] = 0(v/n), Vi.

j=1

Observe that there exists ¥ > 0, independent of n due to (2.1), such that
(1= &())pi’ + &)y = min(pg, ') = 0

foralln € N, all z € R%, and all i = 1,...,d. As a result we obtain

(5.11) Zﬁqu”]Y"\q Q(A” — piw — () — M?)Q?[w]>

=1

d d
< O(Wn)g) BV —q0 )y Bl
i—1 i=1

d 1
+q25¢52”|12”|"_2<5? (3 — i) &l ZYT¥>

i=1

We next estimate the last term on the right hand side of (5.11). Let x :=

sup,,; |V — pil, and e = 8%. Using Young’s inequality we obtain the
estimate
i—1 1|zt q
1 ;
AT ) 7] [P TR | e
j=1 1 [j=1
Therefore,
d
¢y LYY (—( — ) &l ZY”)
i=1
d 5 i—1 q
< qmz(emw b By
i=1 &1 |j=1

d

i—1
Bi g1
o3 (s S
i=1 1 j=1

IN

_ Qﬁ Z<B1|Yn|q Bl di- 12|Yn|q>

=1
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We choose 1 = 1 and for ¢ > 2, we define 3; by

el
Bi == —> min f;.

d? j<i—1
With this choice of j3; it follows from above that

d i—1 d
n|yn|q— n ny & j q19 n
0> BYPIY 2(—@ —m&(x)zjy,z) < WS s,
i=1 j=1 i=1

Using the preceding inequality in (5.11), we obtain
d
(5:12) 3 Bg¥ V(N = ik = (F — w)Q}al)
i=1

d d
n — 3 n
< O(Vn)g Y By " = Ja0 Y B
i=1 =1

Combining (5.9) and (5.12) we obtain
d d
(513) Lafa(z) < 3 O(/mO(Y*) + 3 0(m)0(|y""?)
i=1 i=1 3 )
- 4qﬂ;5im"q-
By Young’s inequality, for any € > 0, we have the bounds
O(mO(Y[*1) < [0y eh)] 7 + 09 [o(vm)],

e[o(|ye2)] 72 4+ -2 [o(n)] 2 .

IN

O(n)O(|Y;"|77%)

Thus choosing € properly in (5.13) we obtain (5.8).

We proceed to complete the proof of the lemma by applying (5.8). First
we observe that E [supse[O’T] | X™(s)[P] is finite for any p > 1 as this quantity
is dominated by the Poisson arrival process. Therefore from (5.8) we see that

T
B0 - £(0) = B| [ L0006 0

T
< Cn*T — CQE[ /0 fn(X”(s))ds} :
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which implies that

T d d
CQE[/ Zﬁz(in(S))qu} < ClT—FZﬂi(XZn(O))q.
0 =1 i=1
Hence the proof follows by dividing both sides by 7" and letting T' — co. [

PROOF OF THEOREM 2.2. Let r be the given running cost with poly-
nomial growth with exponent m in (2.8). Let ¢ = 2(m + 1). Recall that
F(x,u) = r((e-x)Tu) for (x,u) € R x S. Then 7 is convex in v and satisfies
(3.11) with the same exponent m. For any § > 0 we choose vs € {Usgy such
that vs is a continuous precise control with invariant probability measure ps
and

(5.14) /Rd 7(z,vs5(x)) ps(dx) < o +9.

We also want the control vs to have the property that vs(x) = (0,...,0,1)
outside a large ball. To obtain such vs we see that by Theorems 4.1, 4.2 and
Remark 4.2 we can find v§ and a ball B; for [ large, such that v§ € Uggm,
v5(x) = eq for || > [, vj is continuous in Bj, and

)

NN

/ Fa, vh(2)) s(d) — | <
Rd

where pf is the invariant probability measure corresponding to v§. We note
that v§ might not be continuous on 9B;. Let {x" : n € N} be a sequence of
cut-off functions such that x™ € [0, 1], it vanishes on B¢ ,, and it takes the

value 1 on B,_:. Define the sequence v} (z) := X”(x)vg(:vn) + (1 — x"(x))eq-
Then v§ — v, as n — oo, and the convergence is uniform on the comple-
ment of any neighborhood of dB;. Also by Proposition 3.1 the corresponding

invariant probability measures p§ are exponentially tight. Thus

— 0.
n—00

/ F(a, (@) () — / P, o (2)) i ()
]Rd Rd

Combining the above two expressions, we can easily find vs which satisfies
(5.14). We construct a scheduling policy as in Lemma 5.1. By Lemma 5.1
we see that for some constant K7 it holds that

1 T
(5.15) sup limsup ]E[/ ]X"(s)]qu] < Ki, g=2(m+1).
0

n>ng T—o0 T



64 ARI ARAPOSTATHIS, ANUP BISWAS AND GUODONG PANG

Define
wn(@) = w((e @ —n)Tvs(in)),
(") = w (Ve i) tog(i")) |
Since vs(2™) = (0,...,0,1) when |2"| > K, it follows that
QX" = X" = Z"[X"] = up(X")

for large n, provided that Zf:_ll X" < n. Define

D, = {x : 221:—11 Ty > pd\/ﬁ}.

HOMD) = r (1@h<X"<t>>) (X7 = 20) Lgngen,y

B

I N

Define, for each n, the mean empirical measure 7. by

WL(A) = ;E[/()THA(X"(t))dt].

By (5.15), the family {U7% : T'> 0, n > 1} is tight. We next show that
1 T
(5.16) lim limsup — E[/ r(Q"(t)) dt] = / r((e-z)tvs(z)) ps(dz).
n—00 T o0 1 0 R4

For each n, select a sequence {1}’ : k € N} along which the ‘limsup’ in
(5.16) is attained. By tightness there exists a limit point ¥" of \II%?' Since
" has support on a discrete lattice, we have

/}Rd r (\}ﬁfih(x)> Wi (dz) —— T <\}ﬁ@h($)> U™ (dz).
Therefore,

lim sup % E[/OTT(Q%)) dt] < /Rdr <1ﬂh(x)> O (d) + £

T—oo

where



Page/Line 18/23: Change \mathrm{e} to \mathit{e}

Page/Line 58/6: Please insert parentheses so that the equation
looks as follows:

E" = limsup ;E[/OT<r(Q”(t))+r<\}ﬁ@h(X”(t)))) H{Xn(t)eDn}dt} :
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For the rest of the queries no changes are needed.
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By (5.15), the family {¥™: n > 1} is tight. Hence it has a limit ¥. By
definition we have
_
f— ﬁ .

Thus using the continuity property of r and (2.8) it follows that

+

— (e z)Tvs(z)

1
r | —=tup(x) | ¥*(dz) —— r((e-x) vs(z)) U(dz),
L (Grin) wrian) o [ (et wiao
along some subsequence. Therefore, in order to complete the proof of (5.16)
we need to show that

limsup &" = 0.

n—oo
Since the policies are work-conserving, we observe that 0 < X" — Z" <
(e- X™)T, and therefore for some positive constants k; and ko, we have

T(jmozn(t)) V(X)) = 27(1) < Rt mef(e- XM

Given € > 0 we can choose nq so that for all n > nq,

1 T A
li ~E X)) Iy ds| <
l;njolip T |:/0 [(e (S)) ] {‘Xn(s)|>%\/ﬁ} S| > g,
where we use (5.15). We observe that D,, C {|&"| > pg/4/n} . Thus (5.16)
holds. In order to complete the proof we only need to show that ¥ is the
invariant probability measure corresponding to vs. This can be shown using
the convergence of generators as in the proof of Theorem 2.1. O

6. Conclusion. We have answered some of the most interesting ques-
tions for the ergodic control problem of the Markovian multi-class many-
server queueing model. This current study has raised some more questions
for future research. One of the interesting questions is to consider non-
preemptive policies and try to establish asymptotic optimality in the class
of non-preemptive admissible polices [7]. It will also be interesting to study
a similar control problem when the system has multiple heterogeneous agent
pools with skill-based routing.

It has been observed that customers’ service requirements and patience
times are non-exponential [10] in some situations. It is therefore important
and interesting to address similar control problems under general assump-
tions on the service and patience time distributions.
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